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1. Introduction

The set-valued function has a longer history in Analysis, but, their algebraic structures began to
study by Molodtesov [[8] in 1999. During the years, certain authors had some contributions in this
area of research that developing algebraic attitudes of Molodtesov, one may consult [[1}, 2,6, 12],
for examples.

Theory of soft groups began by Aktas [1] in 2007 and followed by many authors such as
Aslam [4], and Lin and Wang [5]. Sezgin [10] studied normalistic soft groups. Aktas [3] by
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defining the power of a soft subset of a soft group and the order of a soft group, investigate their
properties. Also, they define cyclic soft groups and prove some of their properties which are
analogous to the crisp case. Yin [[11] has more specialized study on soft groups.

One of the interesting topics in finite group theory is the enumerating of subgroups of a
group. We attempt to enumerate the soft subgroups of finite soft groups. Also, we will extend
the well-known notion of group action to soft action of groups.

2. Overview of actions and soft groups
Following [1,/7], we recall some fundamental definitions:

Definition 2.1. For a monoid S and a non-emty set (2,S is said to act on Q if for some function
S x Q — Q, where (s,w) — sw then the following properties hold:

1) lo=w,
(i1) so(siw)=(s9siw), for all s1,s9€ S and w e Q2.

If such function exists, we use the notation (S | 2) to declare that S acts on Q.

Definition 2.2. Let G be an initial set and E be a set of parameters on the elements of G. For
each A c E the pair (F,A) is called a soft set (over G3) if and only if F is a mapping of E into
P(@G), the set of all subsets of G where F(e)=@ forallee E—A.

The soft set (F',A) may be written as the set of ordered pairs {(F'(a),a);a € A}.

Definition 2.3. A soft set (F',A) over G is said to be empty whenever A = &. Symbolically, we
write (&, @) for the empty soft set over G. The pair (', A) is called a Universal soft setif A =E
and F(a) =@, for all a € A. The universal soft set over G will be denoted by (G,E). For a subset
B of A the B-universal soft set on G is the soft set (¥',B) on GG such that F(a) =@, for all a € B.
A-universal soft set on G may be called absolute soft set and denoted by (G,A) or G 4.

Definition 2.4. Let (F,A) and (H,B) be two soft sets over G. We say that (F,A) is a subset of
(H,B), denoted by (F,A) < (H,B), if either (FF,A) =(2,9) or A €B and F(a) < H(a), for every
a € A. Two soft sets (F,A) and (H,B) are said to be equal, denoted by (¥,A) = (H,B), if and only
if (F,A)<(H,B) and (H,B)<(F,A).

Definition 2.5. For two soft sets (¥',A) and (H,B), the intersection (F,A)n(H,B) is defined by
(FNnH,C)where C={ae AnB| F(a)nH(a)# &} and (FNnH)(a)=F(a)nH(a), for all a € C. Also,
the union (F,A)u(H,B) is defined by (¥ UH,D) where, D =AUB and (FUH)(a)=F(a)UH(a)
foralla e D.

Throughout this paper, G is a group and S is a monoid. When A = Q) we simply use F
instead of Fq.
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Definition 2.6. Let G be a group and (F',A) be a soft set over G. Then, (F,A) is said to be a
soft group over G if and only if F(a) is a subgroup of G, for all a € A. A soft cyclic group on G is
a soft group (F,A) on G where F(a) is a cyclic subgroup of G. If F(a) = H for all a € A, we say
that (F,A) is an H-Identity soft group on G. When H = {e} where e is the identity element of
G and when H =G, (F,A) is said to be absolout soft group [9]. A soft subset (H,B) of (F,A) is
a soft subgroup of (F',A) if and only if H(b) < F(b) for all b € B. Moreover, the Order of (F,A)
defines as the number of elements of (F,A), i.e., |A]l.

Definition 2.7. A soft group (¥',A) on a group G is called a Normal soft group over G, if and
only if F(a)<G foralla€ A.

Definition 2.8. Let (¥',A) be a soft group on a group G and (H,B) is a soft subset of (F',A).
Soft subgroup of G generated by (H,B) is the soft intersection of all soft subgroups of (F,A)
containing (H,B) and denoted by ((H,B)). If (H,B) is singleton, say (H,B) = {(F(a),a)} then
{F(a),a)}) = (F(a),a)) will refer as soft cyclic subgroup of (F',A).

In Section [5| we will give certain concrete examples concerning the above notations.

3. Enumerating Soft Subgroups

In this section we purpose to study the subgroups of soft groups. Our preliminary result is:
Proposition 3.1. (i) If A has |A| elements and the group G has m subgroups, then there
exists m'd! soft groups (F,A) on G.
(i) Let (F',A) be a soft group on a group G. Then, (F,A)<(F,A). Moreover, if (H,B),(K,C) are
soft subgroups of G such that (K,C)<(H,B), then (K,C)<(F,A).
(iii) If (F,A) and (H,B) are two soft groups on a group G, then (F,A)n(H,B) is a soft group on
G.
@iv) If (F,A) be a soft group on a group G and for a € A,F(a) be a subgroup of G, then
(F(a),a)) ={(F(a),a)}
(v) Let (F,A) be a soft group on a group G and (H,B) < (F,A). Then {((H,B)) is the smallest
soft subgroup of (F,A) consists of ((F(b)),b) for all b € B.

Proof. (1) Let A=1{1,2,...,|Al} and Q={H1,Hos,...,H,,} is the set of all subgroups of G. Then

the number of soft groups on G is equal to the number of functions F : A — Q which
is mlAl
Parts (ii), (iii), (iv) and (v) are easy. O

Proposition 3.2. Let (F,A)={(1,H1),(2,H>),...,(k,H})} be a soft group on a group G, where
each H; has m; subgroups (i = 1,2,...,k), then (F,A) possesses

k
Zmi+2mimj+ Z mimjm;+...+(mimg...my)
i=1 i£] L#£] 17t j#t

soft subgroups.
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Proof. Let U, 1,U;p2,...,U; , be all of the subgroups of H; then consider below rows:

(1) U1,1)7 (17 U1,2)> ] (]-> Ul,m1)7
(27 U2,1)’(27 U2,2)7 ] (27 U2,m2),

(k’ Uk,].)’(k’ Uk,Z)a e ’(ky Uk,mk)-

A singleton {a} where a is an entry of the above table, is a soft subgroup of (F',A). Also, a soft
set consists of two elements of different rows is also a soft subgroup of (¥,A). The number of
such soft subsets is }. m;m ;. Analogously, the number of soft subgroups of (¥',A) contains three

i£j
elements is Y. m;mjm;. By inductive method, we got mimgy...my soft subgroups involve
L#],L#L,J#L
k elements. These are all soft subgroups of (F',A) as desired. O

Definition 3.3. Let (F,A) and (H,B) be two soft groups over G,K respectively. Also, let
f:G— K and g : A — B be two functions such that f(F(a)) = H(g(a)) for all a € A. The
pair 0 = (f,g) is a soft homomorphism. If f|, . is homomorphism, for all a € A. Moreover, if
fir@ 15 homomorphism and g is one to one (onto) then 6 is soft monomorphism (epimorphism,).
Furthermore, 0 is soft isomorphism if f is homomorphism and g is a bijection.

Let G be a group and E is an initial set. The notation S(G) will be used for the set of all soft
groups on G with all soft homomorphisms between them.

Assume that (F,A),(H,B) be two soft groups on G and K respectively. For the soft
homomorphism 6 =(f,g):(F,A) — (H,B), the kernel of 6 denoted by ker0 is defined as

kerf = {(F(a),a),(F(b),b)) | 0(F(a),a) = O(F(b),b)}.
We use the notation Hom(F 4, Hp) to denote the set of all homomorphisms 0 : (F',A) — (H,B).

Proposition 3.4. Combination of soft homomorphism — if exists — is again soft homomorphism.
Moreover, if (F,A) be a soft groups on a group G. Then Hom(Fs,F4) = Hom(F,A) is a non-
commutative regular semigroup if and only if for every 6 = (f, g), at least one of the functions
f,&g is regular. Moreover, S is finite and |S| < I(F,A)IlF’Al.

Proof. Suppose that Hom(F',A) is regular and 6 = (f,g) € Hom(F,A). Then there exists an
element ¢ = (a, ) € Hom(F, A) such that 6¢0 = 0. So, (faf,gpfg) =(f,g), which yields:

{f“le(a) =firwy VaEA

ghg=g
f and g are regular because of the commutativity of the diagrams:
x-l-x -2 . x L .x
L I L L
AL . AL . A5 4

Conversely, suppose that gfg = g, that is g is regular. So, F(gfg(a)) = F(g(a)), forallac A. O
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Proposition 3.5. Let (F,A),(H,B) are two soft groups on groups G,K respectively, and

0=(,g):(F,A)— (H,B) be a soft homomorphism. Then, there is a one to one correspondence

between % and Ima@.

Proof. Define ¢ : % — (H,B) such that ¢([(F(a),a)lkers) = (H(g(a)),g(a)) for every a € A.
Now, if for a,b € A; (Hg(a),g(a)) = (Hg(b),b) then 0(F(a),a) = 0(F(b),b) which means is
[(F(a),a)]kerg = [(F(D),b)]Ikero- m

Let (F,A) be a soft group on a group G. As usual the coset may be defined. For every
x € G, the left coset (similarly for it right coset) of (¥',A) in G denoted by x(F,A) is defined as
x(F,A):=(xF,A) such that xF : A — P(G), (xF)(a):=x(F(a)) for alla € A.

Proposition 3.6. Let (F,A) be a soft group on a group G and x,y € G. Then just one of the
followings holds:

Q) x(F,A)nyF,A)=(2,9),
(i) x(F,A)=y(F,A).

Proof. Note that if x = y then (ii) holds and there is nothing to prove. Thus, assume that x # y.
First, suppose that (i) dose not hold, i.e.; x(F,A)n y(F,A) # (¢,®). By the Definitions
we get A # @ and

(xF,A)n(yF,A) #(3,8) < (xFnyF,B)#(®,9)
where,
B={acAnA;xF(a)nyF(a)# ¢} ={a € A;xF(a)nyF(a) # ?}.

Since, F(a) is a subgroup of G (for all a € A) then xF(a) and yF(a) are two left cosets of F(a) in
G which are not disjoint. So, xF'(a) = yF(a) therefore, B={a € A;xF(a)# ¢} =A.

Moreover, for all b € B = A we get that:
(xF NnyF)b)=xF(b)nyF(b)
=xF(b)nyF(b)
# 0.

Thus, the intersection of two left cosets of F(b) in G is nonempty. This implies that xF'(b) = yF(b).
Since b is arbitrary, then xF = yF and (xF,A) = (yF,A). Now, the result follows at once. O

Proposition 3.7. Let (F,A) be a soft group on a group G and x € X. Then:
(1) U x(F,A)=(G,A),i.e., the collection of all left (right) cosets of (F,A) in G is a partition of
Kf;universal soft set (G,A).
(i) x(F,A)=(F,A)if and only if x € (Ngea F(a).

Proof. (i) Itis clear.
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(i1) Perceive that

x(F,A)=(F,A) < (xF,A)=(F,A)
< (xF)a)=F(a) (foreveryacA)
<~ x(F(a))=F(a)
<~ x€F(a).

The converse is clear. O

4. Soft Actions

Our definition of soft action is:

Definition 4.1. Let Q € S—Act and F : Q — P(Q) be a soft set. The action (S | Q) is called an
F-soft action if F(sw) = s(F(w)), for every w € Q) and s € S. Here, s(F(w)) ={sx|x € F(w)}.

If Q e S—Act then P(Q) € S—Act too. Thus, the soft set F : Q — P(QQ) is an S —Act
homomorphism.

Let us examine some simple examples. Let F' be a constant soft set, then, every action
of G on Q is an F-soft action. Moreover, assume that F(w) = {w} for each w € O (which may
refers to the identity soft set). Then every group action (G | Q2) is an F'-soft action. A nontrivial
example is given as follows. Let N be a normal subgroup of a group G. Define F : N — P(N)
by Fx(n):=G, NN where G, is the stabilizer of n in the action (G | N) defined by gn := g~ ng,
neN, ge(@. Clearly, (G| N) is an Fy-soft action. Furthermore, one can easily show that (G | N)
yields (G | P(N)).

Let (S | Q) be an F-soft action and A € Q. Then, F(sA)=sF(A) for all se S.

Indeed, F'(sA) ={F(s6) |6 € A} ={sF(6)| 6 € A} = sF(A). Now, if A is a stable block under this
action (i.e., sA = A for all s € S), then we get F(A) =sF(A).

It is easy to show that if (S | Q2) be an F-soft action and H € F then (S | Q) is an H-soft
action.

As a quick result of the concept of soft action, we can get the following lemmas:

Lemma 4.2. Let (S | Q) be an F-soft action as well as an H-soft action where F,H : Q) — P(Q)
are two soft sets. Then for every w € Q and s€ S :

(1) (S1Q)isan (FUH)-soft action,

(2) If st =sv implies that t =v for all s€ S and t,v €, then s(FNH)(w)=EFNH)(sw).

Proof. The assertion (1) is straightforward. For (2) it is easy to show that s((FMH)(w)) <
(FNH)(sw). Conversely, for each x € (FNH)(sw) = F(sw)NH(sw) we have, x € sF(w) and x € sH(w)
because of F-softness and H-softness of (S | Q). Thus there exist ¢ € F(w) and v € H(w) such
that x = st,x = sv; which gives that ¢ = v by the assumption. Then ¢ € F(w)H(w) and so
x € s(FNH)(w). O
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Lemma 4.3. Let Q1,Q9 € S—Act and (S| Q1), (S| Q) be F-soft actions. Then
(1) (S1Q1UQ9) and (S| Q21N Q) are F-soft actions, where Q1UQq denote the disjoint union of
Q1,Q0.
(2) (S1Q1%x8Q9) which is defined by s(w1,w2) :=(sw1,sws) for all s€ S,(w1,w2) € Q1 x Qo isa
T'-soft action where T : Q1 x Qg — P(Q1 x Q) is given by:
T(w1,w2) = F(w1) x F(ws).
Let Q1,Q9 € S—Act. Assume that F4 and Hp are two soft sets on (27 and Qg9, respectively.

By a soft map from F4 to Hg we mean a pair of functions 6 = (f,g) where f : Q1 — Qg and
g:A — B such that fF(a)=Hg(a), for alla € A, i.e., we have the commutative diagram

PQ) —— P©y)
A g B

When A =Qq, B=Q9 and f = g, we simply use the notation f instead of (f,f). In this case,
f is said to be a soft homomorphism if it is an S—Act homomorphism, i.e., f(sw) = sf(w). If
f is a surjective (injective) soft homomorphism then we say that f is a soft epimorphism
(monomorphism). A soft isomorphism is a soft epimorphism as well as a soft monomorphism.

Proposition 4.4. Let Q1 € S1—Act, Q9 € S9g—Act, € :S1 — So a monoid epimorphism, and
F1,F9 be two soft sets on Q1 and Qq, respectively. Moreover, assume that the action (S | 1)
is an F1i-soft action and f : Q1 — Qo is a soft epimorphism such that f(sw) = e(s)f(w) for all
s€S1,w € Qq. Then the action (S | Q9) is an Fe-soft action.

Proof. Consider the diagram

PQy) —— Py

FlI ]FQ
O I Qg
We prove that for each sg € So and wg € Qg,s9(Fo(ws)) = (Fo(saws)). Since €, f are epimorphisms,
there exist s; € S1 and w1 € 21 such that e(s1) = s9, f(w1) = w2. Hence,

Fa(sawg) = Fale(s1)(f(w1))
= Fo(f(s101))
= f(F1(s1w1)
= f(s1(F1(w1)))
=e(s)(f (F1(w1)))
=e(s1)(Faf (w1))
= s9(Fa(w2))

and the proof is complete. O
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Proposition 4.5. For an action (S| Q), $5(Q) < G. Where Sg(Q, theF -softener of Q) is defined
to be

S7(Q)={seS|F(sw)=sF(w), VY weQ}.

Proof. First, for every g1,g2 € S5(Q0) we get
F(g2g7 0)=F(g2(g7'0)  (G1Q)
=g2F(g'0)  g2e85(Q)
=g2(g{'Fw) g7 €SHQ)
=2281'F@)  (G|PQ)).
It implies that gggzl € 84(Q2) and then the assertion holds. O

Obviously, for an action (S | 2), 84(Q2) is a submonoid of S and so 84(Q2) acts on Q in a
natural way.

Let QO € S—Act. An equivalence relation p on Q is called an S-congruence or simply a
congruence on (, if w1p w9 implies swip swq for all wy,ws € Q,s € S. Moreover, for a soft set
F :Q — P(Q), the kernel of F is denoted by kerF' and is defined by

kerF = {(w1,w2) € Q| F(w1) = F(ws2)}.
For each w € Q, the equivalent class of w by ker F' denoted by [w]kerF is
[wlkerF = {0’ € Q| 0'(ker F)w} = {0’ € Q| F(w) = F(o')}.

Lemma 4.6. (i) Let (G | Q) be an F-soft action. For the congruence kerF on Q, glwlerr =
[gwlkerF, for all g€ G, we Q.

(i) Let (G| Q) be an F-soft action. Then, the hereditary action (G | Q/kerF) is an F*-soft
action, where

G xQ/kerF — Q/kerF

(&, [wlkerr) — glwlkerF := [gW]kerF
and

F*:Q/kerF — P(Q/kerF)

F*([0lerr) := {[0'Tkerr | 0" € F(w)}.

Proof. (i) First, for all g € G and w € Q2 we have

x € glwlkerr = 3 y€lwlkerr, x=8Y
=y kerF o, gy kerF gw
=>x kerF gw

=>XE€ [gw]kerF-
Conversely,

x€lgwlkerr = x kerF gw
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=g 'x kerF w
= g7 x € [WlkerF
= x = g(g""x) € glwlkerr-.

(i1) We have

F*(glolerr) = F*([gwlkerF)
= {[0'Ikerr | 0" € F(gw)}
= {[0'lkerr | 0" € gF(w)}
= {[0'lkerr | 87" € F(w)}
= {[gtlkerr | t € F(w)}
= g{ltlkerr | t € F(w)}
= gF* ([wlkerF)

for all ge G and w € Q.
The proof is complete. O

Remark 4.7. For a soft set F1:Q — P(Q), consider the soft set Fg : QO — P(Q) defined by
FZ((U) = [w]kerFl, then

Fq
Q = P(Q)
Fy

is an equalizer situation in S —Act. One can easily check that the equalizer of F1 and Fs,
represented as Eq(F1,F3), is the pair (E,inc) where E = {w € Q | F1(w) = [wlkerF,} € Q s
nonempty.

Let us use the notation S(G | Q) for the set of those soft sets such as F : Q — P(Q) for which
the action (G | 2) is an F-soft action and Con(G | Q2) for the set of all congruence relations on
Q. Obviously, for each group action (G | Q2), the identity soft set belongs to S(G | 2) and the
identity relation on Q (which is denoted by Aq) belongs to Con(G | Q2). Consequently, S(G | 2)
and Con(G | Q) are both nonempty.

Proposition 4.8. Let GG acts on a nonempty set Q2. Then Con(G | Q) is equipotent to the subset
H of S(G | Q) consisting those soft sets F € S(G | Q) satisfying the condition F(w) x F(w) SkerF,
and w € F(w) for all we Q.

Proof. Let F € S(G | Q). First we show that F' € H if and only if F' satisfies the condition
“(w,w") ekerF if and only if v’ € F(w)”, for all w,w’ € Q.

Let F € H and w,0’ € Q. If (w,0') € kerF', then F(w) = F('). Also, o' € F(0') by the
assumption. Thus, o’ € F(w). Conversely, let v’ € F(w). Since w € F(w) we get (w,w’) € F(w)x F(w).
Consequently, (w,w’) € ker F by hypothesis.

For the converse, suppose for w,0w’ € Q,(w,w’) € ker F if and only if o' € F(w). We show
that F € H. Let w € Q. First, F(w) = F(w) implies that (w,w) € kerF'. So, w € F(w). Moreover, if
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(w1,w2) € F(w)xF(w), then w1 € F(w) and wg € F(w). Using the assumption, (w,w1),(w,w?2) € ker F
and hence (w1,ws) € ker F'. Thus, F(w) x F(w) SkerF and then F € H.

Now, define the mapping a : H — Con(G | Q2) by a(F) =kerF for each F € H. Let F1,Fo € H
and a(F1) = a(Fy). Then kerF; = kerFy. We claim that F; = Fy. Take any w € Q. It must
be shown that Fi(w) = Fo(w). For every ' € F1(w), we have (w,w’) € ker F1 = ker Fo and so
(w,w") € ker Fy. This gives that o’ € Fo(w) whence F1(w) € Fo(w). By the same way, Fo(w) € F1(w).
Hence, F1 = Fs which means that «a is one to one. Finally, we prove that a is onto. For this, take
any p € Con(G | Q). Consider the (natural) soft set I1, : Q — Q/p < P(Q) defined by I1,(w) = [w],
for all w € Q. Using Lemma ??, for each g € G and w € Q,I,(gw) = [gw], = glw], = gll(w).
Therefore, (G | Q2) is a Il,-soft action. On the other hand, for each w € Q,II,(w) x I1,(w) =
[w], x [w], < p =kerll, and w € [w], =I1,(w). Hence, I1, € H and a(Il,) = kerIl, = p, as desired.
Consequently, a is a bijection and then Con(G | Q) is equivalent to H. O

Using Theorem the following is immediate:

Corollary 4.9. Let (G |Q2). Then |Con(G | Q)| = |S(G | Q)I.

5. Conclusion
Certain concrete examples justifying the contents of sections (3| and

Example 5.1. Consider X =Dg = (x1,x2 | x] = 1,x§ =1,(x1x92)? = 1) the dihedral group and let
A ={x1,x9}. Then, (F,A) = {({x1),x1),({x2),x2)} is a soft cyclic group.

Example 5.2. In Example 5.3 if (H,B) = {({a},2),({a?},3)} then ((H,B)) = 15.

Example 5.3. Let A ={1,2,3}, G = (a | a* = 1) = {1,a,a?,a%)}. Also, assume that H; = (1),
Hs = (a) = G, H3 = (a?). Moreover, let (F,A) = {({1),1),({a),2),({a®),3)}. By the Theorem
notations, mi1 =1, mg =3, mg =2; thus (¥,A) has

(1+3+2)+((1x2)+(1x3)+(2x3)+(1x2x3)=23
soft subgroups which are listed below:

1={(D), 1},
2={(1),2)},
3 ={(a),2)},
4={(a*,2},
5={(1),3)},

6=1{((a®,3),

7={(1),1),(1),2)},
8 ={({1),1),(a),2)},
9 ={(1),1),((a®,2)},
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10 ={(1),1),((1),3)},
11={(1),1),((a®,3)},

12 ={((1),2),((1),3)},

13 ={((1),2),((a®,3)},

14 = {(a),2),({1),3)},

15 ={({@),2),((a*),3)},

16 = {((a®),2),((1),3)},

17 ={((a*),2),(a*),3)},

18 ={((1),1),({1),2),((1),3)},
19 = {((1),1),(1),2),({(a®),3)},
20 = {((1),1),({a),2),((1),3)},
21 = {((1),1),({a),2),(a*),3)},
22 = {((1), 1),({(a®),2),((1),3)},
23 = {((1),1),((a®),2),((a?),3)}.

Example 5.4. Let G,K are two cyclic groups of the same order 6 generated by a,b,
respectively. Assume that f : G — K defined by f(a) = b and A = {1,2,3}. Let (F,A) =
{((1g),1),((@?),2),(@®,3)}, (H,A) = {((1x),1),((6*),2),((6%),3)}, then 6 = (f,14) is a soft
isomorphism, thus (F,A) ~ (H,A).
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