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Abstract. In this paper, the Pell and Pell-Lucas numbers with specialized rational subscripts are
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1. Introduction

Two members in the vast array of integer sequences are the Pell {P,};~, and Pell-Lucas {@,};_,
sequences, which are defined by the recurrence relations

Ppi2=2P, 1+ Py, Qni2=2Q,+1+Qn; n=0,
where Pp=0, P1=1, Qy=2 and @1 =2 [1,5]. The Pell and Pell-Lucas numbers are generated
by the Binet’s formula and matrices as well as the recurrence relations. For the characteristic
equation ¢ —2¢—1 =0, since the roots of this equation are ¢1 2 =1+ V2, it is known that P,
and @, numbers can be expressed with the Binet’s formula in the form [1]]:
¢1 ¢

P ;
n 2\/§

Qn =97 +¢5",
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where ¢; =1+ V2 is the silver ratio. Also, P, and @, numbers can be derived by taking
successive integer powers of 2 x 2 matrices and multiplying of their different powers [1,2]:
Pn+1 Pn %Qn 2Pn _TlQn—l 2Pn

P, P, P, %Qn -P, %Qn+1
As known, the integer sequences are not widely identified for any rational or real numbers
that are not integers. However, in literature authors have defined a lot of methods that may be
used to characterize the Pell and Pell-Lucas numbers with rational or real subscripts [[6-8]. The
characterisation of the Pell and Pell-Lucas numbers is given in [6},7] studies of Horadam who
has observed geometrical connection between Pell-type numbers and circles. These studies show
how the Pell and Pell-Lucas numbers are associated with sets of coaxal circles. Thus, author
revealed the point with Euclidean plane (x,y), where x and y are given by

(42" —cos(n—1)7)/2V2¢", y=0, for {P,},
X =
(¢*" + cos(n —1)m) /™, y=0, for {Q,}, p=1+V2.
Each of these points makes one function which gives classical the Pell P, and Pell-Lucas @,

numbers when n is any integer, and also yields the real Pell P, and Pell-Lucas @, numbers

for any real number n = x in the following:
2x 2x
—cos(m(x—1)) +cos(m(x—1))
x:(’b y Qx:('b " 5 ((p:1+\/§)
2/2¢% ¢
Although the identities P, 1+ Py.1 = Q. and 2P, + @, = 2P, 1 are valid for the real Pell P,
and Pell-Lucas @, numbers, the identity Po, = P,Q, is destroyed. Thus, Horadam [8] defined

the following Pell and Pell-Lucas curves with complex notation:

(px - exni(p—x x XL f.—X
Py=— x= ; 1
oz Sx=eTreTd =

The P, and @, can be called as the Binet’s formula for the Pell and Pell-Lucas numbers with
real subscripts, respectively. The P, and @, defined in (1) hold for analogous identities of the
classical Pell and Pell-Lucas numbers [5,8]:

Py 1+Pyi1=Qx, 2P,+Q;=2P,y1, P2=P,Q,.
Finally, for all x =0 real quantity, in [3] authors described the exponential representations for
P, and @, by given

P, = [¢" — (-7 / V8,

Q=" +(-D'"Yp™  p=1+V2,
and in the same study, authors defined the polynomial exponential representations for P,,
(x=0) and Q,, (x> 0) by given

M&=1/2] ( _1_ ; _ Me21 y [y i _

D N A N T
7=0 J j=0 X+tJ\ J

These representations coincide with P, and @, numbers when n is a positive integer. Besides,

certain properties of these numbers such as

Pay, if p(x)<1/2 P_,=(-1)"¥Q./V8
Q/VB, if p@) 212" Q=1 VBP,

M" = , N'= , H'=

PxQx:{
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are established, where A(x) is the greatest integer, not exceeding x and ¢(x) =x—A(x) >0 is
the fractional part of x.

The purpose of this paper is to reveal the Pell and Pell-Lucas numbers given with the Binet’s
formula in (1), by using the square root of the matrices M" and N" [1,2,9]. However, the main
goal of this study is not to calculate the square roots of a 2 x 2 matrix. On the other hand,
in literature, certain methods have been studied [[4,10,/11]] for computing the square roots of
arbitrary 2 x 2 matrices.

2. Main Results
The main results of the paper are the following.
Theorem 1. Let M ;L/ 2 (i =1,2,3,4) denotes a square roots of the Pell matrix M". Then,
o _ Tl

Proof. We apply the Cayley-Hamilton method for computing square roots of the Pell matrix
M™ [11]]. The matrix M" has got the square roots matrices in forms:

M = yi *1 (M7 + /derarmr|, @)
T +2./det (M)

where I is the identity matrix, and T = @, is the trace of the matrix M”". As det(M") = e™",

we have \/det(M") = e""i/2 Thus, it is obtained that \/TJ_r 2¢/det(M") = /Pp" ++/emip™ It

is seen that the matrix M" has four non-integral square roots. Firstly, we choose that
+1 P + enm’/Q P
M= ¢n/2 + enni/2¢—n/2 n+1Pn P, 1 +nenﬂi/2
Using the Binet’s formula and algebraic manipulation, we can write the values of elements
(1,1) and (1,2) for the right side matrix as
+ ((Pn/Z _ enm’/Z(p—n/Z) (Pn+1 + enni/2)

¢n _ enﬂi¢—n

Qn+22  Qupe
Qunz2  Qu-2)2

M2y Piioy2 Pppe
1,2 =+

Poo  Pu_gye

=+P+2)2

and

4 ((pn/Z _ enn’i/2(p—n/2) Pn _ + ((Pn/Z _ enn’i/Z(p—n/Z) Pn _.p ,
pu— - = n :

(Pn _ enm'('b—n 2\/§Pn
The elements (2,1) and (2,2) can be found in the similar way. In this case, we find the two
square roots matrices,

Pi2y2  Ppp Pi2y2  Ppp

Pnip P22 Pnip Pn-2y2]

When we pick the other circumstance of the matrix equation (2)), we have

ol + ((/)n/z + enm/2¢—n/2) Pn+1 _ enm'/z Pn
(Pn _ enm’(p—n Pn Pn—l _ enm/2 .

The value of the element (1,1) is written by algebraic manipulation for the right side matrix as
+ (¢n/2 + enni/2¢—n/2) (Pn+1 _ enni/2) iQ(n+2)/2

(Pn _ enm’(P—n 2\/5
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The other elements are given in the same way. Thus, the other two square roots matrices are
acquired as follow:

Mé’L/2 — 1

4
2v/2 @

Qu+2v2  Qni Y
> 2\/§

Qn+22  Qup2 ]

Qrn2  Qu-2)2 Qn2 Qu-2)2

O]

Moreover, it is known that the square root of the 2 x 2 matrix M” is another 2 x 2 matrix
M?? (i =1,2,3,4) such that M" = M¥2M?"?. If we take the matrix M/? (i = 1,2), these
identities

P(2n+2)/2 + P2, =Pni1, PioyePup+PrpPu-sy2 =Py
are obtained by equating of corresponding elements for equal matrices. In addition, as M ?/ 2
(i = 3,4), considering the elements for the square roots matrices leads to

2 2
Q(n+2)/2 + Qn/g = 8Pn+1: Q(n+2)/2Qn/2 + Qn/2Q(n—2)/2 = 8Pn-

And also, taking the determinant of the matrices M™? yields

nmwi/2 _8enni/2

ProyePoi-2y2 = P25 = "2, Quu12/2Q@u-2y2— Q25 =
which are a general case of the Cassini-like formula for the Pell and Pell-Lucas numbers with
specialized rational subscripts, respectively.

Hence the matrices M ;‘/2 (1 =1,2,3,4) are nonsingular, the notation M i_”/ 2 denotes the

inverse of matrices M ?/ 2 in (3) and (@), which are given as:

+1 |Pu-2y2 —Pup

enm’/Z

—n/2 _ +1 _Q(n—2)/2 Qn/2
’ 34 . .
2V/2enmil2 | Q0 —Qn+2)2

A lot of elementary formula for these numbers can be found by equating of corresponding

elements for the equal matrices such as M*2M®+D2 = pplkin+D/2 " prnppl/2 — pr@n+1i2 gng
M2 O+ — @)

-n/2 _
M," =

—Pri2 Puioye

Theorem 2. For all integers k and n, the following equalities are valid:

(D) Pr+n+1y2 = PrioPn+3y2 + P-2y2Pn+1y2;
(i) 8P+n+1y2 = Qh+2y2Q(n+1)2 + A2 (n-1)25
(i) P@n+1y2 =PnPsg2+Pr-1P1s2,
(iv) Q@n+1y2 =Pr+1Q12+PrQ-1/2,
V) Pen+1y2 = Pm+2yePm+1y2 + PrioPin-1y2,
(vi) 8P@2n+1y2 = @nieQnm+3y2 + Qn-2)2Q (n+1y2;
(vii) €""2P_ny2 = PraPn2ye — Ph+2y2Pri2,
(viil) 8e""2P(_ny2 = Q(k+2y2@ni2 — Rr2Qn+2y2-
Proof. The equalities (i)-(ii) can be found by the matrix equation M f/ZM E”H)/z =M (1k+”+1)/ 2
(1=1,2,3,4). For i=1 (or i =2), M(IIH"JFD/2 can be written as

M(k+n+1)/2: P(k+n+3)/2 P(k+n+1)/2 (5)
1 Prinsiy2 Pran-1)2
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and
Ak D2 _ P r9y2Pm+3y2 + PriePmi1y2  Pri2y2Pm+1y2 + PriePn-1y2
1 My

- ) (6)
PrioPuisy2 + P—2y2Pm+1y2  PrioPm+1y2 + Pr-2y2Pnm-1)2

We obtained the equality (i) from the right side equations in (5) and (6)). If we pick M (1k D2
M §/ M é” D2 for i=3 (or i= 4), the equality (ii) is established. Considering the equations
M"MY2 = MPV2 (=1,3) and MP2MTD2 = MPD2 (1 =1,2,3,4), the equalities (jii)-(iv)
and the equalities (v)-(vi) are found, respectively. Computing the equation M Ek_n 2 =M f/ M i‘”/ 2
(1=1,2,3,4), we have the equalities (vii)-(viii). O

The next goal is to find different relations between the Pell and Pell-Lucas numbers with
specialized rational subscripts by using the square roots of matrix N [2].

Theorem 3. Let N {‘/2 (i =1,2,3,4) denotes a square root of the matrix N™. Then it has a type
of following form

Qn/Z 4Pn/2 Pn/2 Qn/2/2
2Pn2 Qnse Qni2/4  Prj

Proof. By applying of the Cayley-Hamilton method for computing the square roots of the matrix

+1
n/2 _ —
Nyy=—

5 , NiZ=+V2

N™, we have got square roots matrices in the form

VN7 = 1 [N” + \/det(Nn)I] , (7)
VT +2/det V™)

where I is the identity matrix, and T = Q,, is the trace of the matrix N”. As det(N") = e,

we have /det(N") = e"mi2 Therefore, it is obtained that \/T +24/det(N") = \/¢p" £ /e"™ip~".

It is seen that the matrix N" has four non-integral square roots matrices. From this point of

view, we first select as

+1

n/2 _
N - ((/)n/Z + enni/2¢)—n/2)

% + enni/2 2 Pn
P, % + enni/2] )
Using the Binet’s formula and algebraic manipulation, we write down the values of elements
(1,1) and (1,2) for the right side matrix
+ (¢n/2 _ enni/Z(p—n/Z) (Qn + zenni/2) + ((pn _ enni¢—n) (¢n/2 + enni/2(p—n/2) iQn/Z

2(¢n —enmigpn) - 43P, 2

and
i2Pn ((pn/Z _ enﬂi/2¢—n/2) _ iZPn ((pn/2 _ enni/2¢—n/2)

(pn _enni¢—n 2\/§Pn

The other elements are given in the same way. In the present case, we determine the two square

=42P, /5.

roots matrices

Qns2 Qns2
Nn/2 _ 2 2Pn’/2 Nn/2 — _ 2 2Pn/2
1 B Qn/Z ’ 2 - Qn/Z )
P 9 P 9
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When we prefer the other situation in the matrix equation (7)), the other two square roots
matrices are procured by computing of values for all elements in the right side matrix

\/§Pn/2 Qn/Z/\/§ \/§Pn/2 Qn/2/\/§
Qn2/2V2 V2P Qn2/2vV2 V2P |

n/2 —

’ 4 D

n/2 _
Ng'* =

We suppose that N f/ 2 (i =1,2,3,4) is one of the square roots of the matrix N”. By equating
corresponding elements of the matrix equation N {’/ZN f/ 2 = N™: the following identities are
given

Q)+ 8Py =2Qn, PnQui2 = Po,
and so taking the determinant of the matrices N f/ 2(i=1,2,3,4) yields

Qo — 8Py = e,
In addition to equalities in the Theorem [2] different equalities for the Pell and Pell-Lucas
numbers with specialized rational subscripts can be found by equating of corresponding elements
for the matrix equations Nk/ZN(n+1)/2 — N(k+n+1)/2’ Nan/Z — N(2n+1)/2 and Nn/ZN(n+1)/2 —

N@n+D2 - Hence the matrices N i”/2 (i =1,2,3,4) are nonsingular, the inverse of matrices
N ;‘/ 2 are shown with the matrix notation N i_"/ 2 which are given by

Quz  —4Pnp| o V2 | —Pnp Qnpl2
—2Ppo Qn/2 T enmif2 Qn2/4t —Pup

Theorem 4. For all integer n and k, the following equalities are valid:

—n/2 _ +1
1,2 9enmi/2

(D) 2Qn+k+1y2 = Qn+12@k/2 + 8Pn+1y2Pk/2,

() 2Pg+k+1y2 = P+1y2@ri2 + Qn+1/2Pr/2,
(1) 2Pn+1y2 = PnQu2 +@nPys,
(iv) 2Q@2n+1y2 =QnQ12 +8P,P1s2,

(V) 2Q@2n+1y2 = @nieQm+1y2 + 8PnePm+1y2,
(vi) 2P@n+1y2 = PreQm+1y2 + @n2Pm+1y2,
(vii) 2"2Q—ny2 = Qr2Qn/2 — 8Pr2Priz2,

(viil) 2e""2P(_py2 = PraQns2 — k2P

Proof. The equalities (i)-(ii) can be found by equating of corresponding elements for the matrix
equation ngn+1)/2le/2 = N§"+k+1)/2 (i =1,2,3,4). The equations of matrices N"N}'? = N§2”+1)/2
(i = 1,3) and NV2N"*D2 = N2 (j = 1,2,3,4) give to equalities (iii)-(iv) and (v)-(vi),
respectively. The equalities (vii)-(viii) are derived from the equations N f”/2Ni‘”/2 = Nik‘”)/z

(1=1,2,3,4). O

Clearly, the computing square roots of different matrix generators of the Pell and Pell-Lucas
numbers [2,9] can be carried out in the above mentioned fashion.

Now, we write the extended matrices M7 and N"'? for g € Z* and r € Z. So we can obtain
the Pell and Pell-Lucas number with rational subscripts. To do this, we use the connection
between the equation p(x) = ag1x® + (a9s —a11)x — a1, where a;;j are elements of the 2 x 2
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matrix M" (or N”), and the roots of these matrices by the Abel’s functional equation [10]. The
polynomial p (x) = P,(x% — 2x — 1) is related to the matrices M”. Let A(x)= [ 2% dx he, then

p(x)
1 x—¢ )
Al = f x+</> 1) 2\/§Prln(x+¢—l'

We define ®p;r(x) = P:;L—’;f; for the matrix M". The Abel’s functional equation A (®p;-(x)) =
A(x)+k is satisfied for the certain real constant .. Then,

A(Pr+1x+Pr)_ 1 11’1( ( r+l1— (/)P)+P,«—(,bP,«_1 )
P,x+P,_1 2\/§Pr x( r+1 TG~ 1P,-)+Pr+([)_1Pr_1

=A((x)+

1 ernl¢—r)
1 = .
ovaP. n( o , (p=1+ \/5)

A closed formula for the gth roots of matrix M" is obtained from the functional equation
D g () = A7 (A () + %) , where the inverse function of A (x) is shown with A~!(x) given by

-1_x2v2P,
_l(x):¢ e +¢

It follows that

1- ex2\/§Pr

Byia() = AL (ln( x— d_)l)ﬁ N 1 In (erni/q¢—r/q ))
X+ 2v2P, ¢
~ ¢—1 (x _ (P) erni/q¢—r/q + (P (x + (,b_l) (Pr/q
(x + (P_l) (Pr/q _ (x _ (P) erni/q(P—r/q
x (¢r/q+1 _ e(r+q)ni/q¢)—r/q—1) + (pr/q _ erni/q(/)—r/q xPr/q+1 +Pr/q
x ((pr/q _ erni/q¢—r/q) + ((pr/q—l _ e(r—q)n’i/q¢—r/q+1) xPr/q +Pr/q_1 .

Hence the matrix M/ is related to the function ®,,(x), we have

Mr/q P(”’Q)/q Pr/q ] ) (8)
Pyyq Pr_qyq
If we take the matrix N/?, that is, it can be computed by the function D prriq (), we have
rlg _ i_l Qr/q 4Pr/q . 9)
2 2Pr/q Qr/q

Taking the determinant of matrix equations (8) and (9) yields

rm/q

PiqygPir-gig =Pl =
Q2 —8P7, =4,
By considering different rational powers of the matrices M and N, the following matrices

equations can be used to obtain identities involving terms of the Pell and Pell-Lucas numbers
with rational subscripts:

MU = Ayt (riteZ and q,s€Z7).
N(rs+qt)/qs — Nr/th/s
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We have
P(rs+qt)/qs :Pr/q+1Pt/s +Pr/th/s—1 :Pr/th/s+1 +Pr/q—1Pt/Sa
2P(rs+qt)/qs = Pr/th/s + Qr/th/s’ 2Q(rs+qt)/qs = Qr/th/s + 8Pr/th/s .

Thus, we see that analogous identities of the Pell and Pell-Lucas numbers with integral
subscripts seems to be hold for the Pell and Pell-Lucas numbers with rational subscripts.

3. Conclusion

By using the generalized Binet’s forms of the Pell and Pell-Lucas numbers given in (1), we
presented the two method which generated identities for the Pell and Pell-Lucas numbers with
rational subscripts. One of them is based on the square roots of the 2 x 2 matrices M" and
N"™. The second method is based on the Abel’s functional equation. By using different matrix
generators of the Pell and Pell-Lucas numbers, more general identities could be obtained for the
Pell and Pell-Lucas numbers with rational subscripts (or real subscripts).
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