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1. Introduction

The quaternion was first time introduced by Hamilton in 1843 as a successor to complex
numbers. In [3]], provided a brief introduction of the semi-quaternions. As a set, the quaternions
Q are coincide with R*-dimensional vector space R* over real numbers. According to this feature
of quaternions Baharathi and Nagaraj presented the Frenet formulae for a quaternion valued
function of a single real variable (quaternionic curves) in E2 and E* [2]. Also, A.C. Céken
and A. Tuna have studied Frenet formulae, harmonic curvatures, inclined curves and some
characterizations for a quaternionic curve in the semi-Euclidean space [E% [1]. Specially, in
the differential geometry there are some curves satisfying some relationships between their
curvatures. One of these curves is a general helix which is defined by the property that the
tangent of the curve makes a constant angle with a fixed straight line called the axis of the
general helix [5]].



152 A Study on Quaternionic Ba-Slant Helix in Semi-Euclidean 4-Space: F. Babadag

In this paper, our main aim is to define quaternionic Ba-slant helix and to obtain some of
their necessary and sufficient conditions.

2. Preliminaries

A semi-real quaternion q is an expression form q =ae + bég + cé3 +deés where a, b, ¢ and d
are ordinary real numbers and €;, (1 <i <4), e4 = +1 are quaternionic units which satisfy the

non-commutative multiplication rules
@) Ei XéiZEgi; 1=:1<3.
(2) €, x€;= Egisgjé’ x, Where (i j k) is an even permutation of (1 2 3) in semi-Euclidean space.

Let us denote the algebra of semi-real quaternions by Q, and its natural basis is given by
{e1,e2,e3,e4}. We can write a semi-real quaternion g as a form ¢ =S, +V, where S, =d
is scalar part and V, = a€; + bég + cé3 is vector part of q. So the conjugate of g is defined
by yq = —aé; — béy —cés + d. Using these basic products we can define the symmetric, non-
degenerate, real-valued, bilinear form A as below:

(p,q)— h(p,q) = %[—speyq(p xYq) —€q€yp(q xyp)]
which is called the semi-real quaternion inner product [1]. The norm of semi-real quaternion q
is lqll® = |h(q, @) = leg(g xyq)l = —a?-b%2+¢2+d?|.If |q| = 1, then semi-real quaternion ¢ is
called semi-real unit quaternion [4]]. Let ¢ and p be two semi-real quaternion in Q,, then the
quaternion product of ¢ and p is given by

pxq=8pSq+(Vyp,Vg) +S,Vy +S,Vy, +V, V4.

And then if ¢ + yq =0, then q is called a semi-real spatial quaternion [2]]. The four-dimensional
semi-Euclidean space [E‘zL is identified with the space of semi-real unit quaternions. Let I =[0,1]
be an interval in real line R and
4
a:IcR—Q,, s—als)= Zai(s)é’i, (I<i<4),eq4=1,
i=1

be a smooth curve in [E‘zl with nonzero curvatures {x,7,0 — e;erenk} and {T'(s), N(s),B1(s),Bs(s)}
denotes the Frenet apparatus of the semi-real quaternionic curve a(s). Let the arc-length
parameter s be chosen such that the tangent T'(s) = a/(s) has unit magnitude [1]. Then the
Frenet equations of the semi-real quaternionic curve a(s) are given by

iT(S) =enk(s)N(s),
ds

%N(S) = —£:eNk(8)T(s) + e,1(s)B1(s),
d

@B 1(8) = —&;7(s)N(s) + e,l0 — e67eN]1(5)Ba(s),

d
ng(s) = —¢gplo —e,epenx](s)B1(s), 1)
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where «(s) = ex | £ T(s)I, IN()I1% = len|, A(T,T) =7, h(N,N) = N, h(B1,B1) = £p,, h(B2,B2) =
832 [1]

3. Quaternionic B,-Slant Helix in Semi-Euclidean 4-Space

In this section, we give the definition and the necessary and sufficient conditions for quaternionic
Bs-slant helices in semi-Euclidean space [E‘21.

Definition 1. A unit semi-real quaternionic curve a :I c R — Q, is called Bs-slant helix if its
second binormal unit vector Bo makes a constant angle ¢ with a fixed direction in a unit vector
U; that is h(Bg,U) = cos ¢ is constant along the curve.

Theorem 1. A unit semi-real quaternionic curve « in semi-Euclidean space [E‘21 with x 20, T#0
and 0 —e;erenk #0 is a quaternionic Ba-slant helix if and only if the condition

(O'—Eté‘TENK)2+( 1)2(d (U—EtET{;‘NK

en—| |—
T ds T

2
)) = constant (2)
K

is satisfied.

Proof. Let a be a quaternionic Ba-slant helix with A(Bg,U) = cos ¢, then differentiating the last
equation and by using the Frenet equations given in (1)), we get

d
%h(BQ, U)=—¢eplo—eerenkln(B1,U)=0

that’s why U is in the subspace Sp{T,N,Bs} and can be written as below

U =a1(s)T(s)+aa(s)N(s)+asz(s)Ba(s), 3)
where

a1(s) =h(T,U), as(s) = h(N,U), as(s) = h(B2,U) = cos ¢ = constant. 4)
Taking derivative of (3) with respect to s and by using the Frenet equations given in (1)), we
obtain

(% —ageieNk | T + (% + a1€NK)N +(age, T —ageplo —ererenx])B1 = 0.

From this equation we have

da1 da2
—— —ag9eeNk =0, s +a1eyxk =0, age,T—ageplo—eeTenk] =0,
S

ds
that is,
O — ELETENK lda;
A2 =Ep€p————— A3 =EEN———, (5)
T x ds
d
a2 _ —ENKQ1. (6)
ds
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Differentiating (5) with respect to s and by using (6), we get the second order linear differential
equation for a1 as below

d2a1 K/ da1 9
—— — — —— + EENK =0. 7
d82 K dS tENK Q1 ( )

By changing the variables in (7) as ¢ = [; e,enk(s)ds we obtain

The general solution of the above differential equation is
a1 =Acost+Bsint, (8)
where A and B are constants. With the help of (5)), (6) and (8) we have

O — €LETENK .
a9 =€ ep———————as = —Asint + Bcost, 9)
T

a1 =—EREPEN— s . ag =Acost+Bsint. (10)

1 [ d (0 - Eté‘TENK)
K
From (9) and it follows that the constants A and B are

O — EETENK 1 d (0—¢€eTenk
A:—snsbag(#sint+ezv— —(#) cost), (11)
x |ds T

O — E:ETENK 1{d j0—¢€e7enx
BZEnEbag(#COSt—EN—[—(#) sint). 12)
T K |ds T

Using the equations (4)), and we get

2
A2+ B%=¢,¢ +|en— cosch:sinz(p.

- 2 1\2
(0 8tET£NK) ( K)

% (0 - £tET£NK)

T

Thus, we have

O — €:ETENK )2 1)\2 ?
( t¢TEN ) +(5N—) :gngbtanz(p:constant. (13)
T

d (0 - £t€T€NK)
K

ds T

Conversely, for a unit semi-real quaternionic curve the condition (2) is satisfied we can
always find a constant unit vector U which makes a constant angel with the second binormal
vector of the semi-real quaternionic curve. By considering the unit vector U and using the

equations (), (9) and we get

1(d (0-¢€e7eNK
—En€HEN = —(—
x \ds

O — ELETENK
)) T+epep—— N +Bg|cosg.
T

U=

T

Taking derivative of the above equation with the help of (13), gives that ‘é—‘s‘ =0, this means that
the unit vector U is constant vector. Consequently, the unit semi-real quaternionic curve «a is a
quaternionic Bg-slant helix in semi-Euclidean space. O
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Theorem 2. A unit semi-real quaternionic curve a in the semi-Euclidean space [E‘z1 is a
quaternionic Ba-slant helix if and only if there exists a C2-function f such that
d ((T - 8t8T€NK)

eNkf(s)= %

Proof. We assume that a is a quaternionic Bs-slant helix. Differentiation of with respect
to s gives

O —EETENK

d
, gf(S) = —ENK (14)

a—eteTeNKi(a—eteTsNK)+g li(a_gthgNK)i li(U—fthé‘NK) _0
T ds T N ds T ds |xds T '
(15)
Therefore, we have
(O'—Et{;‘TENK)i(O'—EtET&‘NK)
ENli (U—EtETENK) __ T ds T
K ds T i li(U—EthSNK)
ds |xds T
If we take
(a—etsTgNK)i(a—eteTst)
f£(s)=— T ds T
i li(U—EthK)
ds [xds T
then the above equation becomes
d (0—€ETENK
enxf(s) = - (=) (16)
ds T
Therefore, is rewritten as
d [1d (0—-¢€erenk O — E,ETENK
il Bty B hl et i) | R -t 17
ds de( T ) ENK T (1n
By differentiating with respect to s, we get
d d [1d j0—¢iepenk
el —ev— |/ (RN 18
dsf(s) gNds de( T ) (18)
From and (18), we obtain
d _
d_sf(8)=—£N1<—U CETENE, (19)

Conversely, if the condition holds, then from the equations (4), (9), and we can
write the unit constant vector U as

O —EETENK

U= |-€,epf(S)T +€,6p N + By |coso.

From this equation the second binormal vector Bs of a makes a constant angle ¢ with a fixed
direction U; that is h(Bg,U) = cos ¢ = constant. Thus, « is a quaternionic Ba-slant helix. O
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Theorem 3. Let a be a unit semi-real quaternionic curve in the semi-Euclidean space [E%. Then
is a a quaternionic Bg-slant helix if and only if the following condition is satisfied;

O —EETENK .
———— =Cicosw+Cysinw, (20)
T

where C1 and Cy are constants.

Proof. Let a be a unit semi-real quaternionic Bg-slant helix. Then the condition is holds.
By using this condition let us define C2-function w(s) by

w(s) = fs enk(s)ds, (21)
0

and C!-functions g(s) and r(s) by

O — ELETENK

g(s)= cosw — f(s)sinw,

O —EETENK

r(s)= sinw + f(s)cosw. (22)

By differentiating equations with respect to s and using equations (16), and we
get that % g(s)=0and %r(s) =0 are both identically zero. Therefore, g(s) = C1 and r(s) =Ca,
where C; and Cs are constants. By replacing these in and solving the result that getting
from for Z—ELENE we have

O —EETENK .
————— =Cqcosw+Cysinw.
T

Conversely, suppose that condition holds. Then by solving the equations in we have

f(s)=—-Cisinw+ Cscosw,

this function satisfies the condition (14). Therefore, « is a quaternionic Bs-slant helix. O

4. Conclusion

For a space curve to be a quatermionic Bg-slant helix, we obtain necessary and sufficient
conditions according to quaternionic curves in semi-Euclidena space [Eg.
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