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1. Introduction

Many important problems in mathematics, sciences, engineering and other can be reformulation
which require finding zero points or null point of nonlinear operators i.e. equation of the form
0 € Ax, where x € X such that X be a vector space, and A is a maximal monotone operator.
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The inverse problem can be split into two inverse problems, which is called Split Inverse
Problem(SIP). Let IPq, IP5 be two inverse problems. First one is formulated in the space X
and the second one is formulated in space Y. This problem concern in a model which there are
given two vector spaces X, Y, and a linear operator T : X — Y. The Split Inverse Problem is
formulated as follows.

Find a point x* € X that solves IP;
and y* =Tx" € Y that solves IPs. (1.1)

The Split Convex Feasibility Problem is the first case of the SIP, which is introduced by
Censor and Elfving [1]]. The two inverse problems IP; and IP5 there are of the Convex Feasibility
Problem (CFP) type. However, someone called the Split Convex Feasibility Problem is the Split
Feasibility Problem (SFP). The Split (Convex) Feasibility Problem is formulated as follows.

Find a point x* € C such that Tx* € Q, (1.2)

where C, @ are nonempty closed convex subspace of Hilbert space H1, Ho, respectively. The set
solution of Split Feasibility Problem is denoted by I' := {x* € C such that Tx* € Q} = C n T~1(0).

Assume that the SFP has a solution, then x € C solves if and only if it solves the
following fixed point equation:

x=Pc(I-yT*(I-P)T)x, x€C, (1.3)
where y is any positive constant, P¢ is metric projections of H; onto C, and Pg is metric
projections of Hy onto @, and T is the adjoint of T'.

Later, many researcher have studies SIP in Hilbert spaces, for instance, [2, 3], 4] Takahash
have studies SIP in Banach spaces [5].

Byrne el al. [4] introduced the Split Common Null Point Problem (SCNPP) for set-
valued maximal monotone operators in Hilbert spaces. They given two set-valued operators
A:H,— 2H1, B:Hs — 2H2 and let T : H;y — Hs be a bounded linear operator. They consider
SCNPP as the following.

Find a point x* € H; that solves 0 € Ax™
and y* = Tx" € Hy that solves 0€ By* (1.4)
where A~1(0) and B71(0) are null point set of A and B, respectively. They given xg € H1, define
iterative scheme by the following:
Xni1 = Jo @ + YA (TP~ DAxy), (1.5)
where A* is the adjoint of A,L = |A*A| and y €(0, %), and 1> 0.
In 2015, Takahashi [6] have studied SCNPP and he is the first that extended SCNPP form
Hilbert space to Banach space by using metric resolvent and metric projections with applies

the hybrid method. Recently, Takahashi and Yao [7] considered SCNPP in Hilbert spaces and
Banach spaces by using the hybrid method as the following theorem:

Theorem 1.1 ([7]). Let H be a Hilbert space and let E be a uniformly convex and uniformly
smooth of Banach spaces. Let Jg be the duality mapping on E. Let A : H — 22 and B :E — 2E" be
maximal monotone operator such that A~Y(0) # @ and B™1(0) # @. Let JJ f be the resolvent of A for
A >0 and let fo be the metric resolvent of B for u>0. Let T : H — E be a bounded linear operator
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such that T # @ and T* be an adjoint operator of T. Suppose that A~1(0)NnT~1(B~10) # @. Let
x1 € H, and let {x,} be a sequence generated by the following.

2n = I3 (n = AT Jp(Txn ~ Qf Txn)),

Yn = UnXp +(1—ay)zy,

{Crn={z€H: |y, —2zl < lx, —z2ll}, (1.6)
Qn,={z€eH :{(x,—2z,x,1—x,) =0},

Xn+1=Pc,n@,x1; YV REN,

where a, < [0,1], and A,,u, < (0,00) satisfies that 0 <a, <a <1, 0<b <pu,, and 0<c <
MITN? < d < 2 for some a,b,c,d € R. Then the sequence {x,} converges strongly to a point
20 € ATH0)N T~ 1B 10), where zg = P4-1g)rp-1(B-10)%1-

A viscosity approximation method is a well-known iterative method for solving a fixed point
of nonexpansive mappings. Moudafi [8] is first person that proposed viscosity approximation
method by combing the nonexpansive mapping and a contraction mapping. He proposed the
following iterative scheme in Hilbert spaces:

Xn+1 = Anf(xp)+(1—ap)Sx,, (1.7)

where f is a contraction mapping and {a,} < (0,1) satisfies some conditions, he proved that {x,}
converges strongly to a fixed point of S.

Further, Xu [9] developed the viscosity approximation method for solves the zero points of
monotone operators in a Banach space. He proved that strong convergent theorem.

Motivated by the problems of split common null point, and result of Takahashi [7], these is
interesting that the result of [7]] is formulated in two different spaces. Moreover, a well-known
viscosity approximation method of Moudafi [8] and Xu [9] are still effective and interesting
for solving a fixed point problem. Then we consider SCNPP related between a Hilbert space
and a Banach space by using the viscosity approximation method. We consider SCNPP as the
following.

Find a point x* € H that solves 0 € Ax*
and y* = Tx" € E that solves 0 By", (1.8)

where A71(0) and B~1(0) are null point set of A and B, respectively. While, we let H, E are
Hilbert spaces and Banach spaces, respectively.

2. Preliminaries

Let E be a real Banach space with the norm | - ||z and the dual space E* of E is the space of
continuous linear functional on E .
The normalized duality mapping J :E — 2E is defined by

Jx)={a* €E*: (x,x*) = x|?, Ixll = |« I}, VaxekE.

In the case if E is Hilbert space, then the normalized duality mapping is linear and it is just
the identity mapping, i.e. J =1.

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 1, pp. , 2017



30 Viscosity Approximation Method for Split Common Null Point Problems...: K. Promluang and P. Kumam

A Banach space E is said to satisfy Opial’s condition if for each sequence {x,}; , in E such

that {x,} converges weakly to some x in E, the inequality
liminf|x, — x| < liminf|x, — y|l
n—oo n—oo
holds for all y € E with y # x. In fact, a Banach space with a weakly sequentially continuous
duality mapping has the Opial’s condition; see [10]. It known that every Hilbert satisfies the
Opial’s condition.
A Banach space E is called a strictly convex if it satisfies the following condition
lxl=lyl=11-Ax+Ay|l Vx,yeEandO<Al<l = x=y.

Let S(E)={x € E : ||x|| = 1} be the unit sphere of E. E is said to be uniformly convex if for
each € €(0,2] there exists a constant 6 = 6(¢) > 0 such that for all x,y € S(E), if | x — y|| = € then

x+y

<1-6. It is well known that uniformly convex is strictly convex.

A Banach space E is said to be smooth if the limit
. lx+tyll =l
lim ————
t—0 t

exists for all x,y € S(E).
The norm of E is said to be uniformly Gateaux differentiable norm if for each y € S(E), the
limit is attained uniformly for all x € S(E) and it is said to be Fréchet differentiable if for
each x € S(E), the limit is attained uniformly for all y € S(E). Moreover, it is said to be

uniformly smooth if the limit is attained uniformly for all (x,y) € S(E) x S(E).

The modulus of smoothness of E is the function p : [0,00) — [0,00) defined by p(t) =

(2.1)

sup{%(”x—}-y” +llx—yl)-1l:x,yeE,|lxll =1yl = t}. A Banach space E is an uniformly smooth

if and only if lim 29— o,

A Banach space E is said to be g-uniformly smooth if for 1 < q <2 be a fixed real number.
There exists a constant ¢ > 0 such that p(¢) < ct? for all £ > 0. In the case g =2, E is said to be
2-uniformly smooth if there exists a constant ¢ > 0 such that p(t) < ct? for all ¢ > 0.

The examples of 2-uniformly smooth and uniformly convex Banach space that
2-uniformly smooth, if p=2;

L, 1,, or the sobolev space W2, is
g-uniformly smooth, ifl1<p<2.

Note that no a Banach space is ¢g-uniformly smooth for ¢ > 2. It is known that a Hilbert
space is 2-uniformly convex and 2-uniformly smooth. By [11l [12] we know that if E be a
g-uniformly smooth Banach space, then for all x, y € E there exists a constant ¢; > 0 such
that ||J(x)—JW)| < c1llx — yllq_l. Hence if E be a 2-uniformly smooth Banach space, then
there exists a constant c¢; > 0 such that ||J(x)—J(y)| < cillx—y| for all x,y € E. If E be
a g-uniformly smooth Banach space for 1 < g < 2, then there exists the constant ¢; > 0
such that [|J(x)—J(y)| < c1lx— y[|97L. Then we can see that |J(x)—J(y)| < c1llx -yl too.
For instance in L, is 2-uniformly smooth Banach space for 2 < p < co and we know that
[J(x)—J(WI <(p—-Dlx—yl. For 1 <q =<2, then L, is g-uniformly smooth Banach space. So
that [|J(x) - J(y)| <2¢ 1K, llx— 27! and also we have ||J(x) — J(y)| <2¢ 'K, lx - yll, where
K, is g-uniformly smooth constant.
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Remark 2.1 (See [12). (1) If E is a uniformly smooth, then E is smooth and reflexive.
(2) If E is a uniformly convex, then E is strictly convex.

(3) If E is a smooth, reflexive and strictly convex then the normalized duality mapping ¢/ is
single-valued, one-to-one and onto. Then J!: E* — E is single-valued, bijective, that is
the inverse mapping J 1 :E* — (E) and also JJ L =Ig«, J 1J =I5.

(4) A normed space E is reflexive, if and only if E is bounded sequence has a weakly
convergent subsequence.

Next, we recall some definitions. Let C be a nonempty close convex subset of E. Let
S :C — C be an operator. If there exists a coefficient & € (0,1) such that [|[Sx—Sy| <k|x -y
for all x,y € C, then S is called k-contraction. If 2 =1 thatis |[Sx—Sy| < ||lx—y| for all x,y € C,
then we called nonexpansive. In this paper, fixed point of an operator S is denoted by Fix(S), i.e,
Fix(S):={xeC:Sx=x}.

Let B: E — 2E” be a set-value operator, B is said to be monotone if (x —y,u* —v*) = 0, for all
x,y€D(B), u* € Bx, v* € By, where D(B) is the domain of B. A monotone operator B on E is
said to be maximal if its graph is not properly contained in the graph of any other monotone
operator on E. By [13], we known that if B be a maximal monotone operator of E into 2 "
then R(I +rJ'B) = E. From [14] if E be a uniformly convex and smooth Banach space, then
B is maximal monotone if and only if R(J +rB)=E* for r >0, where R(J +rB) is the range of
J +rB. This mean that R(I +rJ 'B)=E.

For a maximal monotone operator B, we can define a nonexpansive single-valued mapping
QE :R(I+rJ 'B) — D(B) by Q2 = (I +rJ1B)! for each r > 0, which is called the metric
resolvent of B. It is known that 0 e B(x) © x € Fix(Q'rB). The set of null point of B is generated
by B~1(0) = {x € B: 0 € Bx}. From Takahashi [15], we known that B~1(0) are closed and convex.

In Hilbert space, we known that H = H*. For a monotone operator A : H — 2 we define a
nonexpansive single-valued mapping J;4 :R(I+rA)— D(A) by J;4 = +rA)~! for each r >0,
which is called the resolvent of A. It is known that 0 € A(x) © x € Fix(J4).

Let C be a nonempty closed convex subset of a Banach space E and D c C, then a mapping
Q :C — D is said to be sunny if Q(x + t(x — @(x))) = Q(x) whenever Qx + t(x — Q(x)) € C for all
xe€C and ¢t =0.

A mapping @ : C — C is called a retraction if 2 = Q. Note that if a mapping @ is a retraction,
then Qz =z for all z € R(Q) where R(Q) is the range of @. A subset D of @ is called a sunny
nonexpansive retract of C if there exists a sunny nonexpansive retraction from C onto D.

Lemma 2.2 ([16]). Let E be a smooth Banach space and let C be a nonempty subset of E.
Let @ : E — C be a retraction and let J be the normalized duality mapping on E. Then, the
followings are equivalent:

(i) @ is sunny and nonexpansive;

(i) 1Qx-Qyl*=(x-y,JQx-Qy), ¥ x,y € E;
(iiD) lx— ) - (@x-@WI* < llx—yI* - 1Qx - Qyl?;
1iv) (x—Qux,J(y—Qx)=<0,VxekE, yeC.
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Lemma 2.3 ([17]). Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E and let S be a nonexpansive mapping of C into itself with Fix(S) # @.
Then, the set Fix(S) is a sunny nonexpansive retract of C.

In 2004, Xu [9] studied the continuous scheme x; = tf(x;) + (1 — t)Sx;, where f is a k-
contraction and S is nonexpansive mapping. On a uniformly smooth Banach space, Xu proved
that the sequence x; € C be the unique fixed point of the contraction x — ¢/ (x)+ (1 —¢)Sx, that is
x¢ =tf (xg)+ (1 —1)Sxy.

Lemma 2.4 ([9]). Let E be a uniformly smooth Banach space, C be a closed convex subset
of E, S :C — C be a nonexpansive mapping with Fix(S) # @, and and f € Z.. Then x;
defined by x; = tf(x;) + (1 —t)Sx; converges strongly to a point in Fix(S). If we defines mapping
Q : = — Fix(S), where =, denote the set of k-contraction, by Q(f) := %in(}xt, then Q(f) solves the
following variational inequality:

T-NQR),JQ(f)—p» =<0, V feZ., V peFix(S).
Namely, if x = Qc(f), then

X—fx),Jx—p)H=<0, V[feZ., V peFix(S).

It well known that if E = H is a Hilbert space, then a sunny nonexpansive retraction Q¢ is
coincident with the metric projection P¢ from E onto C, that is Q¢ = Pc.
In the sequel to give our main results, we need the following lemmas.

Lemma 2.5 ([18]). Let E be a real Banach space. Then
e+ yI% < llacl® +2¢y, j(x + ), jx+y)edx+y),

where j denote a single-value.

Lemma 2.6 ([12]]). Let H be a Hilbert space. Then
lx+y1% = %l +2¢y,) + IyI%, V¥ x,y€eH.

Lemma 2.7 ([20]). Let E be a real uniformly convex Banach space and B, ={x € E : ||x|| <r},
r> 0. Then there exists a continuous, strictly increasing, and convex function g :[0,00] — [0,00],
£(0) =0 such that

lax+ By +yzI® < alxl?+ Blyl* +ylzI* - apgllx - yl), V x,y,z€l0,1],
with a+ p+y=1.

Lemma 2.8 ([21], The Resolvent Identity). For all r >0, s >0. Let x € E and B is maximal
monotone then

fo:J£(§x+ (l—é)fo).

Lemma 2.9 ([24], Demiclosed Principle). Let C be a nonempty closed convex subset of a uniformly
convex Banach space E and S be a nonexpansive mapping. Then I — S is demiclosed at zero, i.e.,
X, —x and x, —Sx, — 0 imply x = Sx.
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Lemma 2.10 ([25]). Let {x,} and {z,} be bounded sequences in a Banach space E and let {f3,}
be a sequence in [0,1] with

0 <liminff, <limsupf, < 1.
n—oo n—oo

Suppose x,+1=(1—Bn)zn + Pnxy for all integers n =0 and limsup(||z,+1 — 2nll — |Xn+1 — 2, 11) < 0.
n—oo
Then lim |z, —x,| =0.
n—oo

Lemma 2.11 ([26]). Assume that {a,} is a sequence of nonnegative real numbers satisfying the
condition

apns1<1-ty)a,+t,b,+c,, Vn=0,

o0
where {t,} is a sequence in [0,1] such that Y t, =oo, {b,} is a sequence such that limsupb, <0

n=0 n—oo

[e.@]
and ¢, =0, Vn =0 such that Y c,<oo.Then, lim a, =0.
n—oo n—oo

Lemma 2.12 ([6]]). Let E1 and E be strictly convex, reflexive and smooth Banach space and let
JE, and Jg, be the duality mapping on E1 and E, respectively. Let A :E1 — 2E1 and B :E4 — 2F2
be maximal monotone operators such that A~1(0) # @ and B™1(0) # @, respectively. Let J j{‘ and
Qﬁ be the metric resolvent of be the resolvent of A for A >0 and B for u > 0, respectively. Let
T :E1— Es be a bounded linear operator such that T # 0 and let T™ be the adjoint operator of
T. Suppose that Q:= A1 0)NnT 1B H0)) #@. Let A, u, r>0 and p € E. Then the following
are equivalent:

@) p=J{(p-rdz T"Ju,(Tp - QETp));
() pe A~HO) N T~ LB~L0)).

3. Main Result

Proposition 3.1. Let H be a Hilbert space and E be a real 2-uniformly smooth Banach space

with the constant c1 € (0, W), where c¢q is positive constant such that ||J(x)—J(¥)| <c1llx -y

for all x, y € E. Let Jg be the duality mapping on E. Let B :E — 2E" be an maximal monotone
operator such that B~1(0) # @. Let Qﬁ = (I +pJd 1B)~1 be the metric resolvent B. Let T : H — E be
a bounded linear operator such that T # @ and T : E* — H be an adjoint operator of T. Assume
that T"Y (B 10)# @. Let M := T*Jg(T —QET), then M .=T*Jg(T - QET) is nonexpansive.

Proof. Since I and Qﬁ are nonexpansive mappings, and we know that || Jg(x)—Jg ()| < c1llx—yll.
We compute

IMx—~My| =T Jg(I -QNTx~T*Jp(I -QNTy| = IT*(Je( - Q) Tx~JeU - Q)T
<ITIJe(T -Qp Tx—Je -Q) Tyl <1l Tl I - Q) Tx - - Q) Tx|”
<cil T 1Tz =Tyl = c1lI TN 1 T(x =)l
<c1lTI? lx -yl

Since c1 € (0, W), therefore M is a nonexpansive mapping. O
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Theorem 3.2. Let C be a nonempty closed convex subset of a Hilbert spaces H, and let E
be a real uniformly convex and 2-uniformly smooth of Banach space with c1 € (O,W). Let
Jg be the duality mapping on E. Let A : H — 2H be maximal monotone operator such that
A10) # @ and let B: E — 2E" be an maximal monotone operator such that B-1(0) # @. Let
Jf‘n = +A,A)71 be the resolvent of A for A, >0 and QE = (I + puJ 'B)! be the metric resolvent
of B for u>0. Let f:C — C be a k—contraction mapping with k €(0,1). Let T:H — E be a
bounded linear operator such that T # @ and T* : E* — H be an adjoint operator of T. Assume

that Q:= A~10)NT~YB1(0)) # @. Let x1 € H, and let {x,,} be a sequence generate by the following
Yn = Onn+ (1 =03 (tn = A, T* JE(Txn - QF Txn)),

where {0,}, {a,}, {Bn), {yn} <(0,1) and a, + B, +7yn = 1. Assume that the control sequences satisfy
the following conditions:

(3.1)

o0
(a) lim a, =0 and ) a, =oc;
n—0o0 n=1

(b) 0<liminff, <limsupf, <1;
n—oo n—oo

() 0<liminfA, <A, <limsupA, < {7y, and Hm |Aye1—An| =0;
n—oo

(d) 0<liminfo, <0, <limsupo, <1, and lim |0,+1—0,|=0;
n—o00 n—00 n—o0

(e) 0< 1innl£§fyn <Yn.
Then {x,} converges strongly to a point X € Q, where X = Qqf (%).

Proof. We have divide the proof into five steps.
Step 1. We prove that the sequence {x,} is bounded.
Fixed p € Q:= A"10)nT~YB~1(0)) # @, then we have p € (A)~1(0) :Fix(an ), ie., J;[‘n p=p and
Tp =QB(Tp), and by Lemma we have p =J3 (p =1, T*Je(Tp - QL Tp).
Set M := T*Jg(T - Q5 T), we see that

lyn = pI1? = l0n2n + (L= 0p) 5 (I = Ay M)x, — p|?
< 0l (xn = P)I? + (L= o )IITL (I = An M)y, - p1I®
—0n(1=0,)g(ln =I5 (T = An M), 1)
< Onllxn = plI* + (L= 0p)llxn — pI* = 041 = 0)8(Ixn = J5 (I = An M), )
= %, = P11 = 00(1 = 0)gllxn =I5 (I = A M)y ). (3.2)
Therefore ||y, — pll? < l|lx, — pll%, this implies that
lyn =PIl < Il = plI.
Consider
lxn+1 =Pl =llanf(xn)+ Brxn +Ynyn— Pl
< anllf (xn) = pll + ullxn =PIl +¥nllyn —pl
< ankllxn — pll+ anlf(p) = pll+ Brllxn —pll + ynllyn —pl
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<lank+ Bn+vynllxn —pll+ anllf(p) - pl
=lank +(1—a)llx, —pl+anlf(p)-pll
=1 +azk-alx,—pl+anlf(p)-pll
=1 -an(1-F)lxn —pll+a,lf(p)-pl

e _plfe)—pl
=(1-a,1-k)lxn—pl+an(1-k) a-r

It follows by mathematical induction, we get that
If(p)-pl }
1-% ’
Therefore, this show that the sequence {x,} is bounded. Furthermore, since |y, — pll < |lx, — pll

then we obtain that {y,} is bounded too. Also, we have {f(x)}, {an(I — A, M)} are bounded
sequence.

lxn+1—pll < maX{ lxn —pll,

Step 2. We prove that the sequence {x,} is asymptotically regular, i.e., ’}im l%n+1—2n,1 =0.
—00

Step 2.1. By use Lemma [2.10}, then we set x,,+1 := Brx, +(1—-8,)z, and we let z,, := %W

We compute
an+1f(xn+1)+7n+1yn+1 _ anf(.’)Cn)"'Ynyn

Zn+l —2n = (1—Brs1) 1- 6y
_ “n+1f(xn+1) +Yn+1— (an+1 + ,Bn+1)yn+1 _ anf(xn) +Yn— (an + ,Bn)yn
(1-Pn+1) (1-p6,)
_ an+1f(xn+1) +(1- ,Bn+1)yn+1 —Ap+1Yn+1 _ anf(xn) +(1- ﬁn)yn —and¥n
(1_ﬁn+1) (1_,Bn)
_ an+1(f(xn+1) - yn+1) +(1- ﬁn+1)yn+1 _ an[f(xn) - yn] +(1- ﬁn)yn
(l_ﬁn+1) (1_,5n)
An1lf(ns1) = yn+1l  anlf(xn) —yn]
= - n+l— Yn, 3.3
(1= Brs) A=py o7 3:3)
which implies that
Ient =2nll < 5 S Gins) + sl + = I @) =l + Lo =3al. (34
Step 2.2 Next, we compute ||y,+1 — ¥l
Observe that

<L T=Aps1Mxni1 =I5 T = A1 Mxnll + T3 (T = A1 M)y — T3 (L= Ap M)y |

An
A

A
+1(I—7LnMxn)—(1— n+l
N A

A A
< lxp+1— 2l + Jlnﬂ(I = Ap+1M)xy — J1n+1

) I (I = AnM)xcy

n

A A
< lxps1—2xnll+ || (xn — Aps1M)xp, — Z+1xn+/1n+1Mxn+(1_ n+l Jf;(l_/lnM)xn

n n

A A
< llotpe1 — 2l + (1— Z“)xﬂmnﬂ—an)wa(l— ;”)an(I—AnM)xn

n n
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_An+1

An

/1n - An+1

A
Il + [ Ans1 — Al I Moy, || + | =2
An

< llxp+1— 2l +

I3 (e = An M)
Consider that
Yn+1=Yn = Ons1(@ns1 = 2p) + (L= 0ns )5 (T = A1 Mns1 =I5 (I = AnM)xy)
+ (01 = 00)an = I3, (@~ AnMay).
Then, we have

l¥rn+1—ynll
< Ons1lltns1 = 2pll + A= 0pe DTS | T = A1 M)xpi1 =5 (I = A M)y |

+((7n+1 _Un)”xn _an(xn _AnMxn)”

A
< On+1llxn+1 —xnll +lons1 —onllix, — J/ln(xn —AaMxp)| +(1—0p41)

Ap—Ans1 An—Ans1
x (||xn+1 — sl + | = e |+ A1 = A Mg |+ | 2= T2 (e —AnMxn)u)
A,n A’n "
<1 = %nll +10ns1 = Onlllxn — T3 (on — An Maxy)|
A=A A=A
+(1—on+1)( Tl et + A1 = Al Mot |+ | =222 T2 (e —AnMxn)n). (3.5)
n n
Step 2.3. To show that limsup(||z,+1—2x |l = l1xn+1 =%, 1) < 0. From (3.4) and (3.5) we derive that
n—oo
||zn+1 —Zn ” - ”xn+1 —Xn ”
< )+ Yl = e £ @) = Yol + 1051 = Tl = T Gop = An M)
(1_,Bn+1) (1 ﬁn
-2 A,—A
+(1-0p41) || = 7 L 2 |+ 1A 1= An [ Mo | + Tl |3 (en—An M)l | . (3.6)
n n
It follows from condition (a)-(d), we obtain
limsup(llz,+1 —2nll = lxp41 —x,1) < 0. 3.7
n—oo
By using Lemma [2.10, we obtain that
limsup ||z, —x,| = 0. (3.8)
n—oo
Since x,+1 — %, = (1 - Bp)(z, — x5), therefore
lim (%41 —%nl = 0. (3.9)
n—oo

Next, we prove that ||y, —x,[| — 0, as n — oo.

anfxn)+yYnyn

Since z, = gy~ ﬁ 5 (@) +(1— 72 /3 a—p)¥n, We have
IIzn—ynll—H(1 oy G+ ( (1?';3n))yn—yn
H(l Ty
. ﬁn I/ (xn) = yull. (3.10)
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By condition (a) we obtain that

Y}Lrglo 12 — ynll = 0. (3.11)
From and (3.10), we get that

lyn =xnll < lyn —2nll + 20 —xnll = 0, @as n — co. (3.12)
Therefore

lim |y, —xnll =0. (3.13)

Step 3. To show that }Lrgo 2, — an(I —AnM)x, |l =0 and ,}LIEO"Txn ~-QBTx,| =0.
Step 3.1. We want to show thatnli_)ngO llx,, — Jj{‘n(l —AnM)x, |l = 0. Consider
121 =PI = lanf(6n) + B + Ynyn — P2
= lan(f(@n) = £(P)) + Pu(xn — P)+Yn(yn — ) + an(f(p) - p)I?
< apllf (en) = FIIP + Bullxn — I +Yallyn — I + 20 (f () — P, %n+1— D)
< apkllxn — pII® + Ballxn — P12 +¥ulyn — pI® + 20, {f (P) — D, %41 — D)
= apkllxn = plI® + Bullxn — DI +¥nllx, — pII?
~YnOn(1=02)g(1xn — T4 (I = Au M)y 1) + 2 {f (P) = P, X1 — P
= [ank + B+ Ynlllxtn = pI? = Ynon(1 =018l — I3 (L = Ap M)y )
+2a,(f(p)—p,%Xn+1—Dp)
< llxtn = pI2 = ynon(1 =008 Ulxn — T4 (L = An M) |l) + 2 {f (P) = P, 2ns1 — D).
It follow that
Yn0n(1—0p)g(lxn — Ty (I = Ap M)y )
< lltn = p1I? = 1%n+1 =PI + 200 {f (D) = P, Xn+1— D)
< lxn+1 = 2nll(lxn — Il + 1Xn+1 — PID) + 20, (P) — P, Xn+1 — D).
By condition (a), (d), (e), and by property of g, we have
lim Jlxy ~ J3, (I~ A M)xa]l = 0. (3.14)
Step 3.2 We want to show that r}l—{go \Tx, — Qf Tx,| =0. We consider
130 = PI? = 1022, + (1= 023 (I = A M)xs — P
< onllxn = plI* + (L= oI5 (= AnM)xy — p|I?
< apllxn —plI? + A= oI = 1 M)x, — p|?
< apllxn — pII? + (1 - o)y — p) — LMy |12
< 0ullxn = P12+ L= 0l — I =215 (% = p, T* Jp(Txn — QETx,))
+ A2 T* Tg(Tx, — QS T)I1%)
= 0ullxn = pI2 + (L= 0l — I = 214, (Txy = Tp, I (Txn — QETx,))
+ A2 T* Ig (T — Q5 Ty 11}
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= 0nlltn — plI2+ (L= 0 )llxn — pI% — 24, (Tx — QB Txy + QB Tx — T, Jp(Tx, — Q5 Txy))
+ AT Jg(Txn — QE Tixy)I?)
= 0ullxn = pI? + L= 0l — I = 24T — QE Ty, Ju (T, — QETx,))
—2MnQE Tatn — Tp,JE(Txn — QL Txn)) + AP I TN | Tt — QF T 1}
<oulxn—pl*+(1-0p)
{lxn = pI? = 220 (T — Q5 Ty, Ju (Tt — Q5 Txy)) + AT 12 T — QF Tt %)
< lln = pI2 =20, (1= o) Ty — QE T I + A2(1 = oI T I I T, — Q5 Tty |
< llxn = pI2 = (1 = 0,)2An — A2 TIP)I Txn — Q5 Tx||?.
Note that
Ixn+1— P17 = lanfCen) + Brn +Ynyn — P
< apllf (xn) =PI+ Bullxn — I+ ¥nlyn — pII?
= anllf @) —p 12+ Bullxn =PI +¥nlxn—pI2=(1=0,) (24 = A2 I TIHITxn = Q5 T 1)
= anll fGn) =PIl + (1= ap)llxn = pI? = yn(1 = 02)2An = A2 I T I Txp — QF T I
< anllf @n) = plll+l1xn =PI = yn(1 = 00)2An = AT I Txp — QF Tl
It follow that
V(L= 00)@An = AZITINTxn = QF Tt I* < nll f ) = DI + 260 — pII* = lxn 11— pII?
=aplf(xn) = pll + % — X1 lI(xn — p) + (X1 =PI
Since o, €[0,1), and by condition (a), (c) and (3.9), then we have
lim [|Tx, ~ @y Tyl = 0. (3.15)

Step 3.3. To show that lim |7 Jg(Tx, —Qfxn)ll = 0. Since T 1is bounded linear and T* is
n—oo
adjoint operator of 7', we have

IT* Jg(Txn — QB x)I% < I T2 J5(Txn — QB Tx,)|12
= |ITI21Tx, - Q3 Tx, 2. (3.16)

By (3.15) then
lim | 7" Jp(Ta ~ Q3 Tx,)I =o0. (3.17)

Step 4. We want to show thatlimsup(f(x)—x,x, — X)) <0, V x, € Q, where ¥ = Qqf (¥).

n—oo

Step 4.1 Set W := |1+ {24 (1 - 1,M)|, where M := T*Jg(T - QET). Then W is

nonexpansive mapping. We see that x,1:= a,f (x,) +(a,)Wx,.

By apply Lemma then we let x; be a unique solution of equation x; = tf(x;) + (1 — £)Wxy,
V t €(0,1). Namely, x; be a fixed point of contraction mapping which is unique fixed point.
Putting x = Qqf(x) = %Ln(} x¢, where Qqf (%) is an unique sunny nonexpansive retraction from C
onto Fix(W), as t — 0.

Since we know that Fix(W) = Fix(J;: )nFix(QF(T)) = Q. Thus, we know that x; — & = Qo f (%).
By Lemma[2.4] then there exist (f(*)-%,q—-X)<0,V feZ., V qgeQ.
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Step 4.2 To show that x, — ¢ € A~X(0).
Next, we show that there exist ¢ such that 0 € Aq. Let s, := an(I - A T*Jg(T —QﬁT)xn.
We obtain
= AnT*Jg(T - QF T)xy € (I + AnA)sy
= A T*Jp(Txn — Qi Txn) € 8y + AnAsy
2 = AT Jg(Txn = QF Txn) € 5y + AnAsy

% —8n = AT Jg(Txn —QF Txp) € Ay Asy
1

T @n =80 = AT Jp(Tan ~ QTxy)) € Asy. (3.18)
n

Next, we show that ,}l_,m laxn =8 —AnT*Jg(Tx,, — QﬁTxn)II =0, we observe that

ltn = $n = A T* TE(Txn = QE Tl = (= $0) = An T* Jp(Txn — Qs Tty

1o
< ltn = $n |+ I T Ju(Ttn = Q Tl

n

From (3.12),we get |x, —s,|l — 0, as n — oo and (3.14)), we derive that
lm (% = $p = A T* Jg(Txn - Q1 Txn)l = 0. (3.19)
n—oo

By (3.18) we obtain that 0 € As,, .
Since r}lrgo lx,—s,ll =0, and the boundedness of {x,} such that {x,} has a weakly convergence
subsequence, i.e., x,; — q. From 0 € As,, there exist q solve 0 € Aq.

Step 4.3. To show that x, — ¢ € T"1(B~1(0)). Namely, we show that for some g such that
Tq solves 0 € B(T'q). Since Qﬁ is nonexpansive, then we apply the demiclose principle, i.e.,
- Qﬁ ) is demiclose at zero. Since T is linear and bounded, then we have Tx,, — T'q and from
| Tx, — Qﬁ Tx,| — 0,as n — oo, this implies that T'q = Qﬁ Tq. Therefore g € Q.

Next, we show that {xn;} be another subsequence of {x,} such that Xn,; — q'. That is
q' € Fix(W) = Fix(J4) ﬂFix(Qﬁ(T)) = Q. We want to show that g = ¢’. Assume that g # ¢’, by
Opial’s condition we have

lim [lx, — gl =liminf|lx,, — ¢l <liminf|x,, —q'll
n—.-oo 1—00 1—00
= lim |lx, —¢'ll = lim ||x,,; — ¢l
n—oo Jj—oo
< liminfllxnj —qll = lim |x, —qll.
J—0o0 n—oo
This contradiction. Thus, we have q = ¢’. This implies that x,, — g € Q.

Step 4.4. From above step we have g € 2. From step 4.1 there exist (f(X¥)—%,q—%) <0, Vq €Q,
where ¥ = Qo f (%).
Next, we show that lim sup(f (%) —%,x, — %)) <0, V x, € Q, where ¥ = Qqf(X).

n—o0
From step 4.3 we have (f(x)—%,q—x) <0, Vf e Z., Vq € Q. To show this, we can choose a

subsequence {x,;} of {x,} such that

limsup(f(&) — &, x, — X)) = lim (f(&) - %, x,, — %)) (3.20)
= (f(x)—%,q—x) < 0. (3.21)
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This implies that limsup(f(X) — ,x,+1 — X)) = limsup(f (x) — %, x, — %)) < 0 too.
n—o0 n—o0o

Step 5. Finally, we prove that ||x, — X|| — 0. We consider
1%n+1 = &2 = lanf (xp) + Bndn + Ynyn — X112
= lan(f(xn) = F@) + Bnlatn — X) +Yn(yn — B) + an(f (&) — D)
< lan(f(@n) = FE) + Pty — &) + Yn(yn — DI + 20 (f (B) - £), Xp1 — £
< apllf Gen) = FEIZ + Brllxn — &% +Ynllyn — 2% + 200 (F (xn) — &, Xp 11 — )
< apklln, — %12 + B lln — &% +ynllan — &1 + 20, (f (Xn) — &, %41 — X)
=[ank +(1— ap)lllay, — &2 + 20, (f (Xn) — &, %41 — X)

2
= (1= an (L= RDlln = I + an(l = B T (F (i) = %1 = B,

This implies that
2
61— %1% < (1= an(1=k)llxy — %1+ an(1 B @)= 81 = ).
By condition (a) and (3.20), then we apply Lemma to conclude that
,}i_.m llx, — X[ = 0.

This completes the proof. O

If the space E = H a Hilbert space. In a Hilbert space, we know that we Jr =1 is
nonexpansive and linear operator, and c¢; = 1. Then we obtain the following corollary.

Corollary 3.3. Let H{, Ho be two Hilbert spaces and let C C be a nonempty closed convex
subset of Hy. Let A:H{ — 281 pe a maximal monotone operator such that A10) # @ and let
B:A:Hs— 2M2 be a maximal monotone operator such that B~1(0) # @. Let an =T +1,A) 1 be
the resolvent of A for 1, >0 and Jﬁ = (I + uB)~! be the resolvent of B for 1>0. Let f :C — C be
a k—contraction mapping with k €(0,1). Let T : Hy — Hy be a bounded linear operator such that
T # @ and T* : Hy — H1 be an adjoint operator of T. Assume that Q:= A~1(0)nT~1(B~10)) # @.
Let x1 € Hy, and let {x,} be a sequence generate by the following
{ n = Onn +(1=0)J2 (on = A T*(Txtp = JETx,)),
Xn41= Anf(Xp)+ PnXn +YnYn; V=0,
where {o,},{ay}, {Bn), {yn} <(0,1) and ay, + B, +yn = 1. Assume that the control sequences satisfy
the following conditions:

(3.22)

o0
(a) lim a, =0and )Y a, =oc;
n—oo

n=1
(b) 0<liminff, <limsuppf, <1;
n—oo n—oo
(¢) 0<liminfl, <A, <limsupA, < 25, and lim |A,+1—A,| = 0;
0o oo 1T n=00

(d) 0<liminfo, <0, <limsupo, <1, and lim |0,+1—0,|=0;
n—o0 n—oo n—oo

(e) 0< 1ir{11£1.}fyn <Yn.

Then {x,} converges strongly to a point X € Q, where X = Qqf (%).

Journal of Informatics and Mathematical Sciences, Vol. 9, No. 1, pp. , 2017



Viscosity Approximation Method for Split Common Null Point Problems...: K. Promluang and P. Kumam 41

Proof. Since, an operator M := T*(T — Qﬁ T) is inverse strongly monotone in Hilbert spaces.
Moreover (I — A, M) is nonexpansive. The proof is same the our main theorem. O

3.1 Split Minimization Problems
In this part, we consider our result for solve the split minimize problem.

3.1.1 Split Minimization Problem Between Banach spaces and Hilbert spaces
We consider our result for solve the split minimize problem between Banach spaces and Hilbert
spaces. The split minimization Problem is formulated as follows:

find a point x € H that solves & = argmin ¢(x),
xeH

and y = T'x € E that solves y = argmin ¢(y), (3.23)
xeE

where ¢ : H — R and ¢ : E — R be two proper convex and lower semicontinuous function. The
subdifferential d¢ of ¢ is generated by

0p(x)={zeH:p(y)=(y—x,2) +p(x); ¥V ye H}.
The subdifferential of ¢ at x, for x € E is generated by
0px)={x"€eE" :p(y) =(y—x,x") +p(x); V y e E}
We known that the subdifferential operator d¢(x) : E — 2F" is maximal monotone [22, 23].

Then we can see that (3¢)~1(0) = argmin{p(x) : x € E}. We set B = d¢ and Qﬁ is metric resolvent
of d¢p, for u >0, then we know that

1
Qﬁ(x) =Prox(x) = argmin{q)(y) +—y —xllz}, yeEE.
i 2u

Also, if we take A =0¢ and J fn is a resolvent of d¢, 1,, > 0, then we know that
1

We take A =0¢ and B = 0¢ in our main theorem, then we obtain the new iterative scheme
(3.1) becomes that

Yn =0pXp +(1—=0,)Proxy, ¢(x, — A, T*JE(Txy, — Prox,, Txy,)),

Ji () = PAr?pX(x) = argmin{(/)(yH IIy—xllz}, yeH.

(3.24)

3.1.2 Split Minimization Problem Between in Hilbert spaces
Next, we consider our Corollary [3.3|for solve the split minimize problem in two Hilbert spaces.
The split minimization problem is formulated as follows:

find a point X € H; that solves & = argmin ¢(x),
x€H1

and y = T'x € Ho that solves y = argmin ¢(y), (3.25)

x€Ho
where ¢ and ¢ be two proper convex and lower semicontinuous function. For ¢ : H; — R, the
subdifferential d¢ of ¢ is defined by

0Pp(x)={z€eH1 :p(y) =(y—x,2) +Pp(x); V y € Hy}.
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For ¢ : Hy — R be a proper convex and lower semicontinuous function, the subdifferential
0@ of ¢ defined by

0p(x) ={z € Ho: p(y) = (y —x,2) + p(x); ¥V y € Ha}.
In Hilbert spaces, from [27] we know that 0 € d¢(x) & ¢p(x) = m}}l ¢(y) and also 0 € 0p(x) &
yeily
p(x) = m}}l @(y). The set of minimizers of ¢ defined by
YyEHs

argmind(y) ={x € H : f(x) =min¢(y), y € Hy},
and the set of minimizers of ¢ defined by
argmin@(y)={x € H : f(x) =ming(y), y € Ha}.

We know that
1

an(x):%r(()px(x):argmin{(p(y)+ ||y—x||2, yEHl},

and
. 1
J;?(x) = Prox(x) = argmm{(/)(y) +—y —x||2, yE€E Hz} .
pgp 2u
Also, if we take A = 0¢ and B = d¢ in our Corollary 3.3 then we obtain the new iterative

scheme (3.22) change to the iterative scheme (3.26).

Yn = 0pXy +(1—0,)Proxy, ¢(x, — 1, T (Tx, — Prox,, T'x,)), (3.26)

Xn+1 = anf(x,) + ﬁnxn +YnYn; V= 0. .

4. Conclusion

In this paper, we defined a new iterative scheme for approximation the split common null point
problems for set-valued maximal monotone operators by using a viscosity method and some
fixed point technically proving method between Banach spaces and Hilbert spaces. We obtained
the strong convergence theorem for set-valued maximal monotone operators. We also applied
that our result can be solves the split minimization problems.
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