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1. Introduction

Let A denote the class of all analytic and univalent functions of the form

oo
f(z):z+2akzk (1.1)
k=2
defined in the open unit disc U ={z:|z| < 1}.
Let T denote the subclass of A in U, consisting of analytic functions whose non-zero coefficients
from the second terms onward are negative, that is, an analytic function f € T if it has a Taylor
series expansion of the form

f(2)=z- iakzk (ap=0) (1.2)
k=2

which are analytic in the open disc U.
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For functions f € A of the form (1.1), Dileep and Rashmi [4] defined Salagean g-differential
operator,

Sof(2)=f(2), S4f(2) =20qf(2), -+, Stf(2) =204(82 f(2)).
A simple calculation implies

SZf(Z) =f(z)x* Gq,n(z),

where
Gon(2)=2z+ Z [m]gz™ (neN),
m=2
where [m], = %.

The power series of Sf, f(z) for functions f € A of the form (1.1) is given by

Sgf(@)=z+ Y [mlgamz". (1.3)
m=2
Note that
lim Ggn(z)=2+ ) m"z"
q—1" m=2

and
linll_SZf(z) =f(2)* (z + ) mnzm)
9= m=2
which is the familiar Salagean derivative [8].
Now we define the following subclass of J by using Saldgean q-differential operator. Let
Jg(b,a,1) be the subclass of T consisting of functions which satisfy the conditions

" (b-2)SEf +2S2*1f N
(b—20)Spf +2AS*1f ’

for some @ =0, A > 1, b is a non-zero real numbers and z € U. For different parametric values of
q and b we get the classes defined by Mostafa [5] and Ravikumar et al. [6].

(1.4)

2. Main Results

Now, we prove the sufficient conditions for the class ‘J'Z(b, a, ).

Theorem 2.1. A function f(z) defined by is in the class T(b,a, ) if and only if

Y 2lmljan(1-at)(mly;—1) <b(1-a). (2.1)
m=2

Proof. Let
(b-2)S2f +281H1f
%{ (b—-20)S2f +2ASHf } 7
which implies
{ (b-2)[z = T yImlganz"] +2 [z - Too_olmly  an"] } e
(b-20)[z2=-X_o[mltamz™] + 21 [z - £_,[m]2* a,zm] ’
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{ bz —Y3 olmlgamz™[b+2[ml, — 2] }
>
bz -y [mliamzm[2Alml, +b—2A1]
Letting z — 1, then, we get
b- ) [mljan(b+2[ml; -2)>a (b - Y [mlgam[2Alm], +b - 21|,
m=2

m=2
mzzzz[m]gam(l —aM)([m]y +1) <b(1-a).

Conversely, suppose f € Jg(b,a, 1) satisfies (2.1). Equivalently
(b-2)Sgf + 2SZ+1f
{ (b—20)S2f +2AS2*1f } -
H bz -y _olmlgamz™[b+2[m], - 2] } B ‘ 1w
bz =30 olmlganzm2Alml, +b—2A] -
Asz—1,

1| <a,

Yoo 2lmlgam(1-2A)[mly +1) -
b—Y o2lmlganl2Almly +b—-2A1|
This expression is bounded by 1 - a, if

1-a.

[e.@] [e.@]
Y 2lmlpam1-A)(mly+D<1-a) (b - Y 2[mllanl[2Almly +b—2A1|,
m=2 m=2
which is true by hypothesis. O

As g — 1, we get the following result
Corollary 2.2. A function f defined (1.2) is in the class T"(b,a,A) if and only if

i 2m”a,,(1—al)(im—-1)<b(1-a). (2.2)
m=2
Corollary 2.3. If f € Tj(b,a, 1), then
b(1-a)
2[mlga,(1—al)[ml, - 1)

lam| <

Theorem 2.4. Let 0<a<1, 0< 11 <A9<1, then T(’I‘(b,a,ﬂtg) c Tg(b,a,/ll).
Proof. From Theorem [2.1]
§22[m]gam(1 —alg)([mly—1) < §22[m]gam(1 —al)(mly-1)<b(1-a).
For frg‘_J'Z(b,a,Az). Hence f E‘J'g(b,a,/ln;. O

Theorem 2.5. Let f € Tg(b,a,/l) and define f1(z) =z, and
b(1-a) n
" 2mliand-alimlg-1)
Let f €T5(b,a,A) if and only if f can be expressed as f(z) = X77_1 im[m(2), where pi,, =0 and
Xon-1bm =1

fn(2)=2
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Proof. If f(2)=%""_1 mfm(2), with p,, 20 and }7°_; u,, = 1. Then
Yoo 2lmlpam(1—al)([mly—Db(l-a)
= mb ]_ — = ]_ - b ]_— = b 1 - .
Y 2mllam(1—aA)mly —1) 2 Hnb(-a)=(-pb-a)<b(-a)
Hence f € ‘J'(’I’(b,a,/l).
Conversely, f(z)=2z—-Y _sa,2™ € ‘J'(';(b, a, ). Define

X, 2Amllan(— aA)mly - Dian|

Hm b(1-a)
and define py = 1-Y.7°_, iy, from Theorem [2.1, ¥X%°_, un < 1 and py 2 0. Since Y57_; pm fm(2) =
2= oam2™ = f(2). O

Theorem 2.6. The class ‘J'Z(b, a, ) is closed under convex linear combination.
Proof. Let f,g€Tg(b,a,A), and let

f(2)=z- i amz™, g@)=z- ozo: bnz™.
m=2

m=2

For n such that 0 <n <1, it is enough to show that the function defined by
h(z)=(1-n)f(2)+ng(2) € Ty(b,a, ).

Now

h(z)=z- Y [(1-nan +nbylz™.

m=2

Applying Theorem [2.1to f,g € T7(b,a, ), we have
Z 2[m]gam(1 —aA)[mly - DIA-nam+nbrl<(1-mb(1-a)+nb(1-a)=>b(1-a).
m=2
This implies that A € ‘J'(’;(b, a, ). O

Theorem 2.7. Let j=1,2,---,n, fi(z2)=2z-X7 sam ;2" € ‘J’Z(b,a,)t), such that Z;"zlﬂtj =1, then
the function F(z) is defined by

F(2)=Y A;fi(2) e Tb, a, M.
=1

Proof. For each je€({1,2,---,n}, we obtain

”;22[m]gam(1 —aA)([mly = Dian| <b(1-a),

F(z)=) Aj
=1

J=

(o0}
2=
m=2

o0
2= ) amz"
m=2

m
> Amj

=1

m
> Am,j
=1

J=

M 222[m]2am(1 —al)([ml; -1)

m m
= Z)LJ- 2[m];‘am(1—a/1)([m]q—1) Zam,j <b(1l-a).
j=1 j=1
Therefore, F(z) € ‘J'(';(b, a, ). O
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Theorem 2.8. Let f € ‘Tg(b, a,A) then for every 0 < <1, the function

Hg=1-p)f(2)+p A @dqt

then Hp(z) € ‘J'Z(b, a, ).

Proof. We have
Hg(z)=z- ) (,6+£ —,B)amzm.
m=2 m
Since (,6 + % - ,6) <1, m=2,soby Theorem
o

B p) 5 2imranc-animl, - ]an
m m=2

<Y [2lmIlan1-al)(mly— D] an < bl -a).
m=2

Hence Hﬁ(z)eﬂ'g(b,a,/l). O
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