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Abstract. In the present paper, we define certain classes of analytic function in the open disc by using
the generalized linear operator Dn

λ,δ with help of q calculus. For functions belonging to these classes
we provide coefficient inequalities, distortion theorem.
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1. Introduction
Let A denote the class of all analytic and univalent functions of the form

f (z)= z+
∞∑

k=2
akzk (1.1)

defined in the open unit disc U= {z : |z| < 1}.

Let T denote the subclass of A in U, consisting of analytic functions whose non-zero coefficients
from the second terms onward are negative, that is, an analytic function f ∈T if it has a Taylor
series expansion of the form

f (z)= z−
∞∑

k=2
akzk (ak ≥ 0) (1.2)

which are analytic in the open disc U.

http://doi.org/10.26713/jims.v17i1.3110
https://orcid.org/0000-0002-1059-0118
https://orcid.org/0009-0004-4658-7107
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For functions f ∈A of the form (1.1), Dileep and Rashmi [4] defined Sălăgean q-differential
operator,

S0
q f (z)= f (z), S1

q f (z)= z∂q f (z), · · · , Sn
q f (z)= z∂q(Sn−1

q f (z)).

A simple calculation implies

Sn
q f (z)= f (z)∗Gq,n(z),

where

Gq,n(z)= z+
∞∑

m=2
[m]n

q zm (n ∈N),

where [m]q = 1−qm

1−q .

The power series of Sn
q f (z) for functions f ∈A of the form (1.1) is given by

Sn
q f (z)= z+

∞∑
m=2

[m]n
qamzm. (1.3)

Note that

lim
q→1−Gq,n(z)= z+

∞∑
m=2

mnzm

and

lim
q→1−S

n
q f (z)= f (z)∗

(
z+

∞∑
m=2

mnzm

)
which is the familiar Sălăgean derivative [8].

Now we define the following subclass of T by using Sălăgean q-differential operator. Let
Tn

q (b,α,λ) be the subclass of T consisting of functions which satisfy the conditions

ℜ
{

(b−2)Sn
q f +2Sn+1

q f

(b−2λ)Sn
q f +2λSn+1

q f

}
>α, (1.4)

for some α≥ 0, λ> 1, b is a non-zero real numbers and z ∈U. For different parametric values of
q and b we get the classes defined by Mostafa [5] and Ravikumar et al. [6].

2. Main Results
Now, we prove the sufficient conditions for the class Tn

q (b,α,λ).

Theorem 2.1. A function f (z) defined by (1.2) is in the class Tn
q (b,α,λ) if and only if

∞∑
m=2

2[m]n
qam(1−αλ)([m]q −1)≤ b(1−α). (2.1)

Proof. Let

ℜ
{

(b−2)Sn
q f +2Sn+1

q f

(b−2λ)Sn
q f +2λSn+1

q f

}
>α

which implies

ℜ
{

(b−2)
[
z−∑∞

m=2[m]n
qamzm]+2

[
z−∑∞

m=2[m]n+1
q amzm]

(b−2λ)
[
z−∑∞

m=2[m]n
qamzm

]+2λ
[
z−∑∞

m=2[m]n+1
q amzm

]}
>α,
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ℜ
{ bz−∑∞

m=2[m]n
qamzm[b+2[m]q −2]

bz−∑∞
m=2[m]n

qamzm[2λ[m]q +b−2λ]

}
>α.

Letting z → 1, then, we get

b−
∞∑

m=2
[m]n

qam(b+2[m]n
q −2)>α

(
b−

∞∑
m=2

[m]qam[2λ[m]q +b−2λ]

)
,

∞∑
m=2

2[m]n
qam(1−αλ)([m]q +1)< b(1−α).

Conversely, suppose f ∈Tn
q (b,α,λ) satisfies (2.1). Equivalently∣∣∣∣∣

{
(b−2)Sn

q f +2Sn+1
q f

(b−2λ)Sn
q f +2λSn+1

q f

}
−1

∣∣∣∣∣≤α,∣∣∣∣{ bz−∑∞
m=2[m]n

qamzm[b+2[m]q −2]

bz−∑∞
m=2[m]n

qamzm[2λ[m]q +b−2λ]

}
−1

∣∣∣∣≤ 1−α.

As z → 1,∣∣∣∣
∑∞

m=2 2[m]n
qam(1−λ)([m]q +1)

b−∑∞
m=2 2[m]n

qam[2λ[m]q +b−2λ]

∣∣∣∣≤ 1−α.

This expression is bounded by 1−α, if
∞∑

m=2
2[m]n

qam(1−λ)([m]q +1)≤ (1−α)

(
b−

∞∑
m=2

2[m]n
qam[2λ[m]q +b−2λ]

)
,

which is true by hypothesis.

As q → 1, we get the following result

Corollary 2.2. A function f defined (1.2) is in the class Tn(b,α,λ) if and only if
∞∑

m=2
2mnam(1−αλ)(m−1)≤ b(1−α). (2.2)

Corollary 2.3. If f ∈Tn
q (b,α,λ), then

|am| ≤ b(1−α)
2[m]n

qam(1−αλ)([m]q −1)
.

Theorem 2.4. Let 0≤α< 1, 0≤λ1 ≤λ2 < 1, then Tn
q (b,α,λ2)⊂Tn

q (b,α,λ1).

Proof. From Theorem 2.1,
∞∑

m=2
2[m]n

qam(1−αλ2)([m]q −1)≤
∞∑

m=2
2[m]n

qam(1−αλ1)([m]q −1)≤ b(1−α).

For f ∈Tn
q (b,α,λ2). Hence f ∈Tn

q (b,α,λ1).

Theorem 2.5. Let f ∈Tn
q (b,α,λ) and define f1(z)= z, and

fn(z)= z− b(1−α)
2[m]n

qam(1−αλ)([m]q −1)
zn.

Let f ∈ Tn
q (b,α,λ) if and only if f can be expressed as f (z) =∑∞

m=1µm fm(z), where µm ≥ 0 and∑∞
m=1µm = 1.
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Proof. If f (z)=∑∞
m=1µm fm(z), with µm ≥ 0 and

∑∞
m=1µm = 1. Then∑∞

m=2 2[m]n
qam(1−αλ)([m]q −1)b(1−α)∑∞

m=2 2[m]n
qam(1−αλ)([m]q −1)

=
∞∑

m=2
µmb(1−α)= (1−µ1)b(1−α)≤ b(1−α).

Hence f ∈Tn
q (b,α,λ).

Conversely, f (z)= z−∑∞
m=2 amzm ∈Tn

q (b,α,λ). Define

µm =
∑∞

m=2 2[m]n
qam(1−αλ)([m]q −1)|am|

b(1−α)
and define µ1 = 1−∑∞

m=2µm, from Theorem 2.1,
∑∞

m=2µm ≤ 1 and µ1 ≥ 0. Since
∑∞

m=1µm fm(z)=
z−∑∞

m=2 amzm = f (z).

Theorem 2.6. The class Tn
q (b,α,λ) is closed under convex linear combination.

Proof. Let f , g ∈Tn
q (b,α,λ), and let

f (z)= z−
∞∑

m=2
amzm, g(z)= z−

∞∑
m=2

bmzm .

For η such that 0≤ η≤ 1, it is enough to show that the function defined by

h(z)= (1−η) f (z)+ηg(z) ∈Tn
q (b,α,λ).

Now

h(z)= z−
∞∑

m=2
[(1−η)am +ηbm]zm.

Applying Theorem 2.1 to f , g ∈Tn
q (b,α,λ), we have

∞∑
m=2

2[m]n
qam(1−αλ)([m]q −1)[(1−η)am +ηbm]≤ (1−η)b(1−α)+ηb(1−α)= b(1−α).

This implies that h ∈Tn
q (b,α,λ).

Theorem 2.7. Let j = 1,2, · · · ,n, f j(z)= z−∑∞
m=2 am, j zm ∈Tn

q (b,α,λ), such that
∑m

j=1λ j = 1, then
the function F(z) is defined by

F(z)=
m∑

j=1
λ j f j(z) ∈Tn

q (b,α,λ).

Proof. For each j ∈ {1,2, · · · ,n}, we obtain
∞∑

m=2
2[m]n

qam(1−αλ)([m]q −1)|am| < b(1−α),

F(z)=
m∑

j=1
λ j

[
z−

∞∑
m=2

am, j zm

]

= z−
∞∑

m=2

[
m∑

j=1
am, j

]
zm

∞∑
m=2

2[m]n
qam(1−αλ)([m]q −1)

[
m∑

j=1
am, j

]

=
m∑

j=1
λ j

[
2[m]n

qam(1−αλ)([m]q −1)

[
m∑

j=1
am, j

]]
< b(1−α).

Therefore, F(z) ∈Tn
q (b,α,λ).
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Theorem 2.8. Let f ∈Tn
q (b,α,λ) then for every 0≤β< 1, the function

Hβ = (1−β) f (z)+β
∫ z

0

f (t)
t

dqt

then Hβ(z) ∈Tn
q (b,α,λ).

Proof. We have

Hβ(z)= z−
∞∑

m=2

(
β+ β

m
−β

)
amzm.

Since
(
β+ β

m −β
)
< 1, m ≥ 2, so by Theorem 2.1,(

β+ β

m
−β

) ∞∑
m=2

[
2[m]n

qam(1−αλ)([m]q −1)
]
am

<
∞∑

m=2

[
2[m]n

qam(1−αλ)([m]q −1)
]
am < b(1−α).

Hence Hβ(z) ∈Tn
q (b,α,λ).
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