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1. Introduction, Definitions and Notations
We first need some important definitions by assuming standard notations of the value
distribution theory which are available in [4] (Hayman).

Definition 1.1 ([4]). Let f (z) be a non-constant meromorphic function in the complex plane
and a be any complex number. The deficiency of a with respect to f (z) is defined by

δ(a)= δ(a; f )= lim
r→∞

m(r,a)
T(r, f )

= 1− lim
r→∞

N(r,a)
T(r, f )

.

It is obvious that 0≤ δ(a; f )≤ 1.
If δ(a; f )> 0, then the complex number a is called a deficient value of f (z). The deficient value
is also called exceptional value in the sense of Nevanlinna.

http://doi.org/10.26713/jims.v17i1.3104
https://orcid.org/0000-0002-8887-695X
https://orcid.org/0009-0003-9966-2249


2 A Note on Value Distribution of the Product of a Meromorphic Function. . . : D. Banerjee and P. Pal

Definition 1.2 ([4]). Let f (z) be a non-constant meromorphic function in the complex plane
and a be any complex number. We define

Θ(a)=Θ(a; f )= 1− lim
r→∞

N̄(r,a)
T(r, f )

and

θ(a)= θ(a; f )= lim
r→∞

N(r,a)− N̄(r,a)
T(r, f )

.

It is evident that 0≤Θ(a; f )≤ 1 and 0≤ θ(a; f )≤ 1.
Thus, we may write that δ(a; f )+θ(a; f )≤Θ(a; f ).

Definition 1.3 ([7]). Let m be a positive integer. We denote by N(r,a; f | ≤ m) the counting
function of those a-points of f whose multiplicities are not greater than m, where each a-point
is counted according to its multiplicity. Similarly, we denote by N(r,a; f | ≥ m) the counting
function of those a-points of f whose multiplicities are not less than m, where each a-point is
counted according to its multiplicity.
Similarly, we define N(r,a; f | < m) and N(r,a; f | > m). Also, N̄(r,a; f | ≤ m), N̄(r,a; f | ≥ m),
N̄(r,a; f | < m) and N̄(r,a; f | > m) are defined similarly ignoring the multiplicities.
Finally, we take N̄(r,a; f | ≤∞)≡ N̄(r,a; f ) and N(r,a; f | ≤∞)≡ N(r,a; f ).

Definition 1.4 ([4]). A meromorphic function a(z) is called a small function with respect to a
meromorphic function f (z) if T(r,a)= S(r, f ), i.e.,

T(r,a)= o(T(r, f )).

So,
T(r,a)
T(r, f )

→ 0, as r →∞
possibly outside a set of finite linear measure.

For a transcendental meromorphic function f defined in the open complex plane C,
Hayman [6] proved the following theorem.

Theorem 1.1. For an integer n (≥ 3), f n f ′ assumes all finite values, except possibly zero, infinitely
many times.

Further, Hayman conjectured [5] that the above theorem remains valid even if n = 1 or 2.
Later on Mues [8] proved the result for n = 2 and the case n = 1 was proved by Bergweiler and
Eremenko [1] and independently by Chen and Fang [3].

Naturally the question arised here was about the value distribution of f f ′−a, where a = a(z)
is a non-zero small function of f (z). In this context, we first mention the following theorem
which was proved by Bergweiler [2].

Theorem 1.2. If f is of finite order and a is a polynomial then f f ′−a has infinitely many zeros.

We can see that Bergweiler imposed two restrictions to get the desired result. One is on f
which has to be of finite order and the other one is on a(z) which has to be a polynomial instead
of being arbitrary small function of f (z).
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Yu [10] proved the following general case but instead of a single small function he considered
a small function and its negative to achieve the result.

Theorem 1.3. If a ( ̸≡ 0,∞) is a small function of f then at least one of f f ′−a and f f ′+a will
have infinitely many zeros.

To improve the Theorem 1.3, in 2003, Lahiri and Dewan [7] proved the following theorem
first.

Theorem 1.4. Let ψ = ( f )n0( f (k))n1 , where n0 (≥ 2), n1 and k are positive integers such that
n0(n0 −1)+ (1+k)(n0n1 −n0 −n1)> 0. Then[

1− 1+k
n0 +k

− n0(1+k)
(n0 +k){n0 + (1+k)n1}

]
T(r,ψ)≤ N̄(r,a;ψ)+S(r,ψ), (1.1)

for any small function a (̸≡ 0,∞) of f .

And, then using the result by Lahiri and Dewan [7, eq. (1.1)] proved the following result
which improved general version of Theorem 1.3.

Theorem 1.5. Let F = f f (k), where k is a positive integer. Then for any small function a (̸≡ 0,∞)
of f

Θ(a;F)+Θ(−a;F)≤ 2− 2
(2+k)2 . (1.2)

In this paper, we prove more general result that improves Theorem 1.4 and Theorem 1.5.
In fact we prove the above two results to investigate the value distribution of the product
of a meromorphic function with its all finite order derivatives instead of just only kth order
derivative. Throughout the paper, unless otherwise mentioned, we denote by f a transcendental
meromorphic function defined in the open complex plane C.

2. Preliminary Results
To reach the main results of this paper we need the following lemmas.

Lemma 2.1 ([4]). For a non-constant meromorphic function f , n being a positive integer

T(r, f (n))≤ (1+n)T(r, f )+S(r, f ). (2.1)

Lemma 2.2 ([7]). If N(r,0; f (k)| f ̸= 0) denotes the counting function of those zeros of f (k) which
are not the zeros of f , where a zero of f (k) is counted according to its multiplicity, then

N(r,0; f (k)| f ̸= 0)≤ kN̄(r,∞; f )+N(r,0; f | < k)+kN̄(r,0; f | ≥ k)+S(r, f ). (2.2)

3. Main Results
In this section, we present the main result of the paper.

Theorem 3.1. Let ψ= ( f )n0( f (1) f (2) . . . f (k))n1 , where n0(≥ 2), n1 and k are positive integers such
that 2[n0(n0 −2)+n1k(n0 −1)]+k(k+1)[n0n1 −n0 −n1]> 0. Then,[
1− 2+k(k+1)

2n0 +k(k+1)
− 2n0{2+k(k+1)}

{2n0 +k(k+1)}{2(n0 +n1k)+n1k(k+1)}

]
T(r,ψ)≤ N̄(r,a;ψ)+S(r,ψ), (3.1)

for any small function a (̸≡ 0,∞) of f .
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Proof. First we note that from [9],

T(r, f )+S(r, f )≤ CT(r,ψ)+S(r,ψ) (3.2)

where C is a constant.
Again using Lemma 2.1,

T(r,ψ)≤ T(r, ( f )n0)+T(r, ( f (1))n1)+T(r, ( f (2))n1)+ . . .+T(r, ( f (k))n1)

≤ n0T(r, f )+n1T(r, f (1))+n1T(r, f (2))+ . . .+n1T(r, f (k))

≤ n0T(r, f )+n1(1+1)T(r, f )+n1(1+2)T(r, f )+ . . .+n1(1+k)T(r, f )+S(r, f )

= n0T(r, f )+n1[2+3+ . . .+ (1+k)]T(r, f )+S(r, f )

= (n0 −n1)T(r, f )+n1[1+2+3+ . . .+ (1+k)]T(r, f )+S(r, f )

=
[
(n0 −n1)+ n1(k+1)(k+2)

2

]
T(r, f )+S(r, f ). (3.3)

From (3.2) and (3.3) it is evident that a (̸≡ 0,∞) is a small function of f if and only if a is also a
small function of ψ.
Now by Nevanlinna’s three small functions theorem [4], we get

T(r,ψ)≤ N̄(r,0;ψ)+ N̄(r,∞;ψ)+ N̄(r,a;ψ)+S(r,ψ), (3.4)

where N̄(r,a;ψ)= N̄(r,0;ψ−a).
Now by Lemma 2.2, we get

N̄(r,0;ψ)≤ N̄(r,0; f )+N(r,0; f (1)| f ̸= 0)+N(r,0; f (2)| f ̸= 0, f (1) ̸= 0)+ . . .

+N(r,0; f (k)| f ̸= 0, f (1) ̸= 0, f (2) ̸= 0, . . . , f (k−1) ̸= 0)

≤ N̄(r,0; f )+N(r,0; f (1)| f ̸= 0)+N(r,0; f (2)| f ̸= 0)+ . . .+N(r,0; f (k)| f ̸= 0)

≤ N̄(r,0; f )+ [1.N̄(r,∞; f )+N(r,0; f | < 1)+1 · N̄(r,0; f | ≥ 1)]

+ [2 · N̄(r,∞; f )+N(r,0; f | < 2)+2 · N̄(r,0; f | ≥ 2)]+ . . .

+ [k · N̄(r,∞; f )+N(r,0; f | < k)+k · N̄(r,0; f | ≥ k)]+S(r, f )

≤ N̄(r,0; f )+ [1 · N̄(r,∞; f )+1 · N̄(r,0; f | < 1)+1 · N̄(r,0; f | ≥ 1)]

+ [2 · N̄(r,∞; f )+2 · N̄(r,0; f | < 2)+2 · N̄(r,0; f | ≥ 2)]+ . . .

+ [k · N̄(r,∞; f )+k · N̄(r,0; f | < k)+k · N̄(r,0; f | ≥ k)]+S(r, f )

= N̄(r,0; f )+ [1 · N̄(r,∞; f )+1 · N̄(r,0; f )]+ [2 · N̄(r,∞; f )+2 · N̄(r,0; f )]+ . . .

+ [k · N̄(r,∞; f )+k · N̄(r,0; f )]+S(r, f )

= N̄(r,0; f )+ [1+2+ . . .+k]N̄(r,∞; f )+ [1+2+ . . .+k]N̄(r,0; f )+S(r, f )

=
[
1+ k(k+1)

2

]
N̄(r,0; f )+ k(k+1)

2
N̄(r,∞; f )+S(r, f ). (3.5)

Since ψ = ( f )n0( f (1) f (2) . . . f (k))n1 , a zero of f with multiplicity q will be a zero of ψ with
multiplicity

= n0q+n1(q−1)+n1(q−2)+ . . .+n1(q−k)

= n0q+n1[kq− (1+2+ . . .+k)]

= (n0 +n1k)q− n1k(k+1)
2

.
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Therefore, a zero of f with multiplicity q ≥ (k+1) becomes a zero of ψ with multiplicity

≥ (n0 +n1k)(k+1)− n1k(k+1)
2

= (k+1)
(
n0 + n1k

2

)
.

Thus, we see that

N(r,0;ψ)− N̄(r,0;ψ)≥
[
(k+1)

(
n0 + n1k

2

)
−1

]
N̄(r,0; f | ≥ k+1)+ (n0 −1)N̄(r,0; f | ≤ k)

which gives

N̄(r,0; f | ≤ k)≤ 1
n0−1

[
N(r,0;ψ)−N̄(r,0;ψ)−

{
(k+1)

(
n0+n1k

2

)
−1

}
N̄(r,0; f | ≥ k+1)

]
. (3.6)

Hence from (3.5) and (3.6), we get

N̄(r,0;ψ)≤
[
1+ k(k+1)

2

]
N̄(r,0; f | ≥ k+1)+

[
1+ k(k+1)

2

]
N̄(r,0; f | ≤ k)

+ k(k+1)
2

N̄(r,∞; f )+S(r, f )

≤
[
1+ k(k+1)

2

]
N̄(r,0; f | ≥ k+1)+ 1

n0 −1

[
1+ k(k+1)

2

]
[N(r,0;ψ)− N̄(r,0;ψ)

−
{

(k+1)
(
n0 + n1k

2

)
−1

}
N̄(r,0; f | ≥ k+1)]+ k(k+1)

2
N̄(r,∞; f )+S(r, f ),

which gives[
1+ 1

n0 −1

{
1+ k(k+1)

2

}]
N̄(r,0;ψ)

≤ 1
n0 −1

{
1+ k(k+1)

2

}
N(r,0;ψ)

−
{

1+ k(k+1)
2

}[
1

n0 −1

{
(k+1)

(
n0 + n1k

2

)
−1

}
−1

]
N̄(r,0; f | ≥ k+1)

+ k(k+1)
2

N̄(r,∞; f )+S(r, f )

≤ 1
n0 −1

{
1+ k(k+1)

2

}
N(r,0;ψ)+ k(k+1)

2
N̄(r,∞; f )+S(r, f ).

On simplification, we get[
n0

n0 −1
+ k(k+1)

2(n0 −1)

]
N̄(r,0;ψ)≤ 2+k(k+1)

2(n0 −1)
N(r,0;ψ)+ k(k+1)

2
N̄(r,∞; f )+S(r, f )

i.e.,

N̄(r.0;ψ)≤ 2+k(k+1)
2n0 +k(k+1)

N(r,0;ψ)+ k(k+1)(n0 −1)
2n0 +k(k+1)

N̄(r,∞; f )+S(r, f ). (3.7)

Again since ψ= ( f )n0( f (1) f (2) . . . f (k))n1 , a pole of f with multiplicity p will be a pole of ψ with
multiplicity

= n0 p+n1(p+1)+n1(p+2)+ . . .+n1(p+k)

= n0 p+n1[pk+ (1+2+ . . .+k)]
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= (n0 +n1k)p+ n1k(k+1)
2

≥ (n0 +n1k)+ n1k(k+1)
2

.

Hence

N(r,∞;ψ)≥
[
(n0 +n1k)+ n1k(k+1)

2

]
N̄(r,∞;ψ). (3.8)

Since N̄(r,∞;ψ)= N̄(r,∞; f ) and S(r,ψ)= S(r, f ), from (3.4), (3.7) and (3.8), we get

T(r,ψ)≤ 2+k(k+1)
2n0 +k(k+1)

N(r,0;ψ)+ k(k+1)(n0 −1)
2n0 +k(k+1)

N̄(r,∞; f )+ N̄(r,∞;ψ)

+ N̄(r,a;ψ)+S(r,ψ)

= 2+k(k+1)
2n0 +k(k+1)

N(r,0;ψ)+
{

1+ k(k+1)(n0 −1)
2n0 +k(k+1)

}
N̄(r,∞;ψ)+ N̄(r,a;ψ)+S(r,ψ)

= 2+k(k+1)
2n0 +k(k+1)

N(r,0;ψ)+ n0{2+k(k+1)}
2n0 +k(k+1)

N̄(r,∞;ψ)+ N̄(r,a;ψ)+S(r,ψ)

≤ 2+k(k+1)
2n0 +k(k+1)

N(r,0;ψ)+ n0{2+k(k+1)}
2n0 +k(k+1)

· 2
2(n0 +n1k)+n1k(k+1)

N(r,∞;ψ)

+ N̄(r,a;ψ)+S(r,ψ)

≤ 2+k(k+1)
2n0 +k(k+1)

T(r,ψ)+ 2n0{2+k(k+1)}
{2n0 +k(k+1)} · {2(n0 +n1k)+n1k(k+1)}

T(r,ψ)

+ N̄(r,a;ψ)+S(r,ψ)

which gives the required result (3.1).

Theorem 3.2. Let F = f f (1) f (2) . . . f (k), where k is a positive integer. Then, for any small function
a(̸≡ 0,∞) of f

Θ(a;F)+Θ(−a;F)≤ 2− 8k
(k+1)(k+2)(k2 +k+4)

. (3.9)

Proof. Since a is a small function of f , a2 will also be a small function of f . Thus, when we
consider the case n0 = n1 = 2 in Theorem 3.1, from (3.1) we get[

1− 2+k(k+1)
4+k(k+1)

− 4{2+k(k+1)}
{4+k(k+1)}{2(2+2k)+2k(k+1)}

]
T(r,F2)

≤ N̄(r,a2;F2)+S(r,F),

i.e.,

2
[
1−2+k(k+1)

4+k(k+1)
− 2{2+k(k+1)}

{4+k(k+1)}{2(1+k)+k(k+1)}

]
T(r,F)≤ N̄(r,a;F)+ N̄(r,−a;F)+S(r,F)

i.e.,

2
[
1− 2+k(k+1)

4+k(k+1)

{
1+ 2

(k+1)(k+2)

}]
T(r,F)≤ N̄(r,a;F)+ N̄(r,−a;F)+S(r,F).

Now dividing both sides of above inequality by T(r,F) and letting r →∞, we get

Θ(a,F)+Θ(−a,F)≤ 2{2+k(k+1)}
4+k(k+1)

{
1+ 2

(k+1)(k+2)

}
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= 2
[

k2 +k+2
k2 +k+4

· k2 +3k+4
k2 +k+2

]
= 2

[
k4 +4k3 +9k2 +10k+8
k4 +4k3 +9k2 +14k+8

]
= 2

[
1− 4k

k4 +4k3 +9k2 +14k+8

]
= 2− 8k

(k+1)(k+2)(k2 +k+4)
.
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