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Abstract. We will present two new results for the “Dirichlet eta” function S(s) = ). % which would
n=1

lead us to announce a new conjecture equivalent to that of the Rieman Hypothesis.
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1. Introduction

The Riemann hypothesis is a conjecture formulated in 1859 by the mathematician Bernhard
Riemann, according to which the non-trivial and infinity zeros of Riemann’s zeta function all
have a real part equal to %

Its demonstration would improve knowledge of the distribution of prime numbers and open
up new areas for mathematics.

Riemann’s article [4] on the distribution of prime numbers is his only text dealing with

+o00
number theory, he develops the properties of the function zeta C(s) = Y % and prove the

n=
prime number theorem by admitting to passing several results including what is now called
the Riemann Hypothesis (RH). Then, Hardy demonstrated that there exist an infinity of zeros
on the critical line (see, Hardy [1], and Hardy and Littlewood [2]), this gives us an esperance
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that the RH vzould be true
Let S(s)= ¥ "D =
n=1

p(s)elg(S)S(l s)

Remark 1.1 (Functional equation of Hardy). We have V s € C such Re(s) € 10, 1[
S(s) = <p(S)S(1 -s)
with ¢(s) = 24275 Lsin () T(1 - s) = p(s)e’?® (see [1] and [2]).

2. Preliminaries

Proposition 2.1. Let s=r +ic, thus

e —iln(n)e
S = Z( 1" =C1-Cy
= Z( 1)n LR+l
and
+oo 1 +00 e—iln(n)c +00 eian
C=2 =L G = L any
— = @2n) —=2n)
:Cl+CQ =R+1il
with a, = —1In(n)c,
oo 1 +00 e—iln(2n)c +00 eia2n
Ci= = = =Ry +ilq,
LGy h ey mey i
+00 1 +00 e—iln(2n—1)c +00 eiazn_l
Cy = —_— = —_— = ——— =Ro+1il
2 ,;1(2;1—1)8 n; @n-1y ,;1(2n—1)r 272
and

0 cos(aay,)
Ri=) ———
=L Gy

10 sin(ag,
I, = ,
! Zl @n)

10 cos(ao,—1)
Ry= ) ——2n-l)
? Zl @n-1y

1 sin(ao,—1)
Io = - = -
? Z @n-1y

% cos(an)
‘Z Gny T1tHe

& sin(ay)
- Z 2n)’

=I1+1s,
Z( 1y Sos(@n) cos(an)
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+00 .
7= Z (1) sin(a;,) ,

n=1 n’"
R' =R{-R,,
I'=11-1,.

Proposition 2.2. Let s=r+ic=r+ iﬁ (since a =1n(2)c),

-
1

ng(l—e )c,
27‘

S =@ e _1)C.

Proof. a =In(2)c = e iIn@¢ = =it Therefore,
+00 e—iln(2n)c e—iln(2)c +00 e—iln(n)c
C = = ’
1= L "Gy & W
—i1n(2)c -l
C1=2 c=2_c,
2r 2r
e—ia e—ia

CQZC—Cl=C— 2rC — sz 1- or C

and
e—ia e—ioc )
S=C1-Cy=— C—(l— o )C = S=@"e " -1)C. O

3. Contributions

Theorem 3.1 (Adherent Point and Closure). Let X be a topological space and A € X be a subset.
A point x € X is said to be an adherent point of A if every open neighborhood of x intersects A.
The closure of A, denoted by A, consists of all adherent points of A.

Theorem 3.2 (Adherent Point and Existence of Convergent Sequences). Let X be a topological
space and A € X be a subset. A point x € X is an adherent point of A if and only if there exists a
sequence x, in A such that

lim x,=x.
n=—>+oo

3.1 The First Announcement
Lemma 3.1. Assuming that there exists an s with r1 =Re[si] € ]0, %[ and a =1n(2)c > 0 such
that S2%(s1) € R, so

() 3V(s1)cCsuch V seV(sy)—{s1}, S%(s) ¢ R,
(i) Fu,€Visy)—{s1} such limu, = sy (since s1 € V(s1) —{s1} with A is the adherant of A).

Proof. Obvious.

(i) reasoning through the absurd.
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(i1) using (i) and the last theorem. O

Lemma 3.2. Let D1 ={z € C/Re(z) € ]0,1[, Re(z) # % and Im(z) #0}, so V se Dy,
S*(s)eR < S*1-s)eR.
Proof. Since the first lemma: Assuming that there exists an s; with r1 = Re[s1] € |0, %[ and
a =1n(2)c > 0 such that S2(s1) € R, so
(1): 3 V(s1)cC such ¥ s € V(s1)—{s1}, S%(s) ¢ R.
(1i): 3 u, € V(s1)—{s1} such limu, = s (since s1 € m with A is the adherant of A).

unp€V(sy)—{s1}

= S%u,)¢R

= (S(un),Tun))isabasisofC

—  Al(an,bp)eR% such S(1-u,)=a,Sw,)+b,Su,)
S(s)=p(s)S(1-s)

= SA-un)=anpu,)SA-u,)+b,p(u,)S(1-uy,)

= [1-anpu)ISA-uy)=[0,¢w,)IS(1—-uy,)

= [1-anpuy)ISA-uy)=[0,9wy)IS(1-uy,)

= brpun)S*(1-u,) =[1-a,ew)SA - uy)?
ps)p(l—-s)=1 Vs

= 5,821 -up) = (1 —uy)1 - a,@u)IS - u,)?

= 5,821 -up) = [p(1—up) - @)l —u)ISA —u,)?
p(s)p(l1-s)=1

= |p(s)p(1-3)=¢(s)

= ¢(s)=p’p(1-s)

= 5,8%(1—u,) =181 - un)Ple(l —up) - anp2e*(1 - uy)]

= 1S - up) Pl —up)l—anp2e(l—u,)l

= bl =lp(1—up)l|1-anpap(l—uy)l or IS(1—u,)| =0
We have

S?%(u,) ¢ R
= S(up)#0
= IS(L-uy)l#0
= bl =11 —up)l|1-anp2p(l—u,)|
Also p,, #0 since

1S@n)l = pnlS(L—up)l

1
= |bal=—I1—a,p2p(1-uy,)l
Pn
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baps =I11-anphp(l—uy)f

|

b2p2 =1+a%p2 —2a,p,cos(6,),

S —un)=anSu,)+b,Sun,)

IS(L - un)? = (@2 +b2)ISwn)? +anbn(SHuy) + 82(uy,))

p21S(1—up)? = (a2 p2 + b2 p2)IS ()1 + anbnp2(S2(wy) + S2(uy))

1S(wn)? = (@2 p2 +1+a2p? — 2,0, co8ODIS @) +anbnp2(SHwn) +S82(uy))
0 =(2a2p2 — 2a,,pn coSONIS W) +anbnp2(SHun) + S2(uy))

@npnl2anpn —c0sONISWn)I? + by pn (S (wn) +S2(w,)] =0

@npn =0 or 2[an 0, —c08(0)1IS W) + by pnlSZ(un) + 8%(uy)] =0,

el

20apn — co8(O)1IS W) + by pnlS%(wn) + S2(w,)] = 0
bl S2(wn) +S2(un)] = —2anp, — cos(@)NISw,)I?
b2 02[8%(u) +S2(w,)? = 4lay oy — cos(,)11S ()

(1+a2p? — 2,0, c08(0,)) [S2(wn) + S2(wn))? = 4lanp, —cos(0,)121S (u,)I*
[(anpn — c08(0,))% + sin2(0,)IS2(wn) + S2(un)1 = Alay oy — c0s(0,)1%1S (un)[*
sin®(0,)[82%(wn) + S2(un)I? = [anpn — c0s@)P4IS (wn)* — (S*(uy) + 82(u,))?]
sin?(0,)[8%(wn) + S2(wn)1? = [anpn — c0s@)PI21S (wn)* — S*(wn) - SH(u,)]
sin®(0,)[8%(wn) + S2(wn)? = ~[anpp — cosO)P[S%(wn) — SHu,)1?

i sin(0,)121S () + 82w = [an pn — cos(0,)12L8%(ws) — S2(u )P

[an0n —cosO)IIS 2 (wn) — S2(un)] = +i sin(@,)[SHu,) + S2(uy)]

R

[@npn —0S(0n) F i sin(0,)1S%(wy) = [anpn — cos(0,) £ i sin(0,)182(u,) = Z

As Z =7 50 Z =[a,pn —cos(0,) F i sin(0,)]1S%(u,) € R,

= (an,pn— eiw”)S2(un) eR

= S%(wn) =Kplanp,—e™)

with K,, € R,

=  Im[S%*(u,)] = +K, sin(0,)

Since limu, = s; and S2(s1) € R* so
lim[sin(8,,)] = sin(6(s1)) =0

= 0(s1)=0[n]

As

S(s) = p(s)S(1-s) and ¢(s) = p(s)e'?
= S(s1) = p(s1)e’ VS (1-s1)
= S%(s1) = p%(s1)e?0VS2(1 - 5),
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6(s1) =0 [n]
= 8%(s1) = p*(s1)S*(1 - s1).
Thus,
S2(s)eR
— S%2(1-s)€eR
Another proofif lima, =a and limb,, = b, and as we have
bnSA1—uy) = IS —un) [p(L—up) —anp2e*1—uy)]
with p, = |p(u,)|, where n — +0o we would have
bS%(1-51) =1S(1-51)*[p(1 - s1) — ag(s)p(1 - s1)]
= bS%*(1-s1)=1S1-s1)P[p(l-s1)—app?*(1—s1)]
with
S(s1) = @p(s)S(1—s1) = pe'?CVS(1 - s1)
= S%(1-s1)=p 2e2VG%(51) (or p=0)
(S(s)#0 <= p#0)
= bp e VS (s1) = |S(1-51)P[p(1 - s1) —ap®p*(1—s1)] or S%(s1)=8%*(1-51)=0
Moreover
S2(1-s1) = p 2 2961V82%(5;) and S%(sq)eR
1IS(1—s1)1* = +p 25%(s1)

+ be—iZ@(Sl) — (,0(1—81)—0,,02(,02(1 _81) or 82(81) = S2(1 _81) = 07
10(s1)

=9
=9
¢(s1) = pe and ¢(s1)p(l-s1)=1

+p%=¢(s1)—ap® or S*(s1)=8*(1-s1)=0

(a+b)p?=¢p(s1) or S%(s1)=S%1-s1)=0,
10(s1)

—
—
(a+b)p%=p(s1) = pe

= (laxblp=1 and O(s1)=01[x]) or p=0
— S%(1-s1)=p 2e 2 VG%(51) = p28%(s1)€R or S(s1)=0

Hence
S2(sp)eR
— S%2(1-s1)eR or S%(s1)=S?%(1-s7)=0. O

Remark 3.1. It’s obvious if se R, S(s)eR and S(1-s)eR.

Lemma 3.3. Let D ={z € C/Re(2)€]0,1[}, so V s€ D,
S2(s)eR
— S%(1-s)eR
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Proof. Since D — D1 ={z€ C/Re(z) = %andIm(z) # 0},
1
R =—
e(s) 2
— 1-s=s3s
So
S(1-s5)=8()=5(s)
and
S%(s)eR
— S?%1-s)eR O
Claim 1. Let D = {z € C/Re(2)€]0,1[}, so V s€ D,
S(s)eRe S(1-35)€eR,
Sis)eiRo S(1-s)€iR.
Proof. S(s)eR or S(s) € iR = S?(s)e R = 6(s) =0 [x],
S(s) = p(s)S(1 —5) = pe'?®S(1 —s1) = +pS(1—s7). O

3.2 Other Results
Let be S =S(s) and S’ = S(1-s) such S(s) €R, thus

27‘

e—ia el )
Ci1= 7C, Co = (1— )C and S=@2' e - 1)C
with CQZC—Cl, S:C1—Cz and

a 1224

e ’ o e

= 21—r

o _r)c' and §'=(2"¢"* - 1)C’
with C,=C'-C}, §'=C/, - C}.
Asl-s=r'+ic'=1-r-ic,
a=In(2)c
= r'=1- r,
c=-c
= r'=1-r, ad=-a
(1) 2C,C}=CC,
@) ¢,C =212y,
(3) 20,Cy =e"i22CC,
(4) 2C1C,=SC'=8C',
(5) 2C5Cl, =SS’ €R,
(6) SC) =CCl.
e—ia eia cc’

Proof. (1) 01C’1: o CZl_rC': 5
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@) o - eia
1™ 91-r

— e_ia _—
C.C = ( C)(zl—re—mc’l)

27‘

—9l-r,—i
C'= (' =217 0]

—-ia

C.C = (e c) (@l TeiaCT) = 212rC T

27‘

— e i@ eT —ia . ,—ia——

(3)2C1C; =2 (2—0) (21_r C’) =24-C=C'
2C,C, = e"i22CC

(4) We have S =2C; -C=2C;-C=SeR

2C1+C=2C1+C

2C1C'+CC'=2C,C"+CC’

2C1C"+CC'=2C1C" +2C1C),

2C1C'-2C:C =2C:C'-CC’

2C1(C'-C") =(2C1-C)C’

2C1C,=8C'=8C".

(5) 2C1Cl = SC' = 2(S + C2)C} = SC'

= 2SC}+2C2C},=SC"= S(C'-8')+2C5C,=SC’

= SC'-88'+2C5C,=8C

= 88'=2C5Cj).

(6) is (4)+(5).

Lol

Lemma 3.4. S(s)eR=—= Cy(s)Cy(1—-3)eR.

Proof. Since the last claim V s € D ={z € C/Re(z) €10, 1[},
S()eR<=S(1-s)eR
S(s)eiR<= S(1-s)€iR
= 88'=8(s)S(1-s)eR
and from (5)
2C2C, =SS eR.

3.3 The Second Announcement
Claim 2. 3 5¢/S(sg) € iR <= 3 51 €(ro,s01/S(s1) = 0 such that

1 1
ro =Re(sg) € 0,5 U 5,1

Proof. Assuming that 3 s’ =r'+ic’ such S(s) € iR* with r' €]0, .
Let

co=min{c e R*/An e N*,S"(r' +ic) € iR*}.

Journal of Informatics and Mathematical Sciences, Vol. 16, No. 1, pp. , 2024
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So A meN*,8™(sg) € iR* with so=r"+1icg
= §2m (sg) eR,
without forgetting S2™(r') € RY, since
(="
S(r=)> — eR, VreR!.

n=1

Let now S2™(s) = R(s) +iI(s), we have R(sg) <0 and R(+') > 0, thus 3 s; =r'+ic; € (+',s0) such
R(s1) =0,
= S$?™(s1)€iR with 0<c1<co,
0<ci1<cg
—  S*™(s1) ¢iR., (Since (x))
S?™(s1)eiR and S*™(s1) € iR,
= S%™(s1)=0
= S(s1)=0
Thus,
350/S(sg) € iR = S(sp) € iR* or S(sg)=0
— 3ds81€(rg,s0l/S(s1)=0
The other implication is obvious:
ds1€(rg,s0l/S(s1)=0

— 3ds81€(rg,s11/S(s1)=0

with s1 = sy,
S(so)=S(s1)=0
= 3J50/S(sp) €iR. O

Conjecture 1. V r€]0, 1],
1

4. Conclusions

A new conjecture that is based on Riemann’s Hypothesis, and therefor it is a new way to see if
this hypothesis is just, otherwise we also have a new useful to determine a counter example.
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