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1. Introduction
The use of fuzzy nonlinear systems in mathematical analysis of physical and engineering
subjects has risen in recent years. Many major contributions, such as articles and books, have
been produced on connected themes. The earliest book on the fuzzy notion is Fuzzy Set Theory –
and Its Applications written by Zimmermann [10], while Kilbas et al. [8] wrote another handbook
entitled Theory and Applications of Fractional Differential Equations. Furthermore, several
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research papers [1, 3, 9] have really been released to investigate fuzzy fractional differential
equation solutions. Many studies have increasingly investigated on the idea of Hukuhara
difference, which was presented by Bede and Gal [6]. As a result, in this work, we shall expand
the gH-derivative into the fractional situation in the succeeding non-linear FFDE:{

SABCDα,βx(s)= f (s, x(s)), 0<α, β< 1, s ∈ J = [0,T],
x(0)= x0 ∈ E1,

(1.1)

such that x(s) ∈ X =CF (J)∩LF (J), the set of all fuzzy continuous functions and the space of all
fuzzy Lebesgue integrable functions on J correspondingly.

For that purpose, we will now provide the SABC fractional derivative [7] based on the
gH-difference and use it to demonstrate existence and uniqueness solution to the equation (1.1).

The hereunder is how this article is framed: In Section 2, we examine several important
concepts and terminology such as Generalized differentiability, Hausdorff distances, and fuzzy
numbers. Section 3 explains the SABC fractional derivative for a fuzzy value function along
with a few of its characteristics. As a consequence, the existence and uniqueness solution of
FFDEs involving the SABC derivatives are shown, and many kinds of solutions are offered.
Section 4 handles two basics examples to exemplify the approach. Section 5 concludes with a
conclusion.

2. Fuzzy Fractional Arithmetic
We will discuss a number of essential ideas in this part that will be helpful for the length of this
study.

Definition 1. A fuzzy number is a fuzzy set x :R→ [0,1] that satisfies the next conditions:
(1) x is normal, which means, there is a t0 ∈R so that x(t0)= 1;

(2) x is a fuzzy convex set;

(3) x is an upper semi-continuous set;

(4) the closures of {s ∈R, x(s)> 0} is compact.

The E1 represents the set of all fuzzy numbers on R.

E1 = {x :R→ [0,1], x satisfies (1)-(4)}.

The ρ-cut of an element of E1 is defined by

xρ = {s ∈R, x(s)≥ ρ}, ρ ∈ (0,1].

A fuzzy number x’s parameterized interval shape is represented as

xρ = [xl(ρ), xu(ρ)] .

The distance (Hausdorff distance) between two element of E1 is given by (see [2])

d(x, y)= sup
ρ∈(0,1]

max{|xu(ρ)− yu(ρ)|, |xl(ρ)− yl(ρ)|}

and the following properties are valid:
(a) d(µ+τ,γ+τ)= d(µ,γ),

(b) d(κµ,κγ)= |κ|d(µ,γ),
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(c) d(µ+γ,ρ+ϱ)≤ d(µ,ρ)+d(γ,ϱ).

Addition and scalar combination operations of fuzzy numbers on RF have the form

[Φ⊕Ψ]ρ = [Φ]ρ+ [Ψ]ρ and [λ⊙Φ]ρ =λ[Φ]ρ, λ ∈R ,

where

[Φ]ρ+ [Ψ]ρ = {a+b : a ∈ [Φ]ρ, b ∈ [Ψ]ρ}

is the Minkowski sum of [Φ]ρ and [Ψ]ρ and

λ[Φ]ρ = {λa : a ∈ [Φ]ρ}.

For Φ,Ψ ∈RF , the gH difference [6] of Φ and Ψ, denoted by Φ⊖gHΨ, is defined as the element
Υ ∈RF such that

Φ⊖gHΨ=Υ⇐⇒
{

(i) Φ=Ψ+Υ, or
(ii) Ψ=Φ+ (−1)Υ.

(2.1)

In terms of r-levels we have

(Φ⊖gHΨ)ρ = [min{Φl(ρ)−Ψl(ρ),Φu(ρ)−Ψu(ρ)},max{Φl(ρ)−Ψl(ρ),Φu(ρ)−Ψu(ρ)}]

and the prerequisites for the existence of Υ=Φ⊖gΨ ∈ E1 are

Case (i):

{
Υl(ρ)=Φl(ρ)−Ψl(ρ) and Υu(ρ)=Φu(ρ)−Ψu(ρ)
with Υl(ρ) increasing, Υu(ρ) decreasing, Υl(ρ)≤Υu(ρ)

Case (ii):

{
Υl(ρ)=Φu(ρ)−Ψu(ρ) and Υu(ρ)=Φl(ρ)−Ψl(ρ)
with Υl(ρ) increasing, Υu(ρ) decreasing, Υl(ρ)≤Υu(ρ)

for all ρ ∈ (0,1).

Definition 2 (Generalized derivative). The gH-derivative of function x may defined in the
following expression,

gH x′(s)= lim
h→0+

x(s+h)⊖gH x(s)
h

= lim
ϵ→0+

x(s)⊖gH x(s+h)
h

, (2.2)

where
dx(s)

ds

∣∣∣∣
gH

∈ X .

Taking a ρ-cut (0≤ ρ ≤ 1) on both sides of the aforementioned derivative (2.2), and taking
into account the concept of gH-difference (2.1), the derivatives in the interval shapes shown
below
Case 1 (i-Diff) i−gH[x′]ρ = [x′l(s;ρ), x′u(s;ρ)],

Case 2 (ii-Diff) ii−gH[x′]ρ = [x′u(s;ρ), x′l(s;ρ)].

To define the SABC derivative in interval shape form, first define the Lebesgue integral of
x′(s) in interval shape as follows:[∫ s

0
x′(s)ds

]
ρ

=
∫ s

0
[x′(s)]ρds

=
{[∫ s

0 x′l(s;ρ)ds,
∫ s

0 x′u(s;ρ)ds
]
, in Case 1,[∫ s

0 x′u(s;ρ)ds,
∫ s

0 x′l(s;ρ)ds
]
, in Case 2.
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Definition 3. The SABC fractional derivative in the meaning of Caputo is described in two
circumstances, as follows:[

SABC
0 D i,α,βx(s)

]
ρ
=

[
SABC
0 D i,α,βxl(s;ρ), SABC

0 D i,α,βxu(s;ρ)
]

, Case 1,[
SABC
0 D ii,α,βx(s)

]
ρ
=

[
SABC
0 D ii,α,βxu(s;ρ), SABC

0 D ii,α,βxl(s;ρ)
]

, Case 2,

where
SABC

0D i,α,βx(s)= B(α,β)
2−α−β

∫ s

0
i−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)

dτ

= B(α,β)
2−α−β

∫ s

0
i−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0
ii−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0

and
SABC

0D ii,α,βx(s)= B(α,β)
2−α−β

∫ t

0
ii−gH x′(τ)(s−τ)β−1Eα,β

[
− (α+β−1)(s−τ)α

2−α−β
]

dτ

= B(α,β)
2−α−β

∫ s

0
ii−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0
i−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0
.

Since the sign of the extended Mittag-Leffler function Eα,β(s) is determined by α, β, s or
B(α,β)> 0, 2−α−β> 0 so,[

SABC
0D i,α,βx(s)

]
ρ
= B(α,β)

2−α−β
∫ s

0
i−gH x′(τ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)

dτ

= B(α,β)
2−α−β

∫ s

0

[
i−gH x′(τ)

]
ρ (s−τ)β−1Eα,β

(
− (α+β−1)(t−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0

[
ii−gH x′(τ)

]
ρ (s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0
,[

SABC
0D ii,α,β

t x(s)
]
ρ
= B(α,β)

2−α−β
∫ s

0

[
ii−gH x′(τ)

]
ρ (s−τ)β−1Eα,β

[
− (α+β−1)(s−τ)α

2−α−β
]

dτ

= B(α,β)
2−α−β

∫ s

0

[
ii−gH x′(τ)

]
ρ (s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0

[
i−gH x′(τ)

]
ρ (s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0
.

Then, we conclude that ∀ ∗∈ {i, ii}, the SABC fractional derivative are

SABC
0D∗,α,βxl(s;ρ)= B(α,β)

2−α−β
∫ s

0
x′l(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0
x′u(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0
,

SABC
0D∗,α,βxu(s;ρ)= B(α,β)

2−α−β
∫ s

0
x′u(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0
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+ B(α,β)
2−α−β

∫ s

0
x′l(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0
.

Definition 4 ([7]). The Chinchole Bhadane fractional integral in two parameters 0<α, β< 1 is
defined as

SAB
0Iα,βx(s)=


2−α−β

B(α,β)Γ(−β+1)
∫ s

0 x(τ)(s−τ)−βdτ+ α+β−1
B(α,β)Γ(α−β+1)

∫ s
0 x(τ)(s−τ)α−βdτ, β ̸= 1,

1−α
N(α) x(s)+ α

N(α)Γ(α)
∫ s

0 x(τ)(s−τ)α−1dτ, β= 1.
(2.3)

Lemma 1. Let x be a fuzzy value function defined on X , the next expression is true,
SAB
0 Iα,β

(
SABC
0 Dα,βx(s)

)
= (

x(s)⊖gH x(0)
)
Eα≥0 ⊕

(
x(s)⊖gH x(0)

)
Eα<0 . (2.4)

Proof. Using the ρ-cuts (0< ρ < 1), we get[
SAB
0 Iα,β

(
SAB
0 Dα,βx(s)

)]
ρ

= SAB
0 Iα,β

([
SAB
0 Dα,βx(s)

]
ρ

)

=


SAB
0 Iα,β ([SAB

0 D i,α,βxl(s;ρ), SAB
0 D i,α,βxu(s;ρ)

])
, in Case 1,

SAB
0 Iα,β ([SAB

0 D ii,α,βxu(s;ρ), SAB
0 D ii,α,βxl(s;ρ)

])
, in Case 2,

=


[SAB
0 Iα,β (SAB

0 D i,α,βxl(s;ρ)
)
, SAB
0 Iα,β (SAB

0 D i,α,βxu(s; r)
)]

, in Case 1,[SAB
0 Iα,β (SAB

0 D ii,α,βxu(s;ρ)
)
, SAB
0 Iα,β (SAB

0 D ii,α,βxl(s;ρ)
)]

, in Case 2,

where
SAB
0 Iα,β

(
SAB
0 D∗,α,βxl(s;ρ)

)
= SAB

0 Iα,β
(

B(α,β)
2−α−β

∫ t

0
x′l(τ;ρ)(t−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0
x′u(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0

)
= SAB

0 Iα,β
(

B(α,β)
2−α−β

∫ s

0
x′l(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

)
+ SAB

0 Iα,β
(

B(α,β)
2−α−β

∫ s

0
x′u(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0

)
= SAB

0 Iα,β
(

SAB
0 D∗,α,βxl(s;ρ)

)
|Eα,β≥0 +SAB

0 Iα,β
(

SAB
0 D∗,α,βxu(s;ρ)

)
|Eα,β<0

= (
xl(s;ρ)− xl(0;ρ)

)
Eα,β≥0 +

(
xu(s;ρ)− xu(0;ρ)

)
Eα,β<0

and
SAB
0 Iα,β

(
SAB
0 D∗,α,βxu(s; r)

)
= SAB

0 Iα,β
(

B(α,β)
2−α−β

∫ s

0
x′u(τ; r)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

+ B(α,β)
2−α−β

∫ s

0
x′l(τ; r)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0

)
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= SAB
0 Iα,β

(
B(α,β)

2−α−β
∫ s

0
x′u(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β≥0

)
+SAB

0 Iα,β
(

B(α,β)
2−α−β

∫ s

0
x′l(τ;ρ)(s−τ)β−1Eα,β

(
− (α+β−1)(s−τ)α

2−α−β
)∣∣∣

Eα,β<0

)
= SAB

0 Iα,β
(

SAB
0 D∗,α,βxu(s;ρ)

)
|Eα,β≥0 +SAB

0 Iα,β
(

SAB
0 D∗,α,β

t xl(s;ρ)
)∣∣∣

Eα,β<0

= (
xu(s;ρ)− xu(0;ρ)

)
Eα,β≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα,β<0

for ∗ ∈ {i, ii}.
Thus, [

SAB
0 Iα,β

(
SAB
0 Dα,βx(s)

)]
ρ
=

[(
xl(s;ρ)− xl(0;ρ)

)
Eα,β≥0 + (

xu(s;ρ)− xu(0;ρ)
)
Eα,β<0 ,(

xu(s;ρ)− xu(0;ρ)
)
Eα,β≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα,β<0

]
.

Therefore, using the gH-difference (2.1),we obtain
SAB
0 Iα,β

(
SABC
0 Dα,βx(s)

)
= (

x(s)⊖gH x(0)
)
Eα,β≥0 ⊕

(
x(s)⊖gH x(0)

)
Eα,β<0 .

3. Existence and Uniqueness Results using SABC Fractional Derivative
Theorem 1 (Existence). The solution to the equation (1.1) with the continuous fuzzified function
f is as follows:(

x(s)ΘgH x(0)
)
Eα,β≥0 ⊕

(
x(s)ΘgH x(0)

)
Eα,β<0 =

2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(τ))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(τ))⊙ (s−τ)α−βdτ .

(3.1)

Proof. The ρ-cuts of the equations (1.1) are as{[SABCDα,βx(s)
]
ρ = [ f (s, x(s))]ρ,

[x(0)]ρ = [x0]ρ.

So, in Case 1,
SABC
0 D i,α,βxl(s;ρ)= f l(s, x(s);ρ)= f1

(
s, xl(s;ρ), xu(s;ρ)

)
,

SABC
0 D i,α,βxu(s;ρ)= fu(s, y(s);ρ)= f2

(
s, xl(s;ρ), xu(s;ρ)

)
.

In Case 2,
SABC
0 D ii,α,βxl(s;ρ)= fu(s, x(s);ρ)= f2

(
s, xl(s;ρ), xu(s;ρ)

)
,

SABC
0 D i,α,βxu(s;ρ)= f l(s, x(s);ρ)= f1

(
s, xl(s;ρ), xu(s; r)

)
.

When we employ the SAB fractional integral of rank α,β to both halves of the above
equations, we get:

In Case 1,(
xl(s;ρ)− xl(0;ρ)

)
Eα,β≥0 +

(
xu(s;ρ)− xu(0;ρ)

)
Eα,β<0 = SAB

0 Iα,β (
f l(s, x(s);ρ)

)
,
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(
xu(s;ρ)− xu(0;ρ)

)
Eα,β≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα,β<0 = SAB

0 Iα,β (
fu(s, x(s);ρ)

)
.

In Case 2,(
xu(s;ρ)− xu(0;ρ)

)
Eα,β≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα,β<0 = SAB

0 Iα,β (
f l(s, x(s);ρ)

)
,(

xl(s;ρ)− xl(0;ρ)
)
Eα,β≥0 +

(
xu(s;ρ)− xu(0;ρ)

)
Eα,β<0 = SAB

0 Iα,β (
fu(s, x(s);ρ)

)
such that

SAB
0 Iα,β (

f l(s, x(s);ρ)
)= 2−α−β

B(α,β)Γ(−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(τ)(s−τ)α−βdτ,

SAB
0 Iα,β (

fu(s, x(s);ρ)
)= 2−α−β

B(α,β)Γ(−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(τ)(s−τ)α−βdτ .

Thus, in Case 1(
xl(s;ρ)− xl(0;ρ)

)
Eα≥0 +

(
xu(s;ρ)− xu(0;ρ)

)
Eα<0

= 2−α−β
B(α,β)Γ(−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(τ)(s−τ)α−βdτ ,(

xu(s;ρ)− xu(0;ρ)
)
Eα≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα<0

= 2−α−β
B(α,β)Γ(−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(s−τ)α−βdτ .

In Case 2(
xu(s;ρ)− xu(0;ρ)

)
Eα≥0 +

(
xl(s;ρ)− xl(0;ρ)

)
Eα<0

= 2−α−β
B(α,β)Γ(−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f1(τ, xl(s), xu(s);ρ)(τ)(s−τ)α−βdτ,(

xl(s;ρ)− xl(0;ρ)
)
Eα≥0 +

(
xu(s;ρ)− xu(0;ρ)

)
Eα<0

= 2−α−β
B(α,β)Γ(−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(s−τ)−βdτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
f2(τ, xl(s), xu(s);ρ)(s−τ)α−βdτ .

We obtain by employing fuzzy arithmetic:

In Case 1

(x(t)⊖ x(0))Eα,β≥0 ⊖ (−1)(x(s)⊖ x(0))Eα,β<0 = 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ
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⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ.

In Case 2

⊖(−1)(x(s)⊖ x(0))Eα,β≥0 ⊕ (x(s)⊖ x(0))Eα,β<0 = 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ.

Thus, in general, we have(
x(s)ΘgH x(0)

)
Eα,β≥0 ⊕

(
x(s)ΘgH x(0)

)
Eα,β<0 =

2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ.

Corollary 1. (a) If Eα,β > 0 ∀ t,α,β, well there’s:
In Case 1

x(s)= x(0)⊕ 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ .

In Case 2

x(s)= x(0)⊖ (−1)
2−α−β

B(α,β)Γ(−β+1)
⊙

∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊖ (−1)
α+β−1

B(α,β)Γ(α−β+1)
⊙

∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ

(b) If Eα,β < 0 ∀ s,α,β, thus, the above equation is also valid in the opposite way.

Theorem 2 (Uniqueness). The function f is presumed to be a continuous fuzzy valued function
defined on C (J× X , X ), as well as fulfilling the Lipschitz criteria in C (J× X , X ) with regards
to x,

d ( f (s, x1(s)) , f (s, x2(s)))≤ Kd (x1(s), x2(s)) , ∀ x1, x2 ∈ X .

Once the very next condition is true, the problem (1.1) possesses a one-of-a-kind fuzzy number
solution x(s).(

(2−α−β)T−β+1

B(α,β)Γ(−β+2)
K + (α+β−1)Tα−β+1

B(α,β)Γ(α−β+2)
K

)
≤ 1 .

Proof. We consider the operator H : X → X defined as follow:

In Case 1

H(x(s))= x(0)⊕ 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ .
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In Case 2

H(x(s))= x(0)⊖ (−1)
2−α−β

B(α,β)Γ(−β+1)
⊙

∫ s

0
f (τ, x(s))⊙ (s−τ)−βdτ

⊖ (−1)
α+β−1

B(α,β)Γ(α−β+1)
⊙

∫ s

0
f (τ, x(s))⊙ (s−τ)α−βdτ .

In Case 1

d(H(x1(s)),H(x2(s)))= d
(
x1(0)⊕ 2−α−β

B(α,β)Γ(−β+1)
⊙

∫ s

0
f (τ, x1(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x1(s))⊙ (s−τ)α−βdτ, x2(0)

⊕ 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x2(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x2(τ))⊙ (s−τ)α−βdτ

)
.

Since x1(0)= x2(0) and by using Hausdorff distance properties mentioned before, we obtain

d(H(x1(s)),H(x2(s)))

= d
(

2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x1(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x1(s))⊙ (s−τ)α−βdτ,

2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x2(s))⊙ (s−τ)−βdτ

⊕ α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x2(s))⊙ (s−τ)α−βdτ

)
≤ d

(
2−α−β

B(α,β)Γ(−β+1)
⊙

∫ s

0
f (τ, x1(s))⊙ (s−τ)−βdτ,

2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
f (τ, x2(s))⊙ (s−τ)−βdτ

)
+d

(
α+β−1

B(α,β)Γ(α−β+1)
⊙

∫ s

0
f (τ, x1(s))⊙ (s−τ)α−βdτ,

α+β−1
B(α,β)Γ(α−β+1)

⊙
∫ s

0
f (τ, x2(s))⊙ (s−τ)α−βdτ

)
≤ 2−α−β

B(α,β)Γ(−β+1)
d

(∫ s

0
f (τ, x1(s))⊙ (s−τ)−βdτ,

∫ s

0
f (τ, x2(s))⊙ (s−τ)−βdτ

)
+ α+β−1

B(α,β)Γ(α−β+1)
d

(∫ s

0
f (τ, x1(s))⊙ (s−τ)α−βdτ,

∫ s

0
f (τ, x2(s))⊙ (s−τ)α−βdτ

)
≤ 2−α−β

B(α,β)Γ(−β+1)

∫ s

0
| (s−τ)−β | d ( f (τ, x1(s)), f (τ, x2(s)))dτ

+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
| (s−τ)α−β | d ( f (τ, x1(s)), f (τ, x2(s)))dτ

≤ 2−α−β
B(α,β)Γ(−β+1)

∫ s

0
| (s−τ)−β | Kd (x1(s), x2(s))dτ
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+ α+β−1
B(α,β)Γ(α−β+1)

∫ s

0
| (s−τ)α−β | Kd (x1(s), x2(s))dτ

≤ 2−α−β
B(α,β)Γ(−β+1)

t−β+1

−β+1
Kd (x1(s), x2(s))+ α+β−1

B(α,β)Γ(α−β+1)
sα−β+1

α−β+1
Kd (x1(s), x2(s))

≤
(

(2−α−β)s−β+1

B(α,β)Γ(−β+2)
K + (α+β−1)sα−β+1

B(α,β)Γ(α−β+2)
K

)
d (x1(s), x2(s))

≤
(

(2−α−β)T−β+1

B(α,β)Γ(−β+2)
K + (α+β−1)Tα−β+1

B(α,β)Γ(α−β+2)
K

)
d (x1(s), x2(s)) .

Thus

d(F(x1(s)),F(x2(s)))≤ Md (x1(s), x2(t)) ,

where M =
(

(2−α−β)T−β+1

B(α,β)Γ(−β+2) K + (α+β−1)Tα−β+1

B(α,β)Γ(α−β+2) K
)
≤ 1.

As a result, F is a contraction operator on X . So, the equation (1.1)) has a unique solution
premised by the Banach fixed point theorem. The same technique may be applied in Case 2.

Lemma 2. Assume 0<α, β< 1. x is a solution of the following FFDE,
SABC

0Dα,βx(s)= 0, t ∈ J.

Then, x is a constant fuzzy function.

Proof. The interval parametric form of the above equation are
SABCD i,α,βxl(s;ρ)= xl(s;ρ)= xl(0;ρ)= x0,l(ρ), 0< s < 1, 0<α, β< 1,
SABCD i,α,βxu(s;ρ)= xu(s;ρ)= xu(0;ρ)= x0,u(ρ), 0< s < 1, 0<α, β< 1, 0≤ ρ ≤ 1 .

Thus, in general

x(s)= x0 .

This proves that x is a constant fuzzy function.

4. Fundamentals Examples
Example 1. Say we have the next fractional differential problem with a fuzzy set as the start
condition.{

SABCDα,β
s x(s)= x(s), 0< s < 1, 0<α, β< 1,

x(0)= x0

with

x0[ρ]= [x0,l(ρ), x0,u(ρ)]= [ρ−1,2ρ], 0≤ ρ ≤ 1 .

The one-of-a-kind approach is as follows:

x(s)= x(0)⊕ 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
x(τ)⊙ (s−τ)−βdτ⊕ α+β−1

B(α,β)Γ(α−β+1)

⊙
∫ s

0
x(τ)⊙ (s−τ)α−βdτ .
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The interval parameterized shape is comprised by{
SABCD i,α,β

s xl(s;ρ)= xl(s;ρ), 0< s < 1, 0<α, β< 1,
xl(0;ρ)= x0,l(ρ)= ρ−1,{
SABCD i,α,β

s xu(s;ρ)= xu(s;ρ), 0< s < 1, 0<α, β< 1,
xu(0;ρ)= x0,u(ρ)= 2ρ .

Example 2.{
SABCDα,β

t x(s)= s, 0< s < 1, 0<α, β< 1
x(0)= x0

depending on initial condition

x0[ρ]= [x0,l(ρ), x0,u(ρ)]= [ρ,3ρ], 0≤ ρ ≤ 1 .

The one-of-a-kind solution is as follows:

x(s)= x(0)⊕ 2−α−β
B(α,β)Γ(−β+1)

⊙
∫ s

0
τ⊙ (s−τ)−βdτ⊕ α+β−1

B(α,β)Γ(α−β+1)

⊙
∫ s

0
τ⊙ (s−τ)α−βdτ .

For α=β= 1
2 , we get

x(s)= x(0)⊕1.470553⊙ s3/2 .

The interval parametric form are

xl(s)= ρ−1+1.470553× s3/2,

xu(s)= 2ρ+1.470553× s3/2,

for ρ = 1
2 , we get

xl(s)=−1
2
+1.470553× s3/2,

xu(t)= 1+1.470553× s3/2.

5. Conclusion
Using a Mittag-Leffler kernel, we deduce several properties of a new fractional derivative of
two variables recently published by Chinchole and Bhadane. Initially, we establish the SABC
fractional derivative on fuzzy set value functions in parameterized interval representation. It is
then utilized to show that a solution to a FFDE with SABC fractional derivative exists and also
is unique. For additional clarification, two examples are shown and solved.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

Journal of Informatics and Mathematical Sciences, Vol. 15, No. 1, pp. 1–12, 2023



12 Existence and Uniqueness Results for Fuzzy Fractional Differential Equation. . . : A. El Ghazouani et al.

References
[1] S. Abbasbandy and A. Shirzadi, Homotopy analysis method for multiple solutions of the fractional

Sturm-Liouville problems, Numerical Algorithms 54 (2010), 521 – 532, DOI: 10.1007/s11075-009-
9351-7.

[2] G. A. Anastassiou, Fuzzy Mathematics: Approximation Theory, Studies in Fuzziness and Soft
Computing series, Springer, Berlin — Heidelberg (2010), DOI: 10.1007/978-3-642-11220-1.

[3] A. Atangana and D. Baleanu, New fractional derivatives with nonlocal and non-singular kernel:
Theory and application to heat transfer model, Thermal Science 20(2) (2016), 763 – 769,
DOI: 10.2298/TSCI160111018A.

[4] B. Bede, Fuzzy Sets, in: Mathematics of Fuzzy Sets and Fuzzy Logic, Studies in Fuzziness and Soft
Computing series, Vol. 295, Springer, Berlin — Heidelberg (2013), DOI: 10.1007/978-3-642-35221-
8_1.

[5] B. Bede and S. G. Gal, Generalizations of the differentiability of fuzzy-number-valued functions
with applications to fuzzy differential equations, Fuzzy Sets and Systems 151(3) (2005), 581 – 599,
DOI: 10.1016/j.fss.2004.08.001.

[6] B. Bede and S. G. Gal, Generalizations of the differentiability of fuzzy-number-valued functions
with applications to fuzzy differential equations, Fuzzy Sets and Systems 151(3) (2005), 581 – 599,
DOI: 10.1016/j.fss.2004.08.001.

[7] S. M. Chinchole and A. P. Bhadane, On properties of new fractional derivative with Mittag-Leffler
kernel of two parameters, International Journal of Difference Equations 17(1) (2022), 47 – 52,
DOI: 10.37622/IJDE/17.1.2022.47-52.

[8] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, Elsevier Science B.V., Amesterdam (2006), DOI: 10.1016/S0304-0208(06)80001-0.

[9] S. Salahshour, T. Allahviranloo and S. Abbasbandy, Solving fuzzy fractional differential equations
by fuzzy Laplace transforms, Communications in Nonlinear Science and Numerical Simulation
17(3) (2012), 1372 – 1381, DOI: 10.1016/j.cnsns.2011.07.005.

[10] H.-J. Zimmermann, Fuzzy Set Theory – and Its Applications, International Series in Management
Science Operations Research (ISMS), Springer, Dordrecht (1985), DOI: 10.1007/978-94-015-7153-1.

Journal of Informatics and Mathematical Sciences, Vol. 15, No. 1, pp. 1–12, 2023

http://doi.org/10.1007/s11075-009-9351-7
http://doi.org/10.1007/s11075-009-9351-7
http://doi.org/10.1007/978-3-642-11220-1
http://doi.org/10.2298/TSCI160111018A
http://doi.org/10.1007/978-3-642-35221-8_1
http://doi.org/10.1007/978-3-642-35221-8_1
http://doi.org/10.1016/j.fss.2004.08.001
http://doi.org/10.1016/j.fss.2004.08.001
http://doi.org/10.37622/IJDE/17.1.2022.47-52
http://doi.org/10.1016/S0304-0208(06)80001-0
http://doi.org/10.1016/j.cnsns.2011.07.005
http://doi.org/10.1007/978-94-015-7153-1

	Introduction
	Fuzzy Fractional Arithmetic
	Existence and Uniqueness Results using SABC Fractional Derivative
	Fundamentals Examples
	Conclusion
	References

