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1. Introduction

The use of fuzzy nonlinear systems in mathematical analysis of physical and engineering
subjects has risen in recent years. Many major contributions, such as articles and books, have
been produced on connected themes. The earliest book on the fuzzy notion is Fuzzy Set Theory —
and Its Applications written by Zimmermann [[10], while Kilbas et al. [8] wrote another handbook
entitled Theory and Applications of Fractional Differential Equations. Furthermore, several
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research papers [[1,3,9] have really been released to investigate fuzzy fractional differential
equation solutions. Many studies have increasingly investigated on the idea of Hukuhara
difference, which was presented by Bede and Gal [6]. As a result, in this work, we shall expand
the gH-derivative into the fractional situation in the succeeding non-linear FFDE:

SABCD®by(s) = f(s,x(s)), O<a, B<1,sed=[0,T1I,
x(0)=xg € E?,
such that x(s) € X = €r(J) N L7 (J), the set of all fuzzy continuous functions and the space of all

fuzzy Lebesgue integrable functions on J correspondingly.
For that purpose, we will now provide the SABC fractional derivative [[7] based on the

(1.1)

gH-difference and use it to demonstrate existence and uniqueness solution to the equation (1.1).

The hereunder is how this article is framed: In Section |2, we examine several important
concepts and terminology such as Generalized differentiability, Hausdorff distances, and fuzzy
numbers. Section [3| explains the SABC fractional derivative for a fuzzy value function along
with a few of its characteristics. As a consequence, the existence and uniqueness solution of
FFDEs involving the SABC derivatives are shown, and many kinds of solutions are offered.
Section [4] handles two basics examples to exemplify the approach. Section |5/ concludes with a
conclusion.

2. Fuzzy Fractional Arithmetic

We will discuss a number of essential ideas in this part that will be helpful for the length of this
study.

Definition 1. A fuzzy number is a fuzzy set x : R — [0, 1] that satisfies the next conditions:
(1) x is normal, which means, there is a ¢y € R so that x(¢¢) = 1;

(2) x is a fuzzy convex set;
(3) x is an upper semi-continuous set;

(4) the closures of {s € R, x(s) > 0} is compact.

The E! represents the set of all fuzzy numbers on R.
E'={x:R—[0,1], x satisfies (1)-(4)}.
The p-cut of an element of E! is defined by
x’ ={seR,x(s)=p}, pe(0,1]
A fuzzy number x’s parameterized interval shape is represented as
xP = [x7(p), 2, (p)].
The distance (Hausdorff distance) between two element of E? is given by (see [2])

d(x,y) = sup max{|x,(0)— y.(o)l,|x;(p)— v (P}
pe(0,1]

and the following properties are valid:
(@) dp+71,y+717)=d(U,y),
(©) d(xp,xy) = |xld(y,y),

Journal of Informatics and Mathematical Sciences, Vol. 15, No. 1, pp. , 2023



Existence and Uniqueness Results for Fuzzy Fractional Differential Equation...: A. El Ghazouani et al. 3

(c) du+vy,p+p)<d(u,p)+d(y,p).
Addition and scalar combination operations of fuzzy numbers on R # have the form
[®o Y] =[D]° +[¥]° and [Lo @] =A[D)°, AEeR,
where
[®]° + [V’ ={a+b:ac[D], be[V]}
is the Minkowski sum of [®]° and [V]° and
M@ ={Aa :a €[D]°}.

For ®,¥ € Rz, the gH difference [6] of ® and ¥, denoted by ® ©,5 ¥, is defined as the element
Y € R4 such that
{ AHDP=Y+Y, or
PopV=Y =1 . (2.1)
() ¥Y=0+(-1)Y.
In terms of r-levels we have
(®ogh V)’ =[min{®;(p)— ¥;i(p), Pu(p) — Vi (p)}, max{®;(p) — ¥;(p), Py (p) — ¥, (p)}]
and the prerequisites for the existence of Y =®o6,VY € £ Lare
Case (i) {mp) = ®,(p) - ¥;(p) and Y, (p) = Du(p) — Yo (p)
with Y;(p) increasing, Y,(p) decreasing, Y;(p) <Y ,(p)
Case (i) {Yz(p) = D, (p)— ¥, (p) and Y, (p) = D;(p)— ¥;(p)
with Y;(p) increasing, Y ,(p) decreasing, Y;(p) <Y ,(p)
for all p €(0,1).

Definition 2 (Generalized derivative). The gH-derivative of function x may defined in the
following expression,

Vo x(s+h)eng(s)_. x(s)©gg x(s+h)
gHx (s)= hli%l+ - = lim A , (2.2)
where
dx(s) eX.
ds gH

Taking a p-cut (0 < p < 1) on both sides of the aforementioned derivative (2.2), and taking
into account the concept of gH -difference (2.1), the derivatives in the interval shapes shown
below

Case 1 (i-Diff) ;_gulx'l, = [x](s; p),x,,(s; )],
Case 2 (ii-Diff) ;;_grlx'ly = [x](s;p),%)(s; p)].

To define the SABC derivative in interval shape form, first define the Lebesgue integral of
x'(s) in interval shape as follows:

fsx’(s)ds] :fs[x’(S)]pds
0 p Jo

o xi(s; p)ds, [5 %, (s;p)ds], inlCase]
- [/5 %, (s;p)ds, [5 x)(s;p)ds], in[Case2l
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Definition 3. The SABC fractional derivative in the meaning of Caputo is described in two

circumstances, as follows:
[§47DM P x(s)| = [§4PCD P s:p), §APODH P s

[gABCDii,a,ﬁx(S)]p - [gABCDii,a,ﬁxu(s;p)’gABCDii,a,ﬁxl(s;p)],

where

SABC, piafiy(s) = % Os g D -1 B (_ (a +§_—;)fsﬁ— 7)* ) .
and
SABC iy (g) = % Ot i (s =T E g p |- (a +§:;)£Sﬁ_ 7)% .
= % OS ii—gnX (s =1 1E, g (_ e s:i)fsﬁ_ = Eqo 520
+ % OS i ()5 -1 'Eq p (_ - +§:;)£sﬁ_ T)a) B <o

Since the sign of the extended Mittag-Leffler function E, g(s) is determined by «, §, s or
B(a,$)>0,2—-a—- >0 so,

SABC piafyg) = 2B—(Cc¥x—’f)ﬁ Os i—gx' (s — TP 'E 4 p (_ @ +§__61,)£Sﬁ_ L ) dr
i 2B_(Z—’f?6 fos [’ (5 P 1E, 4 (_ (a +§_—;)£tﬁ— T)a) -
) %fos [ii_ng’(T)]p(S—T)ﬁ_lEa,ﬁ (_(a +§_—i)£s'6— r)a) p
SABCOD;'i,a,ﬁx(s) = 2]3_(2—,_/336 fos [ii_ng’(r)]p (s—-1)P1E.p (a +§__61¥)£8ﬁ_ 7)% dr
i ZB_(Z—’?B /: g )] (5 P IE, 4 (_ (a +§_—i)§sﬁ— 7)* -
. %[)s g (0)] (5 - P 1B, 5 (_ (a +§__61,)£Sﬁ_ r)a) 5o
Then, we conclude that ¥ * € {i,ii}, the SABC fractional derivative are
SABC D* @by (s;p) = % OS () = Ha g (_ - g—_;)fsﬁ_ T)a) Eqp=0
+ % Os x,(T;0)(s =1 ' Eqp (_ e s__;)isﬁ_ T)a) Eqp<0
SABC p*aby (s:p)= % Os x,, (15 p)(s — T)ﬁ_lEa,ﬁ (_ @ +§__clx)fsﬁ_ T)a) Eqp=0
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N B(a,p)
_ﬂ 0

Definition 4 ([7]). The Chinchole Bhadane fractional integral in two parameters O < a, f <1 is
defined as

S
x)(1;00s TP Eqp| -

(a+,6—1)(s—r)“)
2—-a-p

Ea’ﬁ<0 '

SAB @y (g) = { li({g)+(_%+l) Jo x(@)s —1)PdT + IW [Sx()s -1 Pdr, P#1, @3
N8+ yame Jo x(2)s — D), g=1.
Lemma 1. Let x be a fuzzy value function defined on X, the next expression is true,
SABIP (FABCDPr(s)) = (1(s) 0,0 2(0)) o @ (4(5) O, 2(0)) o - (2.4)

Proof. Using the p-cuts (0 < p <1), we get

[.gABIa,ﬁ (gABDa,ﬁx(s)) ] )

= ‘gABI“’ﬁ ([gABD“’ﬁx(s)] p)

SAB[wp ([SABDiwy,(s; p), SABDI Py, (s;p)]),  inlCazed]
= SABap ([SABDiiaby, (s; p), SABDIH0Py(s;p)]), inCased
[SAB@p (SABDi.wy,(s; p)) , SABaB (SABDiwPy, (s:7))],  in
= { [SABa.p (SABDiiay, (s; p)), SAB[P (SABDiiay (s: p))|, inCazed
where

gABIa,ﬁ (.gABD *,a,ﬁxl(s; p))

_ SABIa,,B( B(a,p)
=0 5 A

! —_ _ a
x2<r;p)(t—r)/3—1Ea,ﬁ(—(‘”ﬁ (s r))

), 2—a-p Eq 520
+% Osx;(r;p)(s—T)ﬁ_lEa,ﬁ (_(a+§—_;)£s,5_ T)a) Eqp<0

= SABa.p (&’—ﬁ)ﬁ 03 (T30 =T Eqp (_(a +§__i)£8ﬁ_ T)a) Ea,ﬁzo)
+ SAByap % Osx;(r;p)(s—f)ﬁ_lEmﬁ _(a+§__;)£8ﬂ_ T)“) Ea,ﬁ<0)

.gABIa B (SABD* a8 SABa,p (OSABD*,a,ﬁ

%1(530)) 1 50 +3 24(530)) 11 50

= (x;(s; p) — x1(0; p))anﬁ20+(xu(s;p)—xu(O;P))Ea’%O

and
S’ABIa,ﬁ (gABD *,a,ﬁxu(s; r))

_ SABIa,ﬁ( B(a, p)
=0 P

sx;(T;r)(s A P (_(“ +p-1)(s—1) )

2—a—,6 0 2-a=p Fap=0
B(a, B) . g1 (_(a+,6—1)(s—r)a )
+2_ _ﬁ xl(T,T')(S T) Ea:ﬁ 2_a—ﬁ Ea,ﬁ<0
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(a+pB-1(s—1)*
2—a-p

:SABIa,ﬁ(B(“’ﬁ) ’

2—a-pJo
+SABIa,,B(B(a>,3) ’ (a+p—1)(s—1)°
° 2-a-pJo 2—a—p

= AR TP (FAED P, (5;p)) i, gm0 +5 4P 1P (§A4P D) Py (s )

X (005 -1 E p (—

Ea’ﬁz())

X100 TP Eqp (—

Ea’ﬁ<0)

Eq5<0
= (xu(s;p) = 2u(0:p)) g 0 + (21053 0) — 2103 0)) o

for = € {i,i1}.
Thus,

[gABI“’ﬁ (gABD“’ﬁx(s))]p = [(xz(S;p)—xz(O;p))Eaﬁzo + (xu(s;0) = xu(0;0) g, <o

(u(s30) = 2u(0;0)) g, g+ (1055 0) — 2105 0)) g
Therefore, using the gH -difference (2.1),we obtain

SABIE (FABC D Px(s)) = (x(s) 04m 2(0) o ® (¥(8) 05m X(O) o - O

3. Existence and Uniqueness Results using SABC Fractional Derivative

Theorem 1 (Existence). The solution to the equation (1.1) with the continuous fuzzified function
f is as follows:

2—-a-p
B(a,B)'(-p+1)
o a+p-1

B(a,B)'(a—-p+1)

(x(s)®gH;\c(O))EM20 ® (x(s)Gng(O))Emﬁ<0 = @fo fa,x(m)o(s—1)Pdr

© f ’ fr,x(1)o(s-1)% Pdr.
0
(3.1)

Proof. The p-cuts of the equations (1.1) are as
{ [SABCDPx(s)] , = [ (s,(s)]p,
[x(o)]p = [x()]p-
So, in [Case 1]
SABCDL®Py (55 0) = fils,x2(s);0) = f1 (s, %1(s; 0),%(s50)) ,
OSABCDi,a,ﬁ

In|Case 2,
SABCDIL@by (s 0) = fu(s,x(s);0) = fa (s,x1(s; 0), % (s;0)),

SABCDLaby (s;0) = fi(s,%(s); 0) = f1(5,%1(5; 0),2u(5;7)) .
When we employ the SAB fractional integral of rank a, to both halves of the above

x4(8;0) = fuls, ¥(8); ) = f2 (s, %1(s;0), 2u(5; 0)).

equations, we get:
In|Case 1]
(x1(s30) = 21005 0)) g+ (¥ulss P) =2 00)) o =57 TP (fils, x(s);p)),

a,
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(xu(s P) x,(0; p))E ﬁ>0+(x1(8 p) x7(0; p))E 5<0= SABIaﬁ(fu(S,x(S);p)) .
In Case 2

(xu<s P)=%u(0:9)) g 20 + (32055 0) = 2103 ) o = §APTF (fils, x(5); ),

(

xl(s;p) _xl(o;p))E“’ﬁ>0 (xu(s p) 2u(0; p))E p<0 SABIC! P (fu(S,X(S)ap))
such that

2—a-— s
gABICI{,ﬁ (fl(syx(S), p)) = B(a ﬂ)l?( §+ 1)L fl(T,xl(S)’xu(S); p)(s _T)_ﬁd_[,
1 s
B((X g)-lt([l ﬁ+ 1)\/(; fl(Tyxl(s),xu(S);p)(T)(s—‘[)a_ﬁd-[’
2 s
SABI®P (fu(s,2(5);p)) = B, ﬁ)lix( ,§+ 1)f Fo(T,x1(8),2u(s); 0)s — 1) PdT
a+p-1

B a, B8 ) x7(8).x,,(8): T a-p
( ) (a IB 1)L fZ(T’ l( )’ U( )7}0)( )(3_ I) d‘l .
Ihus, in|Case 1

(x2(s50) = 21(0;0)) -0 + (%u(s50) = 2u(0;0)) g

_ 2—a-p s | L
~ B(a,pI(- /3+1)f0 f1(7,x1(8),%,(8); 0)(s —7) " "d7

a+ﬁ 1 s . s
B(a B)I'(a— ,54‘1)[0 f1(r,x1(8),x,(8); 0)(T)s — )" PdT,

(xu(s:0) = %03 0)) oo+ (2(s30) = x1(0:0)) g

_ 2—(1—,5 s - o

~ B(a,p)I(- ,6+1)f0 fo(t,x;(s),x,(s); p)(s — ) PdT
a+ﬁ 1 s . e

" Bla, pl(a- ,5+1)fo Fol,21(5), 25 p)s — )P
In[Case 2|
(Xu(s;P)—xu(O;P))Eazo + (xl(S;p)_xl(O;P))Ea<0

_ 2—-a-p s | o

~ B, AT+ fo F1(T,5%1(8), 2, (8); p)(s — 1) Pt
a+p-1

s . s
B(oc B)I'(a— ,3+1)f0 f1(7,21(8),x4(8); O)(T)(s — 1) Pd7,

(x2(s50) = 21(0;0)) - + (%u(s50) = 2u(0;0)) g_g

_ 2—a-p s . o
" Bla,pr(- ﬁ+1>fo FolT,51(5), 5 (8); p)s )P

a+p-1 s . s
" Bla, pl(a— ﬁ+1)f0 fa(T,21(8), xu(5); p)(s = )" P

We obtain by employing fuzzy arithmetic:
In[Case 1

2—-a—-p
B(a,BT(-f+1)

(x(t) © x(0)g, 420 © (—1)(x(s) © x(0)g,, y<0 = ®f0 Fr.x(s) o (s—1)Pdr
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a+ :B -1 s s
®B(a,ﬁ)r(a—ﬁ+1)® 0 f(T,x(s)o(s—1)" "dr.
In(Case 2
2-a- s
SDS) O xONE, 20 ® () & xONEay<0 = By /3)?(—/[; +D fo f@as)ols -1 Pdr
a+p-1

s s
EBB(a,ﬁ)l“(oz—[ﬁrl) Gfo f(@,x(s)) 0 (s—7)* Pdr.

Thus, in general, we have

2-a-p
(x()Og1rx(0), ;0 @ ((8)Ogr2(0) g, o = Bla, HI(-p+1)

® a+p-1
B(a,B)l(a-p+1)

Corollary 1. (a) IfE,3>0V t,a,p, well there’s:

© f ’ fr,x(s)o(s—1)Pdr
0

® f ’ fr,x(s)o(s—1)*Pdr. O
0

In[Case 1|
x(s) =x(0) @ = (a,zﬁ_);‘(: 5 5 ° fo fa,xs)o(s—1)Pdr
a+pf-1 s B
®B(a,ﬁ)r(a—ﬁ+1)®fo f,x(s)o(s—1)*Pdr.
InlCase 2
(5) = x(0) o (-1)—— =P @fsf( (sNo(s—1)Pd
x(s)=x B pr—p+D " Jo T,x(s s—T T
a+p-1

o(-1) ® f ’ fr,x(s)o(s—1)*Pdr
0

B(a,B)l(a—-p+1)
(b) If Eq <0V s,a,p, thus, the above equation is also valid in the opposite way.

Theorem 2 (Uniqueness). The function f is presumed to be a continuous fuzzy valued function
defined on €(J x X,X), as well as fulfilling the Lipschitz criteria in € (J x X,X) with regards
to x,

d(f (s,x1(s)),f (s,x2(s))) = Kd (x1(s),x2(s)), V x1,x0€X.

Once the very next condition is true, the problem (1.1) possesses a one-of-a-kind fuzzy number
solution x(s).

92— a—B)T B+ _1)Ta-B+1

2-a-p) K+(a+,6 ) )51.

B(a,p)I(-p+2) B(a,p)(a—p+2)

Proof. We consider the operator H : X — X defined as follow:
In|Case 1
H(x(s))=x(0)o

2—a-p s o
Bla, T (—p+1) Of(T,x(s))@(s O Pdr

0£+'3—1 s e
eaB(a,ﬁ)lﬂ(a—,6+1)Qfo fr,x(s)o(s—1)*"Pdr.
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In[Case 2
H(x(s)) = 2(0)8 (- 1) (a,zﬁ_)l‘f‘(: 5 5 ° fo faas)es—1)Pdr
B a+p-1 s P
o ( l)B(a,,B)F(a—,B+1)®fo f(T,x(s)o(s—1)* Pdr.
In Case 1
d(H<x1<s)),H(x2(s))>=d(x1(0)ea B(azﬁ_)r(_ﬁ 5 f f@,x1(s)o(s—1)Pdr
a+p-1 __\a-p
B(a B(a— ﬂ+1)®fo f(r,x1(8))0(s—1)* PdT1,22(0)
2—a-p s -
B(a AL—p+1) fof(r,xz(S))O(s )7 Pdt
a+p-1

s s
B(a Bl(a—L+1) fof(T’x2(T))®(3 ) Pdr|.

Since x1(0) = x2(0) and by using Hausdorff distance properties mentioned before, we obtain

d(H (x1(s)), H(x2(s)))

B(azﬁ_)?(_ff D ° fo fras)es—1Pdr
*Bla, Z;{i 1ﬁ+ 1) Gfos fEu)e-n"Pdr,
B(a2,3)1("x( ,f ° fo @) ols - 1) Pd
B(a Z)le(ﬁa 1'3+1) fos f(T,xz(S))G(s—r)“_ﬁdr)
= (B(a?ﬁ)g(—§+ 1) Qfos fa@xme) e -1 dr,
2-a-p

) 1) B
B(a,ﬁ)F(—ﬁ+1)®f0 f(T,x2(s) 0 (s —7) dr)

+d( a+p-1
B(a,B)(a—p+1)

a+,6—1 s s )
Bla, Pl (e — ﬁ+1)®f f@,xa(s) (s~ de

B(azﬂ)lix( 5"' 1) (f f@,xi) 0 (s -1 dr fsf(T,xz(s))G(s—T)_ﬁdr)
a+p-1
" Ba,pT@—p+1)

2—a-p s s
= B, pT(—f+1) fo | (s =D 7P 1 d(f(1,x1(5)), f(T,x2(s)))dT

a+p-1 s aep
B(oc BT(a— ﬂ+1)fo [ (s =) P 1 d(f(T,%1(5)), f (7,22(s)))dT

2—a-p s o
B(“ BIT(— ,6+1)f | (s =7) "1 Kd (x1(s),x2(s))dT

o f F( () 0 (s — 1) Pdr,
0

d (fs f(T’xl(S))@(S—T)a_ﬁdT,fs f(T,xz(S))G(s—T)a_ﬁdr)
0 0
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a+p-1 s e
+B(a7ﬁ)r(a_ﬁ+1)/(; |(S T) |Kd(x1(s),x2(3))dT
2-a-p ¢p+1 et fo1 qapel
< B(a,T(-f+1)—B+ le (x1(8),x2(s)) + Bla i@ prDa—p+ le(xl(s),xz(s))

<

((2—a—ﬁ)s—ﬁ+1K+ (@+B—1)s% P+l
B(a,pT(-B+2)  B(a,pf)I(a-pB+2)
- -p+1 _ a—p+1
S((z a-pT P (a+p-1T P
B(a,p)T(-f+2)  Bla,P)(a—pB+2)

K) d (x1(s),x2(s))

K) d (x1(s),x2(s)).
Thus
d(F(x1(s)),F (x2(s))) < Md (x1(s),x2(t)),

_ (@-a-pTF1 (a+p-1)TeF+1
where M = (B(a,ﬁ)F(—ﬁ+2)K + Baprapok =1

As a result, F is a contraction operator on X. So, the equation (1.1)) has a unique solution
premised by the Banach fixed point theorem. The same technique may be applied in O
Lemma 2. Assume 0 < a, B < 1. x is a solution of the following FFDE,

SABC \D%Pyr(s)=0, ted.
Then, x is a constant fuzzy function.

Proof. The interval parametric form of the above equation are

SABCDi.aBy (s; p) = x;(s;0) = x(0; p) = x0.1(p), 0<s<1,0<a, B<1,

SABCDLaPy (s;0) = 2,(s;0) = %,(0;0) =x0,,(p), 0<s<1,0<a, <1, O0<p<1.
Thus, in general
x(s) =xg.

This proves that x is a constant fuzzy function. O

4. Fundamentals Examples

Example 1. Say we have the next fractional differential problem with a fuzzy set as the start

condition.
SABCD®Py(s)=x(s), O<s<1,0<a, f<1,
{x(O) = x9
with

xolpl = [x0,1(p), %0,u(P)=1[p—1,2p], O=p=1.

The one-of-a-kind approach is as follows:
2—a-p
B(a,p)T'(-p+1)

® f ’ x(1)o(s—1)* Pdr.
0

a+p-1

x(s) =x(0)® B(a,B)(a—p+1)

(Dfsx(r)@(s ~) 7 Pdre
0
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The interval parameterized shape is comprised by
SABCD %Py (s;0) = xi(s;p), 0<s<1, O<a, f<1,
x1(0; 0) =x0,1(p) = p - 1,
SABCD;’“’ﬁxu(s;p) =x,(s;p), 0<s<1,0<a, <1,
%405 0) = x0,.(p) = 2p.

Example 2.
SABCD?’ﬁx(s):s, 0<s<1,0<a, <1
x(0) = xg

depending on initial condition

xolpl =[x0,(p),x0,u(p)1=[p,3p], O0<p<1.

The one-of-a-kind solution is as follows:

_ 2—05—[3 s _ -B
x(S)_x(O)®B(a,ﬁ)F(—ﬁ+l)Q‘[o T0(s—1) Pdr®

S
@f 10(s—1)" Pdr.
0

a+p-1
B(a,f)I(a-p+1)

Fora:ﬁ:%,weget
x(s) = 2(0) ® 1.470553 0 s72.
The interval parametric form are
x1(s)=p—1+1.470553 x s¥2,
x,(8) = 2p +1.470553 x s%2,

for p = %, we get
1
x1(s) = =5 + 1.470553 x $32,

x,(£) =1+ 1.470553 x s3/2,

5. Conclusion
Using a Mittag-Leffler kernel, we deduce several properties of a new fractional derivative of
two variables recently published by Chinchole and Bhadane. Initially, we establish the SABC
fractional derivative on fuzzy set value functions in parameterized interval representation. It is
then utilized to show that a solution to a FFDE with SABC fractional derivative exists and also
is unique. For additional clarification, two examples are shown and solved.
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