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1. Introduction

Let F* = (M"™,L) be an n-dimensional Finsler space, that is, an n-dimensional differential
manifold M" equipped with a fundamental function L(x,y). The concept of an (a, f)-metric
L(a, B) was introduced by Matsumoto [5] and was investigated and study in detail by Hashiguchi
and Ichijyo [3] have studied in detail on some special (a, f)-metric. A Finsler metric L(x,y) is
called an (a, f)-metric L(a, B) if L is a positively homogeneous function of @ and f of degree
one, where a® =a; j(x)yi y/ is a Riemannian metric and B = b;(x)y’ is a one form on M". Lee and
Park [6] have studied Finsler spaces with infinite series (a, f)-metric. In this paper by using
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r-th series (a, f)-metric and proved some results that a r-th series (a, 8) to be a projectively flat.

A Finsler space is called Projectively flat, or with rectilinear geodesic, if the space is covered
by coordinate neighborhoods in which the geodesics can be represented by (n—1) linear equations
of the coordinates. Such a coordinate system is called rectilinear. The coordinate for a Finsler
space to be projectively flat was studied by L. Berwald [2].

The purpose of the present paper is to consider the projective flatness of Finsler space with
an r-th series (a, f)-metric.

2. Preliminaries

The study of some well known (a, 8)-metrics are Randers metric a + 8, Kropina metric a?/f and
generalized Kropina metric a”*!/f™ have greatly contributed to the growth of Finsler geometry
and its applications to theory of relativity.

The derivative of the (a, f)-metric with respect to a and S are given by,
Ly, =0L/0a, Lpg=0L/0f, Lqq=0Lq/0a, Lpgg=0Lgl0f, Lgpg=0L4/0p.

The r-th series (a, f)-metric [4] is expressed as the form

' (a k
L(e,)=6) (—) , (2.1)
k=0 \P
where we assume a < §.

If r =0, then L = 8 is a one form metric. If r =1, then L = a + 8 is a Randers metric. We
shall deal with arbitrary integer r greater than 3 in the paper. We shall call the (a, f)-metric
(2.1) is the r-th series (a, 8)-metric.

The geodesics of a Finsler space F" = (M",L) are given by the system of differential equations
including the function
4G (x,y) = g7(y"8,;0,L* — 3;,L?).
For an (a, 8)-metric L(a, ) the space R" = (M",a) is called the associated Riemannian space

with F"* =(M",L(a, 8)) (1], [6]). The covariant differentiation with respect to the Levi-Civita
connection )/ji () of R™ is denoted by (;). We put a’ =(a; j)_l, and use the symbols as follows:

1 1 ' ' i i
rij=3bij+ b, 8ij=5bij = by, ' =atry, s =at s,
rj=br’, sj=bys", b =airby, b% =a’"b,bs.

Now the following Matsumoto’s theorem [7] is well known.

Theorem 1. A Finsler space (M,L) with an (a, 8)-metric L(a, B) is projectively flat if and only if
for any point of space M there exist local coordinate neighborhoods containing the point such
that y J‘ , satisfies:

(r&o = Y000y /a®)2 +(aL /L ¢)sh + (L aa/L o )(C + arep/2B)(a®b/f—y') = 0, (2.2)
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where C is given by

C +(a®Lp/BLa)s0 +(aL gqyper, Na?b® = BA)C + argo/2p) = 0. (2.3)
The equation is written in the form

(C+ aroo/2P)1 +(aL 4 qp2r, )(@®b? = B2} = (@/2){roo — 2aLp/La)so} =0, (2.4)

that is,

aﬁ(rooLa — 2C¥Lﬁ80)

(C+aro/2p) = 2{B2L 4 + aL o (a?b? - ,52)}.

Therefore (2.2) leads us to

{Lo(@®y§o—Y000y") +2a°L gsHB? Lo + aLaala®d” - )}

+@®Lga(rooLq — 2aL gso)a®b’ — By') = 0. (2.5)

3. Projectively Flat Finsler Space

In an n-dimensional Finsler space F" with the r-th (r = 3) series (a, f)-metric (2.1), we have
r a k-1 r a k 17 a k-2
= k(—) , Lg=- (k—l)(—) , =— (k—l)(—) . (3.1)
Y L R P p
Substituting (3.1) into (2.5), we have

r a k-1 5 ) 3 r a ko
kz‘bk(g) (@®ygo—Yo00y") —2a Z(k_l)(ﬁ) s

k=0

x{ﬁ2}§k(%)k_l+%]§)k(k—1)(%)k ~ (22— i )}

+ g Z k(k - 1)(ﬁ)k_2 {roo Sk (%)k_l r2a Y (k- 1)(%)kso}(a2bi —ByH=0. (3.2

k=0

We shall divide our consideration in two cases of which r is even or odd.
Case (i). r = 2h (h is a positive integer).

When r = 2h, we have
r a k 2h
Zk(_) :a2h Z(2h—k)a_k,3_2h+k,
k=0 ﬁ k=0
k=0

¢ a)F 2h 2h —k p—2h+k—1
Z(k_l)(ﬁ) =ada Z(Zh—k—l)a B ,
£=0
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r k 2h
> k(k-1) (%) =a®® Y (2h - k)2h -k - 1)a * g2k, (3.3)
k=0 k=0

Put —% = j and separating the rational and irrational parts in y*, we have

2h ; R . o k-1 ' .
Y. @h+ el =Y (2h+2)a¥ pH U a Y (2R +2j+ a¥ prE,

Jj=0 j=0 =0
2h ] . h . . h—1 . .

Y @h+j-Da/ =Y (2h+2j -1 221 0 Y (2R +2))a% p2RH2
Jj=0 j=0 7=0

2h ) . h . .
Z(2h +))2h+j— l)aJﬁ_Zh_J = Z(Qh +27)2h +2j — 1)a2jﬂ—2h—2j

J=0 J=0
h-1 ) .
+a Y Qh+2j)2h+2j+1)a% p2h-2"1, (3.4)
j=0
where
A=Y (2h+2j)a% g2, B=Y (2h+2j+1)a?p 221,
J=0 j=0
h _ , h-1 _ .
D=3 Qh+2j-Da® 272", E=Y (2h+2/)a¥ph %2, (3.5)
Jj=0 j=0
h _ , h-1 _ .
F=Y (2h+2j)2h+2j-1a® 2072 G=Y (2h+2))2h+2j+1)a* g 2r"21
J=0 J=0

Substituting and into (3.2), we have
[(a2yg 0= Y000y MB* (A% + a®B? + 2aAB) +(AF + a’BG + a(AG + BF))(a?b? - f2)}
—2a*s{{(AD + a®BE + a(BD + AE))B* + (DF + a*GE + a(DG + EF))(a®b® - 2)}
+a2(a?b' - By")roo(AF +a?BG+a(BF + AG))+2a’so(DF +a’GE+a(FE+DG))} | =0.  (3.6)
That is,
P+a@ =0,
where
P= [(cﬂygo — Yooy WB2(AZ + a2B2) + (AF + a>BG)(a2b? — f2)}
—2a*s{{(AD + a®*BE)B* + (DF + a*GE)(a®b* - %)}
+a2(a®b’ - By)roo(AF + a’BG) +2a2so(DF + a’GE)}],
Q= [(oﬂygo — Y000y {BA2AB) + (AG + BF)(a®b? — f2)}

~2a*si{(BD + AE)f? + (DG + EF))(a*b® - )}
+a?(a®b’ - By )roo(BF + AG) +2a*so(FE + DG)}|. (3.7)
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Since P, @ are rational parts and « is an irrational part in y*, P =0 and @ = 0, that is,
(g0~ Yooy MBHA? + a*B2) + (AF +a*BG)ab? - )
~2a*s){(AD + a®BE)f? +(DF + a®?GE)(a®b? - %)}
+a%(a®b' - By )roo(AF + a’BG) +2a”so(DF + a’GE)}] = 0, (3.8)
[(a2y30 — Y000y NB2(2AB) + (AG + BF ) (a2b? — f2)}
~2a*sh{(BD + AE)f? + (DG + EF))(a?b® - f2)}
+a?(a®b’ - By)roo(BF + AG) +2a2so(FE +DG)}] = 0. (3.9)
Eliminating (azyéo —¥000y") from (3.8) and (3.9), we have

2a”%si[—{B*(AD + a®BE) + (DF + a*’GE)(a®b” - f*){2ABB* + (AG + BF)(a*b® - %)}
+{(BD + AE)p? + (DG + EF)(a?b? - BOM(A? + a®B?) 2 + (AF + a’BG)(a’b% - f2)}]
+(a®b’ - By)liroo(AF + a’BG) +2a”so(DF + a?GE){2ABS* + (AG + BF )(a’b” - )}
—{roo(BF + AG) +2a®so(EF + DAH(A? + a®B%) % + (AF + a’BG)(a’b? - f2}1=0.  (3.10)

Transvecting (3.10) by b;, we have

2a2s0[—(AD + a’BE){2ABp? + (AG + BF)(a?b? - 52))
+(BD + AE){(A?% + a®B?) % + (AF + a®BG)(a®B? - )}
+roo(a®b? — BA2(AF + a®BG)AB — (BF — AG)A% + a®B%)} = 0. (3.11)

The term of (3.11) which does not contain a2 is
rooB2IA%(AG — BF)] = 0. (3.12)

That is rgo8h3(2h + 1)1 8" = 0.
Therefore there exist Ap(1—8h):V(_gp) such that

r008h3@2h + 1)1 = a?V(i_gn). (3.13)

We suppose that a? # 0(mod f). In this case, there exist form (3.13) a function % = k(x) satisfying
Vii-sn) = kﬂl_Sh, and hence

roo = Aa?, (3.14)

where A = k/8h3(2h + 1). Substituting (3.14) into (3.11), we have

2s0[—(AD + a’BE){2ABS? + (AG + BF )(a?b? — 2))
+(BD + AE){(A® + a®B*)f? + (AF + a®BG)(a*b” - )]
+ Ma?b? - A)2(AF + a’BG)AB — (BF + AG)(A? + a®?B%)} = 0. (3.15)
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It is observed from (3.15) that must have a factor is [2s0{A%(GD —BD + AE —EF)} — M{A%(FB -
AG) =0, that is

(c150 +c2AB)B 8" = a®W_(1.8n),

where ¢ = 16h3(2h — 1), c9 = 8h3(2h + 1). Since a? # 0 (mod B), ci1so +caAp = 0, that is
c18i +caAb; = 0. Transvecting this by b°, we have cg1b? =0.

(a) If cg =0, that is, A~ =0, then

2_ 1 2 2
a=0, B=*"P p_.l g__2 Fp_o -2
a

Hence (3.8) and (3.9) is written as

(@®yE o = YoooyH(a@® — B)% +2(a® - P)(a®b? - B2} + 2a*s]{2(a” — B)B +4H(a®b? - B2))
+a?(a®b’ - By")2roo(a’® - B)—8spa®p} = 0. (3.16)
shia® - B)+ (a?b? - B2)} — 2s(a®b? — By') = 0. (3.17)

Transvecting (3.17) by b;, we have so(a? - B) =0. Since (a? - B) # 0, we get so = 0. Substituting
this into (3.17), we have

shi(a® - B)+2(a®b® - )} =0,

from which si) =0, that is s;; = 0. The term which does not contain a? in B:16), is —Y000 yi /32.
Therefore there exists Ap(1): g = u;(x)y" such that

Yooo = N0a2- (3.18)
Substituting sio =0, sop =0 and (3.18) into (3.16), we have
{(a® - B)+2(a®b® - BNy o — toy') + 2roo(ab’ — By = 0. (3.19)

The term of (1 + 2,6)()/50 — toy') +2rgo Byt of (3.19) must contain the factor a?. Hence there
exists 1-form vé = in.(x)yj such that

(1+28)(y¢ o — toy") +2re0 By’ = via. (3.20)
Transvecting by y;, we have

2roo = véyi. (3.21)
On the other hand, is rewritten as the form

a®{(1+2b%)(y¢ o — oy +2r00b'} = BUL+2B)y o — Hoy") +2r00y'}, (3.22)
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from which it is reduces to

(1+2b6%)(yg o — Hoy") +2rood’ = pvi, (3.23)
by virtue of (3.19). Substituting (3.20) into (3.23), we get
(1+262)(y¢ o — poy") = BV —voob', (3.24)

where v;; = airv;. From (3.19) and (3.24) we have

vh Bla®(1+2b6%) - B(1+2p)}
= ool Byi(1+2b%) + b1 {26%(1 +2b% — B(1 +28)) — B(1 +2)}], (3.25)

from which
VB +2bP)aps — (1 +2B)brby} + (GER), {1 +2b%)a;, —(1+2B)bibs}+(jkh), (3.26)

where (jkh) denote the cyclic permutation of indices j, &, h. It is easy to show that the tensor
B(1+2b2)ay;, —(1+2B)byby, has reciprocal

MY =[Ba’ +(1+28)b b/ /(1 - bH)/1 + 2b2).
Transvecting (3.26) by M"* | we get
Vij:M[ﬁ(l+2b2)aij—(1+2ﬁ)bibj], (327)

where M = M"*v,,./n. Therefore, from (3.20) we have

1
rij= 5M[/3(1+2bz)aij—(1+2ﬁ)bibj]. (3.28)
Hence we have
1
b= 5M[ﬁ(l+2z92)aij—(1+2ﬁ)bibj]. (3.29)

Next, from (3.27) the equation (3.24)) is reduced in the form
(Vg0 —Hoy") = MPLBY' - a®b'], (3.30)
that is,

.1 ~ A | . . .
Y}k = 5{(/,”6;% +Mbjbkyl)+ 5(;%5; +Mbkbjyl)} —Majkbl. (3.31)

(b) For >0, =0 or b2 =0.
First, if A =0, then s; =0 and ro9 = 0 from [3.14] Therefore, from (3.10) we have

2a”sy,[~{f*(AD + a®BE) + (DF + a®GE)a”b” - f)H2ABS” +(AG + BF)(a®b* - )}
+{(BD+AE)B?+(DG+EF)(a?b®- fHH(A%+a’B?) B2 +(AF +a®BG)(a?b%- f2)}1=0. (3.32)
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The term which does not contain a2 is

2s'[A%(AE — BD - 2EF) + F*(AE - BD) +2ADBF] =0,

that is 32h%(1 - h)s%ﬁ_(2+8h) = 0. Therefore there exists Ap —(3+8h): U_(3+8r) such that
32h%(1 - h)sh, B3N = 42U _3. 4.

Hence sio =0, that is, s;; =0. From this r;; =0, we have
b;j=0. (3.33)

Substituting sio =0, r;j=o and sg = 0 into (3.8), we must have hp(1):0¢ = o;(x)y" satisfying
Y000 = ooa?. Therefore yé 0=00 yi, that is,

2y}, =00, + 015", (3.34)

Which shows that the associated Riemannian space is projectively flat.

Secondly, if 2 = 0, then (3.15) is reduces to

2s0[—(AD + a’BE){2ABp% —(AG + BF)%} +(BD + AE){(A? + a®B?)? - (AF + a®BG) %]
+ AUa?b? - B2){2(AF + a?BG)AB — (BF + AG)(A? + a?B?)} = 0. (3.35)

The term of (3.35) which does not contain a2 is
2s0la®(DG —BD + AE —EF)] =0,

that is 230ﬁ'(8h+2) = a:SU_(4+8h), where U_(4485) is hp — (4 +8h). Therefore so =0, and hence

A =0. Thus we obtain (3.33) and (3.34)).

(1) Case of r =2h + 1 (h is a positive integer)

In this case, we have

2h+1 ) ) h . . 3 . .
Y @r+j+ 1)/ =Y 2h+2j+ Da¥ T b Y (2R +2) +2)a® g2
Jj=0 j=0 j=0

2h+1 ) ) h . . h . .

Y @h+j)al P IE= Y (2h+2))a¥ B2 gy (2R + 25+ 1)a® pEEE

Jj=0 j=0 =0

2h+1 _ _ h . .

Y (@h+)@2h+j+ Dl =Y (20 +2))(2h + 2 + 1)a¥ g1
J=0 7=0

h . .
+a ) (2h+2j+1)2h +2j+2)a¥ 222, (3.36)
j=0
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where
H=Y 2h+2j+1)a% g 2h-2"1 I=Y (2h+2j+2)a% g 2h=272
J=0 Jj=0
h h _ .
J=Y (2h+2j)a® p2h"22) K=) (2h+2j+1)a¥p 223 (3.37)
J=0 j—o
h
L=Y (2h+2j)2h+2j+1)a® p2""271 N= Z(2h+2j+1)(2h+21+2)a21/5 2h=2j-2
Jj=0 j=0

(@®yo —Yoooy WBA(H? + a®I? + 2aHI) + (LH + a®NI + a(HN +LI))(a?b* - p%)}
—2a*s {(BAHJ + a®IK + a(HK +1J)) +(JL + a’NK + a(JN + LK))(a?b® - %)}
+a*{roo(HL+a*NI+a(LI + NH)+2a*So(JL+a’NK +a(NJ+LE)Ha’b' - fy)=0. (3.38)

Separating the rational and irrational parts in y*, we have
P/+ aQ/ — 0’ (3.39)
where
P' = (a%y( o~ Yooy WBA(H? + a®I%) + (LH + a’NI)(a?b® - %)}
—2a*sh{BA(HJ + a*IK) +(JL + a®?NK)(a?*b® - %)}
+a®{roo(HL + a®?NI) +2a%So(JL + e NK)}(a?b' - By') = 0. (3.40)
Q' = (a®yl o —Yoooy WB*2HI +(HN + LI)(a®b? - B2)}
—2a*si{B2(HK +1J)+(JN + LK)(a?b* - %)}
+a®{roo(LI + NH) +2a%So(NJ + LK)Na?b’ - By') = 0. (3.41)

From (3.38) we have
Yoooy H{H —L} =

that is (2A+1)(1 —4h2))f000yi,6_(2+4h) = azﬁ_‘“’, where V_(2:4p) is @ hp —(2+4h). Therefore there
exists hp(1): vy satisfying

Y000 = U0a2- (3.42)

Next, eliminating (a2)/0i 0= Y000 y?) from (3.40) and (3:41), we have

~2a?si[{B*(HJ + a*IK) +(JL + a®’NK)(a?b? - BHHB?2HI +(HN + LI)(a?b® - )}
+{BAHK +IJ)+(JN +LK)(a?b? - BONFH? + a*I?) + (LH + a®NI)(a?b? - %)}
+{roo(HL + a®?NI)+2a%So(JL + a NK)}a?b? - By WB22HI + (HN + LI)a?b? - p2)}
—{roo(LI + NH) +2a%So(NJ + LK)} a?b' — By')
x {B2(H? + a®I?) + (LH + a® N I)(a?b? - )1 = 0. (3.43)
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The term of which does not contain a? is

rooy (H*(NH - LD)} =0,
that is 2(h + 1)(2h + 1)3 ﬁ_(5+8h)r00 y* = 0. Therefore there exists a function

roo = pa’. (3.44)
Substituting into which does not contain a? is and transvecting it by b;, we have

—2s0l(HJ + o2 IK){*2HI +(HN + LI)(a*b? - )}
+(HEK + ID{BAH? + a®1%) + (LH + a>NT)(a?b? - f2))]
+pUHL +a®ND2HI = (L1 + NE)H? + a*I*)(@”b? - ) = 0. (3.45)

The term of (3.45) which does not contain a2 is
2solH%(3JI - JN + HK — LK) — 2LIHJ1+ pHX(LI — NH) = 0,

that is (2h + 1)?f—(8h + 6)[250(64h° + 128h* + 96A3 + 24h2% — 10k — 1) + pf(4h% + 6k +2)] = 0.

The above equation can be written as (c/so + chp)f—(8h + 6), where ¢/ = 2(2h + 1)2(64h° +
128h* +96h3 + 24h? —10h — 1) and c), = (4h% + 6k + 2).

Therefore cso+cypf =0, that is, c|s; + c,pb; = 0. Transvecting this equation by b;, we
have c,pb? = 0. Since c}, # 0 for a positive integer, p =0 or b2 =0.

First, if p =0, then sg =0, that is, s; =0 and rgg = 0 from (3.44). Therefore we have from
siQ =0, th_at is s;j = 0. Hence b;;; = 0. Substituting b;,; = 0 and (3.42) into (3.40), we have
Yoo = Voy', that is, the associated Riemannian space is projectively flat. Secondly, if b2 =0,
we have easily the above result by the same method of the case of r = 2h. Thus we have the
following

Theorem 2. A Finsler space F" with the r-th series (a, f)-metric 2.1) provided a® # 0(mod f)
is projectively flat if and only if

(i) when r =2, b;.; satisfies (3.26) and the Chrisroffel symbols of the associated Riemannian
space are written in the form (3.31).

(ii) when r>2, b;.; =0 and the associated Riemannian space is projectively flat.

4. Conclusion

The knowledge of Finsler geometry already in the consideration of Riemann, to have a norm
function depends homogeneously on a line element with its position. The present paper, We
discussed the r-th series (a, B)-metric to be projectively flat on the basis of Matsumoto’s results.
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