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1. Introduction

A class of (k,u) contact metric manifolds [3] is of interest as it contains both the classes of
Sasakian and non-Sasakian cases. The contact metric manifolds for which the characteristic
vector field ¢ belongs to (%, u)-nullity distribution for some real numbers % and u are called (%, )
contact metric manifolds. A full classification of (%, 1)-contact metric manifolds was given by
Boeckx [4] and many authors [2] studied (%, u)-contact metric manifolds. T. Koufogiorgos proved
in [1] that if a (k, u)-space M has constant ¢-sectional curvature ¢ and dimension greater than
3, the curvature tensor of this (%, u)-space form is given by
AR(X,Y)Z =[(c+3){gY,2)X — g(X,Z)Y}+(c+3-4R)nX(Z2)Y —n(Y (Z)X
+8(X,Zn(Y ), — g(Y,Zn(X)E} + (c — D{2g(X,pY)PZ + g(X,pZ)PY
-g(Y,pZ)pX} - 2{g(hX,Z)hY —g(hY ,Z)hX +2g(X,Z)hY —2g(Y,Z)hX
—2n(XON(Z)RY +2n(Y m(Z)hX +2g(hX,2)Y —2g(hY ,Z)X
+28(hY , Z)(X)é - 28(hX, ZIN(Y))E - g(phX, Z)PhY + g(phY , Z)phX)
+4uin(Y m(Z)hX —nXO(Z)RY + g(hY ,Z)n(X)é — g(hX,Z)n(Y )¢, (1.1

for any vector fields X, Y, Z, where 2h = Ls¢ and L is the usual Lie derivative.
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The projective curvature tensor is an important tensor from the differential geometric point
of view. An (2n +1)-dimensional Riemannian manifold M is locally projectively flat if their exists
a one-to-one correspondence between each coordinate neighbourhood of M and a domain in
Euclidean space such that any geodesic of the Riemannian manifold corresponds to a straight
line in Euclidean space. It is well-known that for n = 1, M is locally projectively flat if and only
if the projective curvature tensor P vanishes. Here P is defined by

P(X,Y)Z :R(X,Y)Z—ZL[S(Y,Z)X—S(X,Z)Y], (1.2)
n

where S is the Ricci tensor of M.

In an (2n + 1)-dimensional Riemannian manifold, the conformal curvature tensor C is
given by

CX.Y)Z=RX.Y)Z - Tl_l[S(Y,mX _SX,2)Y +g(Y,2)QX
r
—g(X,Z)QY]+m[g(Y,Z)X—g(X,Z)Y], (1.3)

where r is a scalar curvature and @ is the Ricci operator defined by g(@X,Y)=S(X,Y).

The paper is organised as follows. In Section 2 we give some preliminary results of (%, u)-
space forms. Section 3 deals with h-projective and ¢-projective semi-symmetric non-Sasakian
(k,w)-space forms. Section 4 is devoted to the study of £-Weyl and ¢-Weyl semi-symmetric
non-Sasakian (k, u)-space forms. In all the cases the manifold becomes an n-Einstein manifold
and we obtain scalar curvatures of (k, u)-space forms.

2. Preliminaries

A (2n + 1)-dimensional differential manifold M is said to admit an almost contact metric
structure (¢,¢,n, g) if it satisfies the following relations

O?X = -X +n(X)E, $pE=0, (2.1)
n)=1,8X,&) =nX), n¢X)=0, (2.2)
g(X,¢pY) =gX,Y)-n(X)nY), (2.3)
gpX,Y)=-g(X,¢Y), g(¢pX,X)=0, (2.4)
(VxnY =g(Vx¢,Y), (2.5)
gX,¢pY)=dn(X,Y), (2.6)

for all vector fields X, Y on M. In a contact metric manifold the (1,1) tensor field 4 defined by
h= %L(g(p, where L denotes the Lie differentiation, is a symmetric operator anti-commutative
with ¢ and satisfies hé =0, h¢p = —ph, Trh = Trph = 0. Moreover in any contact metric manifold,
we have Vx¢ = —¢pX — phX. In [3] Blair et al. introduced a class of contact metric manifold M
which satisfy

R(X,Y)é = k(n(Y)X - n(X)Y} + pin(Y)hX - n(X)hY}, 2.7)

where £ and p are real constants. This class of contact metric manifolds are called (%, u)
manifolds.
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Also in a (%, u)-contact metric manifold, the following relations hold ([3], [4]):
h2=(k-1)¢2 k<1, (2.8)

S(X,Y)= i (c@n+1)+6n+4k-5)g(X,Y)-(c(2n+1)+6n+4k—-5-8nk)n(X)n(Y)
+(8-8n+4wg(Y,hX)|, (2.9)

r= g[c(2n +1)+6n+4k —5]+2nk, (2.10)
S(X,¢) =8nkn(X), S(,¢) =8nk,

where S is the Ricci tensor of the type (0,2) and r is the scalar curvature of the manifold.

If u =0, the (&, p)-nullity distribution N(%,u) is reduced to the k-nullity distribution [5],
where k-nullity distribution N(%) of a Riemannian manifold M is defined by

N(k): p — Ny(k) = (W € T,(MYR(X, Y)W = k(g(Y,W)X - g(X,W)Y)}.
If ¢ e N(k), then we call M a N(k)-contact metric manifold.

The class of (k, u)-contact metric manifolds contain both the class of Sasakian (£ =1 and
h =0) and non-Sasakian (% # 1 and 4 # 0) manifolds. Throughout the paper we denote by M2"*1,
a (2n + 1)-dimensional non-Sasakian (%, u)-space form. A contact metric manifold is said to be
n-Einstein if @ = a Id + bn@ ¢, where a, b are smooth functions on M 2n+1

3. h-Projectively and ¢-Projectively Semi Symmetric Non-Sasakian
(k,u)-Space Form

Definition 3.1. A (k, u)-space form M is said to be h-projectively semi-symmetric if
P(X,Y)-h=0 holdsin M.

We now prove the following theorem.

Theorem 3.1. Let M be a non-Sasakian (k,u)-space form. If M is h-projectively semi-symmetric,
then M is an n-Einstein manifold.

Proof. Let M be an (2n + 1)-dimensional h-projectively semi symmetric non-Sasakian (%, u)-
space form. The condition P(X,Y)-A =0 turns into

(PX,Y)-h)Z=PX,Y)hZ-hP(X,Y)Z =0. 3.1)
From (1.1, we have
RX,Y)hZ-hR(X,Y)Z

= i[(e +3{g(Y,hZ)X —g(X,hZ)Y —g(Y,Z)hX + g(X,Z)hY}

+(c+3 -4k gX, hZM(Y)¢ - g(Y ,hZ)N(X)E —n(X)(Z)hY
+n(Y)N(Z)h X} + (c — D g(X,phZ)PY — g(Y ,phZ)PpX
— g(X,pZ)hQY + g(Y ,pZ)hpX} - 2{g(hX ,hZ)LY — g(hY ,hZ)hX
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+2g(X,hZ)hY —2g(Y ,hZ)hX +2g(hX ,hZ)Y —2g(hY ,hZ)X
+2g(RY ,hZ(X)é —2g(h X, hZN(Y )¢ — g(phX ,hZ)PhY

+g(phY ,hZ)phX + g(hX,Z)h%Y — g(hY ,Z)h>X +2g(X,Z)h?’Y

—2g(Y,Z)h2X - 2n(Xm(Z)h2Y +2n(Y)(Z)h2X — g(phX, Z)h¢phY
+g(QRY , Z)hPhX +2g(hX,Z)LY —2g(hY ,Z)h X} + 4pulg(hY ,hZ)n(X)é

— g(hX ,hZ)N(Y)E +nXN(Z)R*Y —n(¥ In(Z)R*X}1. (3.2)

for any vector fields X, Y, Z. Using (1.3), (3.1I) and (3.2), we have

i[(c +3){g(Y,hZ)X - g(X,hZ)Y — g(Y,Z)hX + g(X,Z)hY}
+(c+3-4k)g(X,hZ(Y )é — g(Y ,hZ(X)é —n(XIn(Z)hY
+n(YIM(Z2)hX} +(c — Wg(X,phZ)PY — g(Y ,phZ)pX — g(X,pZ)hdpY
+g(Y,pZ)hpX} —2{g(hX ,hZ)LY — g(hY ,hZ)hX +2g(X ,hZ)hY
—2g(Y ,hZ)hX +2g(hX ,hZ)Y —2g(hY ,hZ)X +2g(hY ,hZ)(X )&
—2g(h X, hZW(Y)eg(dhX ,hZ)PRY + g(phY ,hZ)phX + g(hX,Z)h%Y
—g(hWY ,Z)h%X +2g(X,Z)h?Y - 2g(Y ,Z)h>X — 2n(X)(Z)h2Y +2n(Y (Z)R2X
— g(hX, Z)hPhY + g(phY ,Z)hPhX +2g(hX,Z)LY —2g(hY ,Z)h X}
+4p{g(hY ,hZN(X)E - g(h X, hZ)n(Y)E + n(X)I(Z)R2Y — (Y n(Z)h2X )

- %[S(Y,hZ)X ~S(X,hZ)Y -S(Y,Z)hX +S(X,Z)hY]=0. (3.3)

Replacing X by 2X and contracting with W, by using (2.8) and symmetry property of &, we get

1
Z[(C +30g(Y,hZ)g(hX ,W)—-g(hX,hZ)g(Y ,W)+(k-1)g(Y,Z)g(X,W)

—(k-1)g(Y,ZnX)m(W)+ g(hX,Z)g(hY , W)} +(c + 3 — 4k)g(h X ,hZ)n(Y )n(W)

— (k= 1n(Y)(Z2)g(X, W)+ (k — DnXON(Z)nY (W)} +(c - D{g(hX,phZ)g(¢pY , W)
—g(Y,phZ)g(phX , W) — g(hX,pZ)g(hdY W)+ (k- 1g(Y ,pZ)g(pX, W)}
—-2{-(k-1DgX,hZ)g(hY ,W)+(k - DIg(hY ,hZ)g(X,W)—g(hY ,hZ)n(X)n(W)
+2g(hX,hZ)g(hY ,W)+2(k — DIg(Y ,hZ)g(X,W) - g(Y ,hZ)n(X)n(W)]

—~ 2k -1)g(X,hZ)g(Y ,W)-2g(hY ,hZ)g(hX,W)+2(k — 1)g(X,hZ)n(Y (W)
+(k—1)g(pX,hZ)g(phY ,W) — (b — 1)g(phY ,hZ)g(pX , W) +(k — 1)*[g(X,Z)g(Y ,W)
+2k-1)[-ghX,Z)g(Y ,W)+ghX,Z)n(Y (W)l + 2k - 1)g(Y,Z)g(hX,W)

—2(k - Dn(Y)N(Z)g(h X, W) + (k — 1)°g(pX, Z)g(pY ,W) + (k — 1)g(¢phY , Z)g(phX,W)
+2(k - 1)[-g(X,Z2)g(hY ,W) +n(X)n(Z)g(hY ,W)]1+2(k — DIg(hY ,Z)g(X,W)

—g(hY ,ZnX)n(W)lt + 4pi(k - Dg(X,hZ)n(Y (W) + (& — n(Y)n(Z)g(hX ,W)}]

- %[S(Y,Z)g(hX,W) -S(hX,hZ)g(Y ,W)+(k-DIS(Y,Z)g(X,W)
—S(Y,Z)nX)m(W)]+ShX,Z)g(hY ,W)] = 0. (3.4)
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Lete;,1=1,2,3,...,2n+ 1 be an orthonormal basis of vector fields in M. If we put X =W =¢;
in (3.4) and summing over i, then using (2.9), we obtain

i[[(c +3)(k—1)2n +2(c — 1)k — 1) - 2(k — 1)%1g(Y, Z)
+[—(c+3-4k)2n(k—1)-2(c - 1)k - 1)+ 2(k — 1) In(Y)n(Z)

+[(k—1)(—-8+ 10n)]g(Y,hZ)] -(k-1SX,Z)=0. (3.5)
Again using (2.9) in (3.5), we obtain
6k—c-5 c—6k+5
Y hiZ)=|———|gY,Z — [n(Y)n(Z). 3.6
8(Y,h2) 18n—4,u—16]g( ’ )+[18n—4,u—16]n( e (3.6
In view of (3.6), takes the form
S(Y,Z)=A18(Y,Z)+B1n(Y)n(2), (3.7)

where

Ay =2n(c+3)+2(c—1)-20k - 1)+ SN ZER2D)

-16+18n—-4pu
By=-2n(c+3-4k)-2c-1)+2k—-1)+ (_8_+1202§n__6§; >
Thus M is an n-Einstein manifold.
Taking Y =Z =e; in (3.7), we obtain
r=n{(n+1c+3n+k}. (3.8)

A h-projectively semi-symmetric non-Sasakian (k, u)-space form is an n-Einstein manifold and
the scalar curvature in this case is r = n{(n + 1)c + 3n + k}.

Comparing r of (3.8) with (2.10), we get ¢ =6k —5. O

Definition 3.2. A (k, u)-space form M is said to be ¢p-projectively semi-symmetric if
P(X,Y)-¢=0 holdsin M.

Theorem 3.2. Let M be a non-Sasakian (k,u)-space form-space form. If M is ¢-projectively
semi symmetric, then M is an n-Einstein manifold.

Proof. Let M be an (2n + 1)-dimensional ¢-projectively semi-symmetric non-Sasakian (%, u)-
space form-space form. The condition P(X,Y)-¢ =0 turns into

(P(X,Y)-$)Z = P(X,Y)pZ - pP(X,Y)Z = 0. (3.9)
From (L.1), we have
R(X,Y)Z - pR(X,Y)Z
- i[(c +3)g(Y,02)X - g(X,¢Z)Y - g(Y,2)pX +g(X,Z)pY)

+(c+3-4k)g(X,pZ(Y ) — g(Y ,pZIN(X )¢ — (X In(Z)pY
+ (Y I(Z)PX) +(c — (X, p>Z)pY — g(Y ,p>Z)pX — g(X,pZ)p*Y
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+ (Y, pZ)p2 X} - 2{g(h X, pZ)hY — g(hY ,pZ)hX +2g(X,pZ)hY

-28(Y,pZ)hX +2g(hX,pZ)Y —2g(hY ,pZ)X +2g(hY ,pZIn(X)E

—28(hX,pZN(Y ) — g(QhX,pZ)PhY + g(phY ,pZ)phX

+g(hX,Z)OhY — g(hY , Z)PhX +2g(X, Z)PhY —2g(Y, Z)phX

—20XN(Z)PRY +20(Y M(Z)phX — g(phX, Z)P2hY g(phY , Z)p*hX

+28(hX, Z)pY —2g(hY ,Z)pX} + dulg(hY ,pZ)(X)E

- 8g(hX,pZn(Y)E +n(XI(Z)phY —n(Y In(Z)phX}]. (3.10)
for any vector fields X, Y, Z. Using and in (3.10), we have

1
Z[(c +Ig(Y,p2)X — g(X,pZ)Y —g(Y ,Z2)pX + g(X,Z)PpY'}

+(c+3-4k)g(X,pZ(Y)s — g(Y,pZ)n(X)s —n(XIN(Z)PY +n(Y n(Z)pX}

+(c— D{-g(X,Z)pY +n(Z)nX)PY +g(Y,Z)pX —n(Zn(Y)pX + g(X,pZ)pY
-8X,pZn(Y ) - g(Y,pZ)X + g(Y ,pZ (X )¢} - 2{g(h X ,pZ)hY — g(hY ,¢pZ)h X
+28(X,pZ)RY —2g(Y ,pZ)hX +2g(hX ,pZ)Y —2g(hY ,$Z)X +2g(hY ,pZ)n(X)E
—2g(hX,pZN(Y)é — g(phX ,pZ)PhY + g(phY ,pZ)phX + g(hX,Z)phY — g(hY ,Z)phX
+28(X,Z2)phY —2g(Y ,Z)phX — 2n(X)N(Z)PhY +2n(Y ) I(Z)phX

—g(OhX, Z)P2RY + g(PhY ,Z)P*hX +2g(hX,Z)PY —2g(hY ,Z)pX}

+4pfg(hY ,¢Z)n(X)¢ — g(hX,pZ)n(Y ) + n(XIN(Z)phY —n(Y )n(Z)phX}]

- %[S(Y,cpZ)X ~S(X,pZ)Y —S(Y,Z)pX +S(X,Z)pY1=0. (3.11)
Replacing X by ¢X and contracting with W in from (2.4), we obtain
1
Z[(C +3g(Y,pZ)g(pX, W) — g(pX,pZ)g(Y , W)+ g(Y,Z)g(X,W)—g(Y,Z)n(X)n(W)

+8(pX,Z)g(pY , W)} +(c + 3 —4k){g(pX,pZ)n(Y (W) —n(Y In(Z)g(X, W)
+n(YI(Z)nX)mW)it +(c - D{-g(¢pX,Z2)g(pY ,W) - g(Y,Z)g(X , W)+ g(Y,Z)n(X)n(W)
+n(Z)n(Y)gX,W)+g(X,Z)g(Y ,W)-n(ZnX)g(Y ,W) - g(X,Z)n(Y )n(W)

- g(Y,0Z)g(pX W)} —2{-g(X,Z)g(hY ,W)— g(hY ,pZ)g(h¢pX , W) +2[-g(X,Z)g(hY ,W)
+n(ZnX)ghY ,W)1-28(Y ,pZ)g(hpX ,W)-2g(hX,Z)g(Y , W) -2g(hY ,pZ)g(pX, W)
+28(hX, ZIMY )W) - g(h¢pX,Z)g(hpY , W)+ g(hY ,Z)g(hX , W)+ g(hpX,Z)g(phY , W)
—g(hY,Z)g(hX , W) +2g(pX,Z)g(phY ,W)—2g(Y,Z)g(hX, W)+ 2n(Y (Z)g(hX ,W)

- g(phY ,Z)g(h¢pX , W) + 4u{g(h X, Z)n(Y (W) —n(Y )n(Z)g(hX ,W)}]

1
- %[S(Y,CPZ)g(d?X,W)—S(¢>X,¢>Z)g(Y,W)+S(Y,Z)g(X,W) S, ZnX)n(W)

1
- 5S¢ Z)g@X . W)~ S(@X,pZ)g(Y W)+ S(Y, Z)g(X, W) =S¥, Z)(X)n(W)
+S(¢pX,Z)g(pY ,W)] = 0. (3.12)
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Let {e;},1=1,2,...,2n +1 be an orthonormal basis of vector fields in M. If we put X =W =¢; in
(3.11) and summing over i, then using (2.2) and (2.8), we obtain

c@2n+1)+6n+4k -5

i[[8n+6k—14+ |er,2)

c@2n+1)+6n+4k -5

+[e+8nk—2n—2k-6- [nmz)
+18g(Z,hY)| - S(¥,2) =0. (3.13)
Using in (3.13), we obtain
S(Y,Z)=Asg(Y,Z)+Ban(Y)n(Z2), (3.14)

where
c@2n+1)+6n+4k-5

AQ:[(8n+6k—14+ )(0—17)]—(c(2n+1)+6n+4k—5),

n
2n+1)+6n+4k -5
By = [(c+8nk—2n—2k—6— c2n+1)+6n )(c—17)] —(c(@n+1)+6n+4k—5).
n
Thus M is an n-Einstein manifold.
Taking Y =Z =e; in (3.13), we obtain
1
r= Z[lGn2 +20nk —-16n+12k —14 +4nc + 2cl. (3.15)

A ¢-projectively semi symmetric non-Sasakian (%, p)-space form is an n-Einstein manifold and
the scalar curvature in this case is

1
r= Z[lGn2 +20nk —16n + 12k — 14 +4nc + 2c¢l, (3.16)

Comparing r of ¢-projectively semi-symmetric non-Sasakian (%, u)-contact metric space form

with (2.10), we get

_2n%+2nk+3n+6k—7
B 2n2-n-1 ’

c

4. h-Weyl and ¢-Weyl Semi-symmetric Non-Sasakian (%, u)-Space
Form

Definition 4.1. A (k,u)-space form M is said to be h-Weyl semi-symmetric if C(X,Y)-h =0
holds on M.

Theorem 4.1. Let M be a non-Sasakian (k,u)-space form-space form. If M is h-Weyl semi
symmetric, then M is an n-Einstein manifold.

Proof. Let M be an (2n + 1)-dimensional ~A-Weyl semi symmetric non-Sasakian (%, u)-space
form-space form. The condition C(X,Y)-A =0 turns into

(CX,Y)-nZ=CX,Y)hZ-hC(X,Y)Z =0, (4.1)
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for any vector fields X, Y, Z. Using (1.3)and (3.1) in (4.1), we have

i[(c +3g(Y,hZ)X - g(X,h2)Y —g(Y,Z)hX + g(X,Z)hY}

+(c+3-4k)gX, hZM(Y)E - g(Y , hZ)(X)é —n(X)n(Z)hY
+n(YM(Z2)hX} +(c — Dig(X, phZ)PY — g(Y ,phZ)pX — g(X,dZ)hdY
+8(Y,dZ)hp X} — 2{g(hX ,hZ)RY — g(hY ,hZ)hX +2g(X ,hZ)RY
—2g(Y ,hZ)hX +2g(hX ,hZ)Y —2g(hY ,hZ)X +2g(hY ,hZ)(X )&
—2g(hX ,hZ(Y )¢ — g(phX ,hZ)PRY + g(phY ,hZ)phX + g(hX,Z)h*Y
—g(hY ,Z)h%X +2g(X,Z)h?Y - 2g(Y ,Z)h>X — 2n(X)n(Z)h%Y

+20(Y (Z)h2X — g(ph X, Z)hRY + g(phY ,Z)hphX +2g(hX,Z)LY
—2g(hY ,Z)h X} +4ulg(hY ,hZM(X)E — g(hX ,hZ)(Y )¢ +n(X)n(Z)h?Y

+ ;{g(Y,hZ)X —-g(X,hZ)Y —g(Y,Z)hX + g(X,Z)hY}=0. 4.2)
2n(2n—1)

Replacing X by AX, contracting with W and using (4.2) and symmetry property of 2, we obtain,

1
Z[(C +30g(Y,hZ)g(hX ,W)-g(hX,hZ)g(Y ,W)+(k-1)g(Y,Z)g(X,W)

- (k=DgY,ZnX)nW)+g(hX,Z)g(hY , W)} +(c +3 —4k)Ng(hX,hZ)n(Y n(W)

= (k=Y )In(Z2)g(X, W)+ (k — DnXOn(Z)n(Y (W)} + (c — D{g(hX,phZ)g(¢pY ,W)
-8 ,phZ)g(phX , W) —g(hX,pZ)g(hpY , W)+ (k- 1)g(Y,pZ)g(pX, W)}
—2{—(k-1)g(X,hZ)g(hY ,W)+ (k- 1)Ig(hY ,hZ)g(X,W) - g(hY ,hZ)n(X)n(W)]
+2g(hX,hZ)g(hY ,W)+2(k — )Ig(Y ,hZ)g(X,W)—g(Y ,hZ)n(X)n(W)]

-2k -1)g(X,hZ)g(Y ,W)-2g(hY ,hZ)g(hX ,W)+2(k — 1)g(X,hZ)N(Y (W)
+(k—1)g(pX,hZ)g(phY ,W) — (k. — 1)g(phY ,hZ)g(pX , W)+ (k — 1)*[g(X,Z)g(Y ,W)
—gX,ZnY )W) —-nXn(Z)g(Y ,W)+nX)n¥Y ) Z)n(W)l+ (k- 1)g(hY ,Z)g(hX ,W)
+2k - D[-ghX,Z)g(Y W)+ ghX,Z)nY W)+ 2(k—1)g(Y,Z)g(hX,W)

—ghY ,ZnXOnW)HI + 4uik — D)g(X,hZn(Y (W) + (k — Dn(Y )n(Z)g(hX , W)}

1
Y [S(Y,hZ)g(hX, W)+ (k- 1IS(X,Z)g(Y ,W)—2nkn(Z)n(X)g(Y ,W)]

+8(Y,hZ)g(QrX W)+ g(X,Z)g QY ,W)-n(Zn(X)gQY ,W)+ (k- DISY,Z)g(X, W)
-SY,ZnX)mW)l+S(hX,2)g(hY W)—-g(Y,Z)g(hQhX,W)+g(Y,hZ)g(Q@hX, W)
+8(X,2)g QY ,W)—n(Zm(X)g@QY , W)+ (k- DIS(Y,Z)g(X,W)-S(Y,Z)nX)n(W)]

+S(hX,Z)ghY ,W)-g(Y,Z)g(hQhX , W)+ g(hX,Z)g(hQY ,W)}
+ ;{g(Y, hZ)g(hX W)+ g(X,Z)g(Y ,W)—-n(Xn(Z)g(Y ,W)

2n(2n-1)
+(k-DgY,2)gX,W)—-g(Y,ZnXmW)l+ghX,Z)g(hY ,W)} =0. (4.3)
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Taking Y = W =¢ in (4.3), we obtain

2nk r
S(X,Z) = k(2n—1)—k_1+2n(k_1)]g(X,Z)
+ |-k —1)+2nk2— d ] X)n(Z) + 4u@n - Dg(h X, Z) (4.4)
" E—1 2nk—_1| TN plen =g, '

Now using (2.9) in (4.4), we get

1 8nk(2n—-1)0k—1)—4n’k+r c@2n+1)+6n+4k-5
gX,hZ)= - ]g(X,Z)
2-2n—-8nu+5u 2n(k-1) 4
—8nk@2n -1k —-1)+4n’k2—r c@n+1)+6n+4k—-5-8nk
XmZ) (.
2nhi—1) + 1 n(Xn(Z) (4.5)
Using in (4.4), we obtain
S(X,Z)=Ag(X,Z)+BinX)m(Z), (4.6)
where
A~ A@n-1)  [8rk@2n-1)(k-1)- 4n’k+r c(2n+1)+6n+4k -5 ]
179 _92n-8nu+5u 2n(k-1) 4
. 2nk@2n - 1)k —1)+ +4n%k% —r
2n(k—1) ’
g - Au@n-1) [-8nk@n-D(k-1)+ An’k%—r L C@n+1)+6n+4k—5-8nk
179 _92n-8nu+5u 2n(k-1) 4

N —2nk@2n—1)k—1)+ +4n2k2—r
2n(k—1) )

Thus M is an n-Einstein manifold.
Taking X = Z =e; in (4.4), we obtain
r=4n®. (4.7)

An h-Weyl semi-symmetric non-Sasakian (%, y)-space form is an n-Einstein manifold and the
scalar curvature in this case is 4n2.

Comparing r of (4.7) with (2.10), we obtain

3 5+2n -8k
T 2n+1

O]

Definition 4.2. A (k,u)-space form M is said to be ¢p-Weyl semi-symmetric if C(X,Y)-¢p =0
holds on M.

Theorem 4.2. Let M be a non-Sasakian (k,u)-space form. If M is ¢p-Weyl semi-symmetric, then
M is an n-Einstein manifold.
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Proof. Let M be an (2n + 1)-dimensional ¢-Weyl semi-symmetric non-Sasakian (k, u)-space
form. The condition C(X,Y)-¢ =0 turns into

(C(X,Y)-$)Z = C(X,Y)PZ - pC(X,Y)Z =0, (4.8)

for any vector fields X, Y, Z. Using (1.3)and (3.8) in (4.7), we have

1
Z[(c +3g(Y,p2)X — g(X,p2)Y —g(Y ,Z)pX + g(X,Z)PpY'}

+(c+3—-4k)gX,pZM(Y ) — g(Y,pZ (X)) —n(XIN(Z)pY +n(Y In(Z)pX}

+(c— Dig(X,p?Z)pY — g(Y,p*Z)pX — g(X,pZ)P%Y + g(y, pZ)Hp° X} — 2{g(h X ,pZ)hY
—g(hY ,pZ)hX +2g(X,pZ)hY —2g(Y ,pZ)hX +2g(hX,pZ)Y —2g(hY ,pZ)X

+2g(hY ,pZM(X)é —2g(h X, pZN(Y ) — g(GhX,PZ)PhY + g(phY ,pZ)phX + g(hX,Z)phY
—g(hY ,Z)phX +2g(X,Z)PhY —2g(Y , Z)phX — 20(X(Z)PhY +2n(Y )N(Z)phX

— g(OhX, Z)P?RY + g(phY ,Z)P*hX +2g(hX,Z)PY —2g(hY ,Z)pX} + 4ulg(hY ,pZm(X)E

1
—8(hX,pZn(Y S+ nXINZ)PhY —n(YIn(Z)phXH - o —S¥,¢2)X - S(X,$pZ)Y
+g(Y,¢Z)QX - g(X,pZ)QY - S(Y,Z)pX +S(X,Z)pY — g(Y,Z)pQX + g(X, Z)$pQY}

gV, 02)X - g(X,$2)Y - g(Y,Z)pX +g(X,Z)pY]1=0. (4.9)
2n(2n—-1)

Replacing X by ¢pX, contracting with W and using (4.9) and symmetry property of 2, we obtain,

1
Z[(C +3Mg(Y,p2)g(pX W) - g(pX,pZ)g(Y , W)+ g(Y,Z)g(X, W) - g(Y, Z)n(X)n(W)

+8(pX,Z)g(pY , W)t +(c +3 - 4k){g(pX, pZ (Y )In(W) —n(Y )n(Z)g(X, W)

+n@XO(ZMY W)t +(c - 1){-g(¢pX,Z2)g(pY ,W) - g(Y,Z)g(X, W) + g(Y, Z)n(X)n(W)
+n(¥YIN(2)g(X, W) +g(X,2)g(Y, W) —n(X)n(Z)g(Y ,W) — g(X, Z)n(Y )n(W)
-8(Y,pZ)g(pX , W)} - 2{—g(X,Z)g(hY ,W) - g(hy,pZ)g(hpX , W) +2[-g(X,Z)g(hY ,W)
+nXn(2)g(hY , W)l -2g(Y,pZ)g(hp X, W) -2g(hX,Z)g(Y ,W)-2g(hY ,¢pZ)g(pX, W)
+2g(hX,Zm(Y)IMW) - g(h¢pX,Z)g(hpY , W)+ g(hY ,Z)g(h X, W)+ g(h¢pX,Z)g(hpY ,W)
—-g(hY,Z)g(hX,W)+2g(hpX,Z)g(phY ,W)—2g(Y,Z)g(hX, W) +2n(Y n(Z)g(hX, W)
+2g(h¢X,Z)g(pY , W) +2[g(hY ,Z)g(X, W) - g(hY ,ZnXmW)l+ ghX,Z)g(hY ,W)
—g(PhY ,Z)g(hX W) +4u{g(hX,Z)n(Y )W) —n(Y nN(Z)g(hX,W)}]

1
- ISV ,$2)g(X W)~ SGX, pZ)g(Y , W)+ g(Y ,$Z)S (X, W) - g(¢X, pZ)S(Y , W)

~S8(Y,2)g(p*X, W)+ S(pX,Z)g(dpY , W) - g(Y,Z2)g(pQdpX , W) + g(0X , Z)g(pQY , W)}
+ 2;{g(Y, O2)g(dX, W) — g(dX,$Z)g(Y , W) — g(Y, Z)g(¢p*X, W)

ni2n-1)
+8(pX,2)g(pY ,W)} = 0. (4.10)
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Taking Y =W = ¢ in (4.10), we obtain

16nk +2n2c+nc+6n%2—-5n—-2r
gX,Z)
4n(2n-1)
—16nk —2n%c —nc—6n%+5n +2 2un—8n+3u+8
+[ RET SR T ReT OB PR T  nXmz)+ LTS ahX, Z) = 0. (4.11)
4n(2n—-1) 2n-1
Using (2.9) in (4.11), we get
S(X,Z2)=A4g(X,Z)+BynX)n(Z), (4.12)
where
A _—(8—8n+,u)(16nk+2nzc+nc+6n2—5n—2r)+c(2n+1)+6n+4k—5
2= 16n(2un —8n + 3 +8) 4 ’
B - (8—8n+,u)(16nk+2n2c+nc+6n2—5n—2r)_c(2n+1)+6n+4k—5
2= 16n(2un —8n +3u+8) 4 '

Thus M is an n-Einstein manifold.
Taking X =Z =e; in (4.12), we obtain

(8 —8n + u)(16nk +2n%c +nc+6n2—>5n)
r =
48n —16un —22u—48

A ¢-Weyl non-Sasakian (%, u)-space form is an n-Einstein manifold and the scalar curvature in
this case is given by

(8 —8n + u)(16nk +2n%c +nc+6n2—>5n)
r =

4.13
48n —16un —22u—48 ( )
Comparing r of (4.13) with (2.10), we obtain
~12un? +24n% — 5un — 64n — 16kun — 80nk — 26uk — 16k + 154 + 40 -
c= .

4un?—-16n2+7un+4n+3u+8

Table 1. Scalar curvature of a non-Sasakian (&, u)-space form M

S. No. Curvature tensor Condition Scalar curvature

1 | Projective curvature tensor | P(X,Y)-h=0 r=n{n+1)c+3n+k}

2 | Projective curvature tensor | P(X,Y)-¢p=0|r = %[16n(n -1)+4k(5n+3)]1+ %[20(2n +1)-14]

3 | Conformal curvature tensor|C(X,Y)-A=0 r=4n?
_ 2 2_
4 | Conformal curvature tensor |C(X,Y)-¢=0 r=8 8n+i)a(;zlzﬁ—nllzi;irizc2;n—i:86n =
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