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1. Introduction

Let F be the GF(q), the Galois field with g elements. An [n,k] linear code over GF(q) is a
k-dimensional subspace of F'"*, the space of all n-tuples with components from F'. Since a linear
code is a vector sub-space, it can be given by a basis. A generator matrix is a k x n dimensional
matrix whose rows are the basis vectors of the code. For an acquaintance with coding theory at
a basic level, the reader may please consult [1, 2, [3].

A very important concept in coding is the weight of a vector v. By definition, this is the
number of non-zero components v has and is denoted by w#(v). The minimum weight of a code,

denoted by d is the weight of a non-zero vector of smallest weight in the code. A well-known
theorem says that if d is the minimum weight of a code C, then C can correct ¢ = [%J or fewer

errors, and conversely. An [n, k] linear code with minimum distance d is often called an [n,%,d]
code. A quaternary code is a [n,k,d] code over GF(4). In this paper, we intend to explore the
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[5,3,3] linear codes over GF(4). Recall that GF(4) denotes the Galois field of order 4 comprising
of 0,1,w and ® with the following addition and multiplication tables:

+/0 1 w @ x|0 1 w @
0|0 1 w @ 0/0 0 0 O
111 0 @ w 110 1 w o
w|lw o 0 1 0w|l0 v o 1
o o 1 0 |0 0o 1 o

2. Existence of a [5, 3,3] Linear Code

By singleton bound d < n—k+1 for an [n,k,d] code. Hence for a [5,3] code, d = 3 is the maximum
attainable minimum distance. On the other hand, to be 1 error correcting, the minimum distance
of a linear code should be at least 3. Hence, an 1 error correcting [5,3] code, if it exists, has to be
a [5,3,3] code. In this paper, we will show that there exist no [5,3,3] code over fields of order 2
and order 3, but there do exist [5,3,3] codes over fields of order 4 or greater.

Theorem 2.1. There exists no [5,3] one error correcting binary code.
Proof. Let M be a generator matrix of a [5,3] binary code. Then
1 00 ailx aig
M=]0 1 0 as1 a99
0 01 asr asg

where a;; € GF(2) foreach i and j, 1<i<3,1=<j=<2.

If the code is to be error correcting, the minimum distance d should be at least 3. Hence
a;j#0 foreach i and j, 1<i <3, 1=<j<2.One then obtains the following equivalence diagram
where r; and ¢; denote the ith row and ith column respectively.

-1 -1
aj; O 0 1 ajjaie

100 a1 a2l 1 1. 4
M=]10 1 0 a1 a22] fuTln 72878 0 (1511 0 1 (1511043
00 1 as as 0 0 agll 1 a§11a14
1 00 1 ajlal
@11€1,821€2,831C3 111 a=a111a12,b=a511a13,c=a§11a14 1001 a
= 0 1 0 1 ayjais 010165
001 1 ajlay 001 1¢
. 1001 1 —‘1b—‘110011
2210101 ¢ =222 510101 x|=G.
0011 atle 0011y
Since code is binary, and each of x and y is nonzero, x =y = 1. Hence
10011
G=|01 0 1 1].
00111

If we now add the 1st and 2nd row vectors of G, we get the codeword (1,1,0,0,0) which has
weight 2. There therefore exists no error correcting binary [5,3] code. O
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Theorem 2.2. There exists no [5,3] one error correcting ternary code.
Proof. Let M be a generator matrix of a [5,3] binary code. Then
1 0 0 ai1 aie
M:010a21a13.
0 01 as1r ai4
where a;; € GF(3) foreach i and j, 1<i=<3,1=<j=<2.

Using the equivalence diagram as in Theorem above, we get that M is equivalent to

1
G=|0
0

o = O

011
01 x
1 1 vy

where xy =11,12,21 or 22. Thus, we obtain 4 generator matrices from G:

(10 0 1 1] 10 0 1 1]
Gi=|0 101 1|, Gg=|010 1 1,
0 0 1 1 1] 0 0 1 1 2]
10 0 1 1] 10 0 1 1]
Gs=[0 1 01 2|, Gs=[010 1 2].
0 0 1 1 1] 0 0 1 1 2]

It is an easy exercise to check that each of G; above generates a code, which has a codeword of
weight 2. There exists no [5,3] one error correcting ternary code. O

The following theorem shows that there do exist 1-error correcting quaternary [5,3] codes
and they are all equivalent.

Theorem 2.3. An 1-error correcting [5,3] quaternary code is equivalent to the code with the
following generator matrix G where

10011
G=101 01 w
0011 o

and 1 and w and ® are nonzero elements of GF(4) with 1 representing the identity element.

Proof. Let M be a generator matrix of a 1-error correcting [5,3] quaternary code. Then as in
Theorem [2.1] above, M can be shown to be equivalent to

1 001
G=|01 0 1
0011

where x and y are nonzero elements of GF(4). Notice that x cannot be 1, as then the first two
rows of (G if added will produce a codeword of weight 2. On the other hand x and y cannot be
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same, as then the last two rows of GG if added will give a codeword of weight 2. Hence, we obtain
only two codes from G with the following generator matrices:

10011 10011
Gi=10 1 01 o or Go=[0 1 0 1 o
0011 w 0 011 w

which could have error correction power.
We now see in the diagram below that G; and G2 generate equivalent codes.

1001 1 oy L0011 ey [t OO L1
Gi=|0 1 0 1 HZE 1001 0 1 ol ZEZ 101 0 1 o =G,
0011 o 0011 w 0011 w

Notice that G = G1. .
We now show that the code generated by G is able to correct 1 error. Notice that the parity
check matrix of G is

— (11110
H_[lw(DOl

and no two columns of H are dependent. However, there exist 3 columns of H

1 1 0

[1 > o and 1
which are dependent. Then by a well-known theorem [1], the minimum weight of the code
generated by G is 3. O

The next theorem shows that there do always exist an 1-error correcting [5,3] code over
GF(q).

Theorem 2.4. Let GF(q) be a field of order q where q =4, then there do always exist a [5,3,3]
code over GF(q).

Proof. Let M be a generator matrix of a [5,3] code over GF(q), ¢ =4. Then

100(111 aig
M:010a21 ai1s

0 0 1 a31 aig

where a;; € GF(q) foreach i and j, 1<i<3,1=<;<2.
Using the equivalence diagram as in Theorem 1 above, we get that M is equivalent to

10011
0101 «x
0011y

G =

Since g = 4, exist nonzero x,y € GF(q) such that 1, x and y are all distinct. Then no two columns
of

H[llllO]

0 x y 01
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are dependent and exist 3 columns of H

1] [1 0
1] o and 1]
which are dependent. Hence the minimum weight of the code generated by G or M is 3. O

Now a word or two about the weight distribution of the 1-error correcting [5,3] quaternary
codes. We have written a MAPLE program to compute the weight distribution of the code
10011
0101 w
0011 o
and A4 =18, where A; indicates the number of codewords of weight i.

generated by G= and obtained the following result: Ag =1, A3 =30, A4 =15

3. Error-Correcting Devices and the Related Mathematics

An ordered pair of field elements of GF(2) is a Cartesian pair (a,b) € GF(2) x GF(2), denoted
below by ab for the sake of convenience. Obviously there are 4 such pairs, namely 00,01,10 and
11. We represent the field elements of GF(4) by an ordered pair of field elements of GF(2) as
follows:

0—00,1—-11, »—01 and ®— 10.

Then the addition and multiplication tables of GF(4), using this representation, assume the
following form:

+ 100 11 01 10 x |00 11 01 10
00|10 11 01 10 00|00 00 00 00
1111 00 10 O1 11100 11 01 10
01|01 10 00 11 01|00 01 10 11
1010 01 11 00 1000 10 11 O1

One can easily check that if ajag+ b1bg = f1fo, then
fo=(ao®bo)-(a1®b1)+(ag®bg) (a1 ®b1)
and
f1="(ao+bo)-(a1+b1)+(ag+bo)-(a®by).

Given below is a gate implementation of the addition table of GF(4) that we will call adder and
denote by add 2.

( )
a(1..0] o X
b[1..0 0 )
i X 1..0]
1
% J
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Note that though add 2 adds only 2 elements of GF(2), using recursion, we can build add
add i for any number of i elements from GF(4).
Similarly, if aiag- blbo = flf(), then

fo=a1a0b1+a1a0(b1®bg)+aiapbo
and
f1 = a_lao(bl &b b0)+a1a0b1 +a1a0b1 +a1a_0b0.

Given below is a binary logic gate level implementation of the multiplication table of GF(4) that
we will call ‘multiplier ‘denoted by mul.

!

al

a[1..0) -
I :

a2

b‘o ]
! D 0 4D—<—D f(1..0]

p a3 i

i
S A

-5 | i

k=]
o
~

T-

U

o
o

5
—_

:

]
wn

C

b[1.0][>

o
€=
[=]
2

v

We will use the adders and multiplier circuits that we designed above to add and multiply
the field elements of GF(4) as we construct below the design of the encoder. Let C be the code
generated by G where

811 812 813 814 815
G=|g21 822 823 824 825
831 832 833 834 835

Then C = {.’)C()r() +x1r1+x9rg | xo,%1,X2 € GF(4)} where r; indicates the ith row of G. The vector
m = (x9,x1,x2) is called the message and ¢ = (yo, ¥1,¥2,¥3,y4) is called the codeword.
We compute the 5 coordinates of the codeword using the following set of 5 equations:

Yo=%0811t+tx1821+xX2831
Y1=%0812+xX1822 + X2832
Y2 =%0813 +X1823 +X2833 ¢ D
Y3 =%0814 tX1824 + X2834
Y4=%0815+tX1825 + X2835

Hence, an encoder transforms the message m = (x¢,x1,x2) into a codeword ¢ = (vo,¥1,¥2,¥3,Y4)
using the generator matrix G. This process of transforming a message m into a codeword ¢
is called an encoding and the device that carries out this transformation is called an encoder.
Given below is a circuit diagram that illustrates the encoding process of a message.
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= =

—a T T =
1 {0 add3 0
o ] —=fa(l0) 110) a(l:0) ‘(1‘-")
5. IN. % mu E|_|—Eb(1;o)
-3 e 1Y e r—E=ih(1:0)
gl 8| & =) (LEg——tl0)
gl = < Clo mul
) T - b(1:0)
I 1| IH F
¥ ¥
e —{a(1:0) ﬁll:ﬂ- add3
Q[ é \eﬂ .L I&ﬂ .L pa:M l—Ea[l:l]) o= v1(1:0)
g °la z o < a(l:0) fil:0)= =h{1:0)
" | |Te ~=fra0Ml «(1:0)
o = =
. : 2 2 2 =2l 0) ffl:[l)E—l
input register FI ﬁ E 0[1] bzl.ﬂ}mul
il [E
k.  q(:0)Es
a0 A0 TE=— add3 -
e A 8 T al0) [0 V2(1:0)
an T | al0) frll:u)a—f_Ebg‘gi
=t cil:
ke ﬁq(l.u,_ T =haoM! E—|—E
d(1:0) T =N
e o™
= e Ve
= gl & &
gl 2l 2 g
G T@ jﬁ . aL:0) fr1:0}\5—|_E add3
b(l:l])mU| al0) [0 Y3(1:0)
1:0) §1:0)=—v—t={b(L:0)
* ot - .
1 bl l—Efﬂ-“’
2412 4|2 % (10 f:0ES
- - - e )
= ':It ":It b{l_.mmu
3| 3| & c®
- 13‘1' -
1]
. W%:ig add3
= a(L0) 0 L0 10 E’m
HHE g 0 o [T
g #le =g o = 1-['} = U)E_'—Eb(l:l]]
=0 = = 1) 103 =e(1:0)
[T TE b
o M P e
? C:_ C‘; C[4] ._.ll.ﬂ}m{ﬂl.ll;_.
i i i I‘Eb[l:l]]

It stores three xs of message m = (xg,x1,x2) into three flip-flops of input register. It also
stores the ith column [g1;,82;,83:1***P°5¢ of the generator matrix G in the register C[i] for
each i =0,1,...,4. Note that there are 5 circuits, each of which comprises of 3 mul circuits. Of
these five, the ith circuit from top, computes xog1; in the top mul, x1g1; in the middle mul and
x2g3; in the bottom mul. The add i then adds these xpg1;, x1g2; and x9g3;, and yields the ith
coordinate y; of the codeword c.

Next, we discuss a device, known as syndrome calculator. We begin by explaining the
mathematics involved. Let

_|h11 hiz hiz his his
ho1 hog hos hoy hos

be a parity check matrix of the code C. Suppose a codeword ¢ = (v, ¥1,¥2,3,y4) is send through
the transmission channel and the vector r = (rg,r1,r9,73,74) has been received.

H
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Then the syndrome of r, denoted by s(r) =(sg,s1), is given by:

S0
S1

=Hr' = [

h11
ha1

hoo hos hos hos

hi2 hiz his h15]

Hence, we obtain the following pair of equations:

roh11+rihie+rohi3+r3hia+raihis
roho1 +rihog +raohog+rahos+rihos

The device below computes s(r) = (sg,s1).

Froﬂ

ra
ra
rs

r4

roh11+rihig+rahiz+rahia+ 7‘4h15]
rohgi1 +rihog+rohgs +rahog+rahos

i) m m T Iml
B
e =Te e dle =
ST Y R
= = -1 =
EglEolE (e g
gl 2 2 =
= = > =
I T
1
RO0) §1.0)
el mul
b(1:0)
T0) §10)
P Z“( Yol
b1:0)
=—a(1:0) 10}
mul
cllc q(1:0) —of(ll;g; i
r0(1:0) a0 Tl
clk g(L:0 b(1:0)
i L .
rl(1:0) e o |
clk  q(1:0) [b(1:0)
r2(1:0) a:o
ok q(1:0)
r3(1:0) =0 ff
p——clk ﬁ-q(l:l}_
r4(1:0) JEH0:0)
b(10)
(D) [0 — -
Il
f—ft—fit—
s & |&§ |8
o = B &
G P
RI1] Sle oy ols
= = -]
M T T
e, P

SY0(1:0)

P

=
)

SY1(1:0) >

(ID)

It stores the five r;s of r in the five flip-flops of input register. It also stores the five elements
hi1,h12,h13,h14,h15 € GF(4) of the first row of the parity check matrix H in the five flip-flops
of the register R[0]. The five elements ho1,h92,ho3,ho4,ho5 € GF(4) of the second row of H
are stored in R[1], which like R[0] comprises of five flip-flops. Notice that there are two
blocks, each comprising of five gates, in the right part of the device. The upper block computes
rohi1,r1h12,r2h13,r3h14,74h15. These terms are then added by add 5 to produce output sg.
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Similarly, the lower block computes rohoi,71ho9,r2hos,r3hog,r4hos, which are then added by
add 5 to output s7.

Next, we discuss comparator. A comparator is a device that takes two elements x and
y of GF(4) as inputs and yields 1 if the elements are same and 0 otherwise. If viewed
as an ordered pair, x =aiag and y = b1by, then it is an easy exercise to see that the output z of
the comparator is given by z = (ag + bg)- (a1 + b1). Given below is a logic design that implements
a comparator. We will need this device when we build the decoder.

0nx1
a[1.0] ) al
(10D~ /D | S=BY
—\
nx2

Finally, we discuss the decoder. The decoder detects and corrects the error (if any) in the
received vector r and outputs the codeword ¢ that was sent through the channel. Suppose we
send the codeword c. However, due to noise in the transmission channel, an error occurs and
the received vector r is different by a single bit from c. Then e = r — ¢ is called error vector and
has the shape e =(0,...,0,a,0,...,0), where a # 0 and the coordinate position of a indicates the
coordinate position of the bit that was corrupted. To recover the codeword cfrom the received
vector r we first form the parity check matrix H using the basis vectors of ker(G), where G is
the generator matrix of code C.

We compute Hr! as follows:

Hrl=H(c+(r—c))
=H(c+e)
—Hc' + Het.

0
o)

Since e = (0,...,0,a,0,...,0), He! = a- a column of H. Hence Hr! = a- a column of
Hr! = a-jth. If H column of H where j € {1,2,3,4,5} and a € GF(4) such that a # 0, then
the error has occurred in the jth bit of the sent code-word and the error vector e has field
element « in its jth coordinate position and zeros in othersi.e. e =(0,0,...,a,...,0,0) where «
is the jth bit of e. If Hr! is zero vector, no error has occurred during transmission. We compute
r —e to recover the codeword c.

Given in the next page is a circuit design of the decoder. The received vector r =
(ro,r1,re,rs,r4) is stored in the five flip-flops of the input register. The register N comprises
of three flip-flops which contain 1, w and ¢. On the other hand, register C[i] comprises if 2
flip-flops, which contains the 2 elements of the ith column [A1; ho;17¥*Po%¢4 of the parity check
matrix H. Notice that there are 3 pairs of mul circuits adjacent to and at a level of C[i]. The
top pair multiplies [A1; hg;Jransposed with 1. the middle pair with w and the bottom pair with ®

Since cekerH, Hc! =
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respectively. Now notice that there are also 3 pairs of comparators next to these mul circuits
at their level. The top comparator pair compares 1-[A1; ho;ransposed wuith [gq sq]7@nPosed the
middle pair compares w-[h1; ho; 74P with [sq s1]7%"P0%ed gnd the bottom pair compares
@-[h L hZi]transposed with [30 Sl]transposed.

clis alls sc533
Haco) T -0 »x 0010
i q(L:0) =t 101:0)
aq -0 ff z::gi
o q(l:0) 21
aci-oy FF P
all= Syndrom Galeuiator
10y
= a(1:0) n
ar:o0p —
N
input register
1) T ey P
cam ﬂ
:!.,u:m"“" N
- i E—
o1 0™ 1:05

10
T b ——Jua0tom

= = R =
1 1:0) =

Clol

iy K10 210 - - add4
sl 1050 ey 00
1:0) 1 1:0 = . Ju1:0y _

mul com

(1:0) 1:0y E (1203
r: ac1:0)

T 6y ”
com
O ke 1:0) -
FET T
b(l:ﬂ)mUI 1:0)

- - E 1:0)] EEDY =
e g0 W B
oH FETa oy -
i —1 mul com oy
s=Haq:o ff A1 :0) h(1:0)

= UE T T e =0y - - add4
a-amul 1.0COM e o=y 10
1) EI 10y = . Jui1:0)

ul com ~ <ca:0y
__)—“ri v

(1 :U)"‘ 1:0)

| rae qe1:0) . com =
=t a0 T e - b1 :0) }

S il i = - - i
=Haa.o oMY p——lva.0to™ 3

o100

(:a) 1:0 ~ (1203
I‘b a1 :0)

Tor w1 To0, = add4
I A b ——oa 0™ ] § Raem e =y 2(1 :O)I
K O L o

1:0) 1 120 = -
i 1.0 SOM ﬂii
o o e
I:(l:l.l)mUI 1:0y
= > FUE ey FeED) = .
¢ add :1 —
e—Hac o) ff S L -
k(i) e 1 ) 2
com
=Hacs o F I L —uof %
e WO reT) - - add4
10U pofom T e o=y 3(1:0)]
1:0) 1 1:0) z - f1:0) =
(l:ﬂ}mu l:C))‘:c,r!—| ;>_'—|E (1 -0y
| ac1:0)

e FE) =
com
n(l;ln"‘UI 1:0) s
10y HL S —
(1 oyl 1:09

= PR ETRT =f=c-0)

T b T 1
— 1:0)  ®1 — 1:0) 4 —
L [ —ua.0c0™
= FET 1:0) = add4
(2.0, 1.0C0M sao AC1:0)

1:0)  ®1 100 ‘__l—]r—:- fli1:0)
o i) a0 = ]
r: a0y
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Three cases arise here:

(1) If 1-[hq; ho;lransposed — [g( gq]transposed then 1 enters into the add 4 from the topmost
pair of “and” gates, whereas from the other two pairs of the “and” gates 2 zeros enter into
add 4. The add 4 then adds 1,0,0,r; and yields the ith coordinate of the transmitted
codeword c.

(2) If w-[hy; ho;]transposed — [g, g ]transposed then () enters into the add 4 from the middle pair
of “and” gates, whereas from the other two pairs of the “and” gates 2 zeros enter into
add 4. The add 4 then adds ,0,0,r; and yields the ith coordinate of the transmitted
codeword c.

(3) Finally if @-[h1; ho;17Posed = [s( s1]79Posed  then @ enters into the add 4 from the
middle pair of “and” gates, whereas from the other two pairs of the “and” gates 2 zeros
enter into add 4. The add 4 then adds @,0,0,r; and yields the ith coordinate of the
transmitted codeword c.

4. Conclusion

In this study, we have established that the field of the lowest order over which there exists
an l-error correcting [5,3] code is a quaternary field. We also found that there exists only one
distinct [5,3,3] quaternary code up to equivalence. This code is capable of 1-error correction in
64 distinct codewords. We devised a method to implement this quaternary 1-error correcting
code in a binary data transmission system. We have simulated the designs of the encoder and
the decoder using ‘MODELSIM’ synthesized the logics using XILINX’ and found the devices
working correctly. We wish to analyze the efficiency and other characteristics of this code and
related circuit designs in a different study.
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