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Parametrically Sufficient Optimality Conditions for
Multiobjective Fractional Subset Programming Relating
to Generalized (7, p, 0)-Invexity of Higher Order

Ram U. Verma

Abstract Inspired by the recent investigations, a general framework for a class
of (n,p,0)-invex n-set functions of higher order r > 1 is introduced, and
then some optimality conditions for multiobjective fractional programming on
the generalized (1, p, 0)-invexity are established. The obtained results are gen-
eral in nature and unify various results on fractional subset programming in the
literature.

1. Introduction

Based on new developments on parametric duality models and global
parametric models for fractional programming to the context of the generalized
invex functions, we present using the generalized (1, p, 6)-invexity of higher order
r > 1 of differentiable functions, the following multiobjective fractional subset
programming problem:

Fi(S) Fy(S) Fp(S))
G1(S)’ Go(S)” 77 G,(5)
subject to H;(S) <0, j€m, S €X,

(P) Minimize (
Sex

where X = {S € A" : H;(S) < 0,j € m}, is the feasible set (assumed to be
nonempty) of (P), A" is n-fold product of o-algebra A of subsets of a given
set X in the measure space (X,A,u), F;, G;, i € p= {1,...,p}, H;(S) <0,
j € m={1,...,m}, are real valued functions defined on A", and for each
Gi(S)>0,foreach i €p, forall S € A".
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Next, we introduce an auxiliary problem (PA) to (P) as follows:
(PA) Mil}ierxnize (Fl(S) —A,G.(S),...,F,(S)— APGP(S)),

where A;, i € p are parameters.

Similarly, we have an auxiliary problem (PA*) to (P) as follows:

(PA")  Minimize (Fl(S) —A5Gy(S), ..., Fy(S) — A;GP(S)),

where A" = (FI(S*) FP(S*)) .

G1(8)" 777 G, (8%)

Mishra et al. [4] investigated several parametric and semi-parametric sufficient
conditions for the multiobjective fractional subset programming problems based
on generalized invexity assumptions. Moreover, these results are also applicable
to other classes of problems with multiple, fractional, and conventional objective
functions.

2. Higher Order (p,n, 0)-Invexity

Let (X,A,u) be a finite atomless measure space with L,(X,A,u) separable.
Let A" be the n-fold product of a o-algebra A for subsets in the measure space
(X,A,u). The function d (referred to as a pseudometric on A") on A™ x A" is
defined by

aw.s)={ Ywwasn},

i=1
where R = (Ry,...,R,), S = (54,...,S,) € A", and A denotes the symmetric
difference of sets. Thus, (A", d) is a pseudometric space. Let n : A" X A" — L"_ be
a vector valued function.

We introduce the following definitions based on Mishra et al. [4], Lai and Huang

[3] and references therein.

Definition 2.1. An n-set function F : A" — R is said to be differentiable at
S* € A" if there exists DF(S*) € L{(X,A,u), called the derivative of F at S*
such that for each S € A",

F(S)=F(S*)+ (DF(5*),n(S,S")) + Vi(S,S%),
where V;(S,S*) is 0o(d(S,S*)), that is,

lim V.(S,58%)/d(S,S*)=0.
wm 7(S,8)/d(S,S")

Definition 2.2. An n-set function G : A" — R is said to have a partial derivative
at $* =(S7,...,S;) € A" with respect to its ith argument if the function

F(S)=G(S},...,8/ ,55,8/ 1,--,55)
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has the derivative DF(S[), i € n; in that case, the ith partial derivative of G at S*
is defined to be D;G(S*) = DF(S}) € L,, i € n, which behave as continuous linear
operators on L.

Definition 2.3. An n-set function G : A" — R is said to be differentiable at S* if
all the derivatives D;G(S*), i € n exist and

G(S) = G(S7) + Y (DG(S"),n(S,,5)) + We(S,5"),

i=1
where W;(S,S™) is 0(d(S,S*)) forall S € A™.

Let 0 : A" x A" — R, be a positive-valued function such that
6(S,S*)=0onlyif S=S*, or S — S* € A" = 6(S,S*) =0,
where w* denotes the weak*-topology in L] (~ A") = (L})" and S =(S,...,S,),

§*=(S],...,S;) € A".
For our purpose, we define 0 as a pseudometric on A" in the form

1
2
)

n
0(s,5") = [Zuz(siAsi*)}
i=1
S=(51,..-,8,), S*=(85,...,85) e A".

Definition 2.4. A differentiable n-set function F : A" — R is said to be (p,n,0)-
invex at S* if there exists a vector valued function 7 : A" x A" — L” such that
for each S € A", for a positive-valued function 6 : A" x A" — R, for a positive
integerr> 1, and p € R, , we have

F(8) = Fi(8") Z (F{(8"),n(S,8)) + pllO(S,S)II".
Definition 2.5. The differentiable n-set function F : A" —R is said to be (p,n,0)-

pseudo-invex at S* if there exists a vector valued function n:A" X A" — L” such
that for each S € A", and for p € R, we have

)4 )4 p
D UF/(8"),n(5,57) +pll0(S, 5" = 0= D F(S) = > F(S"),
i=1 i=1 i=1
equivalently,

p p p
D F(S)< Y F(S) = D {FI(S),1(S,5) + pll6(S, 89" <.
i=1 i=1 i=1

Definition 2.6. The differentiable n-set function F: A" — R is said to be strictly
(p,m, 0)-pseudo-invex at S* if there exists a vector valued function 7 : A" x A" —
L? such that for each S € A", and p € R, , we have

1

)4 p P
(F/(S"),1(S,5) + pllO(S,$MII" 2 0= Y F(S) > D F,(S"),
) i=1 i=1
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equivalently,
P p p
D IF(S) < D F(S) = ) (F/(57),n(S,57) + pll6(s,5M)I" < 0.
i=1 i=1 i=1

Definition 2.7. The differentiable n-set function F : A" — R is said to be
prestrictly (p,n, 0)-pseudo-invex at S* if there exists a vector valued function
n: A" x A" — L such that for each S € A", and p € R,, we have

p p p
D UF/(87),1(5,5") +pll6(S, )" > 0= D F(85) 2 Y Fi(SY),
i=1 i= i=

i=1 i=1
equivalently,

P P P
D) < Y F(s) = D UFI(S7),1(5,5") + pll6(S,SMI" <.
i=1 i=1 i=1

Definition 2.8. The differentiable n-set function F: A" —R is said to be (p,n,60)-
quasi-invex at S* if there exists a vector valued function 1 : A" X A" — L such
that for each S € A", and p € R,, we have

p p p
D IFR(S) £ Y R ()= D (FI(57),1(S,57) + pllOs, S S 0.
i=1 i=1 i=1

Definition 2.9. The differentiable n-set function F : A" — R is said to be strictly
(p,m, 0)-quasi-invex at S* if there exists a vector valued function n : A"XA" — L7
such that for each S € A", and p € R, , we have

p P P
DIRS) S Y R = D UFI(S1).n(5,5") + pllOs, S <o,
i=1 i=1 i=1

equivalently,
p p P

(FI/(S7),1(5,5") +pB(S,5) 2 0= D F(S)> Y F(S).
= i=1 i=1

13
Definition 2.10. The differentiable n-set function F : A" — R is said to be
prestrictly (p,mn, 0)-quasi-invex at S* if there exists a vector valued function
n: A" x A" — L7 such that for each S € A", and p € R, we have

1

p p p
D IF(S) < D F(S) = Y (F/(5"),n(S,5") + pll6(S, 5" £ 0,
i=1 i=1 i=1

equivalently,

p p p
D UF(SM),1(S,5) +pO(S,51) > 0=> D F(S) = Y Fi(S").
i—1 i=1 i=1

This subsection deals with some parametric sufficient efficiency conditions for
problem (P) under the generalized frameworks for generalized invexity. First, we
introduce the necessary efficiency conditions regarding the solvability for (P) and
(PA) as follows:
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Definition 2.11. An S* € X is an efficient solution to (P) if there does not exist
an S € X such that
Gi(S) T G(S*)

Next, we introduce the efficient solvability for (PA*) as follows:

Vi=1,...,p.

Definition 2.12. An S* € X is an efficient solution to (PA*) if there existno S € X
such that

Fi(S) = A/Gi(S) S F(S") = A/Gi(S"), Vi=1,...,p,

F(SY) Fp(S*))
G1(S*)" 7 G,(8)

where A" = (

3. Parametric Optimality Conditions

This section deals with some results on sufficient optimality conditions for the
generalized invexity of higher order (r > 1), where r is an integer. In the following
theorem, we examine some generalized sufficiency criteria relating to (P).

Theorem 3.1. Let S* € A" and let us suppose that F;,G;,i € {1,...,p}, and H;, j €
p

{1,...,m} are differentiable at S* € A" and there are u* € U = {u GR‘_’F iy uizl}
i=1

and v* €R'} such that

)4 m
<Zu§‘[F{(S*) — AGUSH]+ Y vIHI(SY), n(s,s*)> +pll6(s,59I" >0
j=1

i=1

VSeX, (3.1)
Fi(S) = A'G(S*)=0 forie{l,...,p}, (3.2)
v;‘Hj(S*)zo forjef{l,...,m}. (3.3)

We further suppose that any one of the following sets of assumptions holds:
(@ @) F;is (p,m,0)-invex and —G; is (p,n, 0)-invex at S* of higher order
(r=1)VvVie{l,...,p}.
(ii) v;.‘Hj(S*) is (p*,m, 0)-quasi-invex at S* of higher order (r > 1)
YV je{l,...,m}.
p m
(i) D uf[p+Ap1+ 2. vip*20.
i=1 j=1
(b) (@) F; is (p,n,0)-invex and —G; is (p,n, 0)-invex at S* of higher order
(r=1) Vief{l,...,p}.
(i) > v;‘Hj(S*) is (p,m, 0)-quasi-invex at S* of higher order (r > 1)
j=1
V je{l,...,m}.
p
(i) Y ui[p+Ap]+p* > 0.
i=1
Then S* is an efficient solution to (P).
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Proof. (a) If (ii) holds, and if S € X is an arbitrary point, then it follows (using
the (p,n, 6)-invexity of F; and (9,7, 0)-invexity of —G; at S*) that

i1

D uF(S) = 2Gi(S)]

i=1

p
=Y wHF(S) - Fi(8)] = A{[Gi(S) - Gi()]}

i=1
p

> ZMTH[F{(S*) —2;G{(8M)],n(S,8")) +[p +A;p1IIO(S, ST (3.4
i=1

Since v* >0, S € X and (3.3) holds, we have

M

ViH(S) < Y viH(SY),
=1
so in light of the (p, n, 0)-quasi-invexity, we arrive at
<Z FHI(S),m(S, S )> —p*116(S,8MII". (3.5)
j=1
It follows from (3.5) that
P
D W F(S) = A;Gi(S)]
i=1

_Zu{[F(S) Fi(S)] - 27[Gi(S) — Gi(S)1}

i=
p

Zuf{ [F{(S") = A{G{(§)1],n(S,S"N) + [p + A;p1NI6(S, S)I"}

m p
—( D058 )+ S ulTp + A ples, s

j=1 i=1

j=1 i=

{iv o +x:fm}||9(s,s*>nr
0 (by (111))_.1
It follows that

(F1(8) = 27Gy1(S), ..., F,(S) — 2;G,(S)) £(0,...,0).

Thus, we conclude that

F(S) FP(S)) *
6 G, ) F P

At this stage, as we observe that A* = ¢(S*) and S € X is arbitrary, it implies that
S* is an efficient solution to (P). Similar proof holds for (b). O

qs(S):(
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At this stage, we introduce the following notations for the next theorem as
follows:

A5 Au) =u[Fi(S)-2AG(S)], ie€p,

Bi(-,v)=v;H;(S), jem.
Theorem 3.2. Let S*€A" and let us suppose that F;, G;, i€{l,...,p}, and H;, j€
{1,...,m} are differentiable at S* € A™ and there are u* € U = {ueRi : i u; =1}

i=1
and v* € R such that

p m
( Sur(s) = MG+ Y WS (.5 +p 1005, 5 20
j=1

i=1 =

VSeX, (3.6)
Fi(S) = A'G(S*)=0 forie{l,...,p}, (3.7)
v;‘Hj(S*)zo forjef{l,...,m}. (3.8)

We further suppose that any one of the following sets of assumptions holds:
(@ @ ACAu) (Y i=1,...,p) are (p,n,0)-pseudo-invex of higher order at
S*;
(i) B;(-;v*) (V je{l,...,m} are (p,n, 0)-quasi-invex of higher order at S*.
b)) @ AGC;ASU") (Y i e {1,...,p} are (p,n,0)-prestrictly-pseudo-invex of
higher order at S*
(i) B;(-;v*) (V je€{l,...,m} are (p,n, 0)-strictly-quasi-invex of higher order
at S*.
(@ @ A(;ASu*,v*) (Vi e {1,...,p} are (p,n,0)-prestrictly-quasi-invex of
higher order at S*
(i) B;(-;v*) (V j € {1,...,m} are (p,n,0)-strictly-pseudo-invex of higher
order at S*.

Then S* is an efficient solution to (P).

Proof. Let S € X. Then it follows from (3.6) that it follows that

P m
( Suris) = 265,87 )+ { D vHis (s )
i=1 =1

+pl6(S,8M)">=0 VSeQ. (3.9
Since v* >0, S € X and (3.7) holds, we have

m m

xry/ 17/ Q%
D viH(S) < leijj(s ),
=

j=1
and this implies applying (ii) that
<ZVfH§(S*),n(S,S*)> +pll6(S,8)" < 0. (3.10)

j=1



150 Ram U. Verma

Next, applying (3.9) and (3.10), we find

p
( Swtr(s7) - MG, n(s.5)) + PSS = 0.

i=1

Now, by using (i), we have

P p
D R(S) = A[Gi(S)] 2 3 Jui [Fi(S7) = 2;Gi(S")].

i=1 i=1
On applying (3.7), this results in
p

z&ﬂmg—ﬁaﬁﬂza

i=1

Since u; > 0 for each i € p, the above inequality implies

@ﬁa—ﬁawpw@—@@@gzquw

which in turn, implies

C(RG) RS RO
)= (6’1(5)’ G cp(s)) £

Since A* = ¢(S*) and S € X is arbitrary, we conclude that S* is an efficient
solution to (P).
To prove (b), we have

*py/ *x17/ (o
Zijj(S)Szl:ijj(S ).
j=

=1

Now applying (ii), we have

=1

(D visn(5.87) +plloCs. I <0, (311)
Next, applying (3.9), we find

p
<ZMT[F{(S*) - %Z‘G{(S*)],H(S,S*)> +p[16(S,SDII" > 0.

i=1

Now, by using (i), we have

p p
D UIF(S) - AG(S)] = Y ul[F(8") - AG,(SM)].
i=1 i=1

On applying (3.7), this results in

p

D Ul F(S) = 2Gi(S)] = 0.
i=1
This implies in light of (a) that S* is an efficient solution to (P).
Similar proof holds for (c). O
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We need to introduce the following notations as we proceed to establishing
results on the generalized pseudo-invexity. Let {Jy,Js,...,J,} be a partition of the
partition of the index set {1,...,m}. Then J, C {1,...,m} for r € {0,1,...,q},
J.NJ;, =0 for each r,s € {0,1,...,q} with r #s and UfzoJr ={1,...,m}. Next,
we define the following real-valued functions (for fixed A, u, v on X as follows:

Ti(s 20 1,v) = w[F(S) = 4,Gi(S)+ Y v;H;(S)] forie{l,...,p},

Jj€Jo
A(S,v) =Y vH,(S) forte{l,...,q}
Jje,
Theorem 3.3. Suppose that SE€X and that F;, G;, i€{l,...,p}, H;, j€{l,...,m}
are differentiable at S*€X and there are u* €U and v*€R'! such that

P m
(SRS ) = A+ YIS 05, 5)) + plIOES, S 20
i=1 =

VSeX, (3.12)
F(§* )= AiG(S")=0 forie{l,...,p}, (3.13)

ijj(s*)zo for je{l,...,m}. 3.14)

We further suppose that any one of the following sets of assumptions holds:

(@ @ L;C;A5u*,v) (VY i=1,...,p) are (p,n, 0)-pseudo-invex of higher order
at S*;
() A;(;v) (V je{l,...,m} are (p,n, 0)-quasi-invex of higher order at S*.
(b) @) (- A5u v (Y i e {1,...,p} are (p,n, 8)-prestrictly-pseudo-invex of
higher order at S*
() A;(;v) (Y jefl,...,m} are (p,n, 0)-strictly-quasi-invex of higher order
at S*.
@ T;¢;A%5u*,v") (Y i € {1,...,p} are (p,n,0)-prestrictly-quasi-invex of
higher order at S*
() A;(5v9) (Y j € {1,...,m} are (p,n,0)-strictly-pseudo-invex of higher
order at S*.

Then S* is an efficient solution to (P).

Proof. (a) If (i) holds, and if S € X, then it follows from (3.9) that

P
( A= 2GS, ) +pln(s, s

i=1

q
+ <ZV;H;(S*),n(s,s*)> + <ZZV;H;(S*),n(s,s*)> >0

i€, t=1 jel,

VSeA™ (3.15)
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Since v* >0, S €X and (3.11) holds, we have
D VIH(S) < ) ViH,(SY),

tel, tel,

so we have

q q
D IALS V) S D IALS V).
t=1 t=1

Then in light of the (p, n, 8)-quasi-invexity, we arrive at

q
<ZZij;(S*),n(s,S*)> <—pll6s,8MII". (3.16)

t=1 jeJ,

It follows from (3.12) and (3.13) that

P
< PRACACHETHACHIN n(S,S*)> +pl16(S,SM)II"
i=1

+ <Zv;‘H;(S*),n(S,S*)> > p|l6(S,SHII".

j€dy

p
Since Y. u; =1, it follows that
i=1

P
< D UIIF(SY) = 2GS, n(S,S*)> + <u§‘ [Z ij;(S*)] ,n(s,s*)>

i=1 j€Jy
>0
= —pll6(S,SMII".
This, in turn, implies
p P
D NS, A% U, v = D (ST, A%, ut,v) =0. 3.17)
i=1 i=1
It follows from (3.17) that
p
D uF(S) — A;G(S)] = 0. (3.18)
i=1

Since u; > 0 for each i € {1,...,p}, we have from (3.7) that
(F1(8) = A1G1(S), ..., F,(S) — A1G,(S8)) £ (0,...,0).

Thus, we conclude that

Fy(S) FP(S)) *
68 G, ) Fh

¢(S)=(

At this stage, as we observe that A* = ¢(S*) and S € E is arbitrary, it implies that
S* is an efficient solution to (P). Similar proofs hold for (b) and (c). O
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Before we examine some more sufficient optimality conditions using a variant
form of the partition scheme applied for Theorem 3.3, we need introduce some
additional notations. Suppose that {I,I;,...,I,} be a partition of the index set
{1,...,p} such that K = {0,1,...,k} € Q = {0,1,...,q} for k < q, and the
function ©, = (., A", u*,v*) : A" — R is defined by J, = {1,...,m}. The real-
valued functions are defined as follows:

O,(52%u"v) = D Jul[F(S) =~ AG(S)] + ) | € v Hy(S)), t K.
iel, j
Theorem 3.4. Suppose that S € A" and that F;, G;, i € {1,...,p}, H;, j€

{1,...,m} are differentiable at S* € A" and there are u* € U and v* €R! such
that

p m
(SRS = MG + Y v 00055 ) +p10GS, 5 2 0
i=1 =

VSeA, (3.19)
F(S") = A*G(S)=0 forie{l,...,p}, (3.20)

v)’.‘Hj(S*)zo for je{l,...,m}. (3.21)

We further suppose that any one of the following sets of assumptions holds:

@ @ 6. ;A%u"v*) (Vv te{l,...,p} are (p,n, 0)-pseudo-invex at S*,
() A;(;v) (V jed{l,...,m} are (p,7, 0)-quasi-invex at S*.
(b) @) 6.(-; A% u*,v*) (VY te{l,...,k} are (p,n, 0)-prestrictly-pseudo-invex
at S*
() A;(;v) (V je{l,...,m} are (p,n, 0)-strictly-quasi-invex at S*.
(© @) o;(;A%u*,v*) (V tefl,...,k} are (p,n, 0)-prestrictly-quasi-invex
at S*
() A;(;v) (V jef{l,...,m} are (p,n, 0)-strictly-pseudo-invex at S™.

Then S* is an efficient solution to (P).

Proof. (a) We apply the method of contradiction. Suppose that S* is not an
efficient solution to (P). Then there exists an ST € A" such that

(Fl(S"”) Fy(S") Fp(S*))<(F1(*S) F,(S%) Fp(S*))
G1(ST) G5(ST)" "7 Gp(ST) ) T \Gi(S*) Go(S*)" 77 Gy(SM) )

This, in turn, using (3.17) implies F;(S™) — AfGi(SJ") <0 Vie{0,1,...,p}, while
strict inequality holds for at least one index [ € {0,1,...,p}. Since u* > O, it
further implies

D U IF (SN - A:G(ST) <0 fort K. (3.22)

icl,



154 Ram U. Verma

Since v* >0, S,S* € A" and, (3.16),(3.17) and (3.19) hold, we have
0.(8", A% u", v = > wi[Fi(ST) = A;Gi(SN] + D viH,(ST)

iel, jel,
<> w[F(sH -GN <0
i€l,
=Y WF(S) = A[G(S)] + Y viH,(S")
iel, Jj€Jo
=0,(58*, A", u*,v")

and
0,(ST, A", u*,v*) < ©,(S*, A", u*,v").

Now we have using (i) that

p
<Zuf[F{(s*) — ASGI(S] + ZZVjHJ’.(s*),n(ST,S*)> +plI6(ST, )" <o0.

i=1 teK je,
(3.23)
We observe, for each t € M \ K and S € A", we have
D ALVIS0= Y AV,
teM\K teM\K
and hence, we find
< >, Zv;‘H;(S*),n(S“,S*)> +pllo(s",$MI" < 0. (3.24)

teM\K jeJ,
Next, it follows from (3.19), (3.20) and (3.21) that

p m
(Sutrs) = MG + Y v s (S8 ) + plIGS', ) <0,
=

i=1

(3.25)
that is a contradiction to (3.19). Hence, S* is an efficient solution to (P). Similar
proofs hold for (b) and (c). O

Theorems 3.3 and 3.2 reduce to the case of the results on the generalized
(n, p, 0)-invexity, that is, r = 2.

Theorem 3.5. Suppose that S € A" and that F;, G;, i € {1,...,p}, H;, j <
{1,...,m} are differentiable at S* € X and there are u* € U and v* € R such
that

p m
<Zu?[F{(S*) SELAC) +ZV;H;(S*),n(s,s*)>+p||e(s,s*)||2 >0
j=1

i=1

VSeA", (3.26)
F(S")—A{G(S")=0 forie{l,...,p}, (3.27)
vJ’.“Hj(S*) =0 forje{l,...,m} (3.28)
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We further suppose that any one of the following sets of assumptions holds:

(@ @ ;A% u*,v*) (Y i=1,...,p) are (p,n, 0)-pseudo-invex at S*;
(i) A;(-;v*) (V je{l,...,m} are (p,n, 0)-quasi-invex at S*.

(b)) @ ;¢ A5u*,v*) (Y i e{l,...,p} are (p,n,0)-prestrictly-pseudo-invex at

g*

(i) A;(-;v*) (V je{l,...,m} are (p,n, 0)-strict-quasi-invex at S*.

(© @) r¢;A%u,v") (¥ ied{l,...,p} are (p,n, 0)-prestrictly-quasi-invex at S*
(i) A;(-;v*) (V je{l,...,m} are (p,n, 0)-strictly-pseudo-invex at S*.

Then S* is an efficient solution to (P).

Theorem 3.6. Suppose that S € A" and that F;, G;,i € {1,...,p}, H;,j €
{1,...,m} are differentiable at S* € A" and there are u* € U and v* € R} such
that

P m
( Swr(s7) = MG+ YV HI(S (s, ) + PGS, S 20
i=1 =1
VSeA", (3.29)
Fi(S) = A'G(S*)=0 forie{l,...,p}, (3.30)
v;‘Hj(S*)zo forjef{l,...,m}. (3.31)
We further suppose that any one of the following sets of assumptions holds:
@ @ e ;Au"v") (Vv te{l,...,p} are (p,n, 0)-pseudo-invex at S*,
(i) A;(-;v*) (V je{l,...,m} are (p,n, 0)-quasi-invex at S*.
(b) @) ©.(-; A% u*,v*) (Vv te{l,...,k} are (p,n, 0)-prestrictly-pseudo-invex
at S*
(i) A;(;v) (V je{l,...,m} are (p,n, 0)-strictly-quasi-invex at S*.
() @) o;(;A%u*,v*) (V tefl,...,k} are (p,n, 0)-prestrictly-quasi-invex
at S*
(i) A;(;v) (V je{l,...,m} are (p,n, 0)-strictly-pseudo-invex at S*.

Then S* is an efficient solution to (P).

References

[1] M.A. Hanson, On sufficiency of the Kuhn-Tucker conditions, Journal of Mathematical
Analysis and Applications 80(1981), 545-550.

[2] L. Caiping and Y. Xinmin, Generalized (p,6,n)-invariant monotonicity and
generalized (p, 0,n)-invexity of non-differentiable functions, Journal of Inequalities
and Applications Vol. 2009 (2009), Article ID # 393940, 16 pages.

[3] H.C. Lai and TY. Huang, Minimax fractional programming for n-set functions and
mixed-type duality under generalized invexity, Journal of Optimization Theory and
Applications 139 (2008), 295-313.

[4] S.K. Mishra, M. Jaiswal and Pankaj, Optimality conditions for multiple objective
fractional subset programming with invex an related non-convex functions,
Communications on Applied Nonlinear Analysis 17(3) (2010), 89-101.



156 Ram U. Verma

[5] S.K. Mishra, S.Y. Wang and K.K. Lai, Generalized convexity and vector optimization,
Nonconvex Optimization and its Applications, Vol. 19, Springer-Verlag, 2009.

[6] R.U. Verma, Approximation solvability of a class of nonlinear set-valued inclusions
involving (A, 1) -monotone mappings, Journal of Mathematical Analysis and Applications
337 (2008), 969-975.

[7] R.U. Verma, The optimality condition for multiple objective fractional subset
programming based on generalized (p,n)-invex functions, Advances in Nonlinear
Variational Inequalities 14(1) (2011), 61-72.

[8] G.J. Zalmai and Q.B. Zhang, Generalized (F,f,¢,p,0)-univex functions and
parametric duality in semiinfinite discrete minmax fractional programming, Advances
in Nonlinear Variational Inequalities 10(2) (2007), 1-20.

[9] G.J. Zalmai and Q.B. Zhang, Generalized (F, 3, ¢, p,0)-univex functions and global
parametric sufficient optimality conditions in semiinfinite discrete minmax fractional
programming, PanAmerican Mathematical Journal 17(3) (2007), 1-26.

Ram U. Verma, Department of Mathematics, Texas State University, San Marcos,
Texas 78666, USA.
E-mail: verma99@msn. com

Received September 2, 2011
Accepted October 19, 2013



