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Mixed Type Second Order Symmetric Duality
in Multiobjective Programming

I. Husain, A. Ahmed, and Mashoob Masoodi

Abstract. A pair of mixed type multiobjective second-order symmetric dual
program is formulated. Weak, strong and converse duality theorems are validated
under bonvexity-boncavity and pseudobonvexity-pseudoboncavity of the Kernel
function appearing in the primal and dual programs. Under additional conditions
on the Kernel functional constituting the objective and constraint functions,
these programs are shown to be self dual. This formulation of the programs not
only generalizes mixed type first order symmetric multiobjective duality results
but also unifies the pair of Wolfe and Mond-Weir type second order symmetric
multiobjective programs.

1. Introduction

Duality theory has played an important role in development of optimization
theory. Inception of duality theory in linear programming may be traced to
classical minmax theory of Von Neumann [16] and was first explicitly given by
Gale, Kuhn and Tucker [8] Duality results have proved to be useful in the growth
of numerical algorithms for solving certain classes of optimization problems. For
nonlinear programming problem, the existence of duality theory helps to develop
numerical algorithms, as it provides suitable stopping rule for primal and dual
problems. Applications of duality are prominent in physics, management science,
economics and engineering.

Following Dorn [7], first order symmetric and self duality results in
mathematical programming have been derived by a number of authors, notably,
Dantzig et al. [6], Mond [15], and Bazaraa and Goode [1]. In these aforecited
references, the authors have studied first order symmetric duality under the
assumptions of convexity-concavity of the kernel function involved. Mond and
Cottle [13] gave self duality by re-examining the programs of [15]. Later Mond
and Weir [14] presented different pair of symmetric dual nonlinear program
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with a view to relax convexity-concavity of kernel functions to pseudoconvexity-
pseudoconcavity.

Mangasarian [11] was the first to identify second order formulation the
nonlinear programs under the assumptions that are complicated and somewhat
difficult to verify. Mond [12] introduced the concept of second order convex
functions named as bonvex functions by Bector and Chandra [2] and establish
second order symmetric duality results under the assumptions of second order
convexity on functions involved in the primal program. In [12] Mond has
essentially remarked that the study of second order duality is important due to its
computational advantage over first order duality as it provided tighter bound for
the value of the objective function when approximations are used. Subsequently,
Bector and Chandra [3] presented a pair of Mond-Weir type [14] second order
symmetric and self dual programs in order to relax the bonvexity-boncavity
conditions on the kernel function, considered in Mond [15] to pseudoconvexity-
pseudoboncavity.

Chandra, Husain and Abha [5] presented a new symmetric dual formulation
(called mixed symmetric dual formulation) for a class of nonlinear programming
problem and derived various duality results. Their mixed formulation unifies the
Wolfe [18] and Mond Weir type [14] symmetric dual formulations respectively,
incorporated by Dantzig et al. [6] and Mond-Weir [14].

Recently Suneja et al. [17] studied Mond-Weir type second order symmetric
duality in multiobjective programming by establishing usual duality theorems
under 7n-bonvexity and 7m-boncavity assumptions. They also proved self duality
theorems under skew symmetry of the kernel function that occur in the formulation
of the problems. In [17] each component of the multiobjective dual models
involves different auxiliary variables p; and q;, i = 1,2,...,k, disagreeing with
the formulation of second order dual model having single auxiliary variable p,
presented by Mangasarian [11].

The purpose of this research is to present multiobjective version of the second
order mixed symmetric and self duality in traditional mathematical programming
with a single objective treated by Husain and Abha [9]. This formulation of the
problems considers the same auxiliary variable p in the primal and the same
auxiliary variable q in the dual, which is the conformity with the Mangasarian’s
[11] formulation. Obviously, our formulation unifies Wolfe and Mond-Weir type
symmetric second order dual models which are not studied in the literature. In
addition to validation of various duality theorems under suitable second order
convexity/generalized second order convexity, an attempt is also made to identify
self duality for this pair of programs under additional restrictions on the kernel
functions involved.
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2. Pre-requisites and Definitions
Let R" denoted the n-dimensional Euclidean space. The following ordering
relations in R" are recalled for our use. If x, y € R", then
x<yex; <y, (=12,...,n)
xSyex;Zy, (=12,...,n)
x<yox; <y, (i=12,...,n),but x#y
x £ y is the negation of x <y

For x,y €R, x < y and x < y have the usual meaning.

Let ¢(x,y) be twice differentiable real-valued function defined on R™ x R".
Let V,¢(x,¥y) and V, ¢ (X, y) denote the gradient vectors with respect to x and
¥, respectively evaluated at (%, 7). Also let V2¢(%,¥) and Vi(ﬁ(:'c, ¥) debits the
Hessian matrix of second order partial derivatives of ¢ with respect to x and y,
respectively evaluated at (x,y). The symbols V, ¢(x,y) and V,,¢(x,y) are
similarly defined. The symbols V,(V2¢ (%, y)q) and VX(V§¢()'C, ¥)p) denote the
matrices whose (i, j)th elements are respectively given as aiyi(vicb(fc, ¥)q);, with
g €R" and %(Vi(ﬁ(i,y)p)j with p € R™.

Definition 2.1. The function ¢ us said to be bonvex in first variable x at u € R™,
if for all v e R", g € R", x € R" and for fixed y,

¢ (x,v) — ¢, v)
> —_NT 2 _1 T2
Z (x—w) [V p(u,v)+ Vi(u,v)q] 54 Vip(u,v)q.

and ¢ (x,y) is used to be boncave in the second variable y at v, if for all u € R™,
p; €R™, y € R™ and for fixed x € R",

¢(X,V) _f(xa.y)
1
S (v =Vy90 )+ V60 yIpl = op Vb (x, yIp.

Definition 2.2. The function ¢ is said to be pseudobonvex in the first variable x
atueR", if forall veR",q; €R" and x € R" and for fixed y,

Cr—w)" [Vep(w,v)+ V2w, v)q] 20
S PN Z Pl - 20 V29 Vg

and ¢ us said to be pseudoboncave in the second variable y at v € R", if for all
ueR™, peR™and y € R™ and for fixed x € R"

v =)V, d(x,y)+ V3¢(x,y)p] =0

1
= e =e(x )= 5P V¢l yp.
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Definition 2.3. The function ¢ is said to be skew symmetric, when both x and
y €R", and

¢(x,y) ==y, x),

for all in the domain of ¢.

Consider the following usual unconstrained multiobjective optimization
programs;

(VP) Minimize (x) = (3p1(x),2(x),...,P*(x))
subject to x € X = {x €R"|h(x) = 0}

where v : R” = R* and h : R* — R™.

Definition 2.4. (a) A point X € X is said to be an efficient solution of (VP) if there
exists no other x € X such that ¥(x) < ¥ (x).

(b) A point x € X is said to be properly efficient solution of (VP) if it is efficient
and if there exists a scalar M > 0 such that foreachi € {1,2,...,k} and x € X
satisfying ! (x) < ¢ (%)

P! () — ' (x) “u
P -l ~
for some j such that 1! (x) > y(x).

(c) An efficient point X € X that is not properly efficient is said to be improperly
efficient. Then X is improperly efficient means that every scale M > 0 (no
matter how large), then point x € X and an i such that 1!(x) < v*(x) and

W -y
Pl(x) —Pt(x)
for all j satisfying v!(x) > 1(x).

(d) A point x € X is said to be weak minimum of (VP) if there does not exists any

feasible point x such that ¢ (x) > ¢ (x).

M,

Any efficient solution of (VP) is obviously a weak minimum of (VP).

3. Mixed Type Second Order Multi-objective Duality

For N = {1,2,...,n} and M = {1,2,...,m}, let J; € N and K; € M and
J, =N\ J; and K, = M \ K;. Let |J;| denote the number of elements in the subset
Jy. The other symbols |J,|, |K;| and |K,| are defined similarly. Let x! € R and
x? € R¥2!| then any x € R can be written as x = (x', x?). Similarly for y* € Rl
and y? € R® |, can be written as y = (y',y?). Let f : Rl x RKil — R and
g : RV2l x Rzl — R be twice differentiable functions. It is to be noticed here that
if J; is an empty set, the J, = N, |J;| = 0 and |J,| = n. Then R¥1l and RV:l x Rl
will be the zero-dimensional and |K;|-dimensional vectors respectively. Similarly
we can describe the cases K; an empty set, K, an empty set and J,, as an empty
set.
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We now introduce the following pair of nonlinear programs and study its second
order symmetric duality by the following theorems:

Primal Problem:

(SMP): Minimize F(x!,x2 y',y% p,r)
=(F(x', %%, yY y%,p, 1), (o, %%,y y2,p, 1)

subject to V1 (AT f)(x!, y") + Vil(ATf)(xl,yl)p <o, (3.1)
V2 (A1), y*) + V2, (AT ),y 20, (3.2)
OV, )%,y + sz(ng)(Xz,yz)r] 0, (3.3)
xLx2=o0, 3.4
AeA”. (3.5)

Dual Problem:

(SMD): Maximize G(u',u? v!,v% q,s)

= (Gl(ul’ u2’ vl) Vz: q:s)’ s Gk(ul’uzy Vl; Vz: q:s))

subject to V1 (A" ), v + V2, (AT F)ut, v g 20, (3.6)
V(AT Q)W v*) + V2, (A" g)w?, v?)s 2 0, (3.7
@) [V )W v?) + V2, (AT &)W, v*)s] 0, (3.8)
xLx2>o0, (3.9)
AeA”. (3.10)

where
@ Fi(xla?yhy?p,r)=filxt,y) - %pTV;fi(xl,yl)p
—ODHY ATy + VL AT ), y e}
+8i(x? y%) - %rTvizgi(xz,yz)r
G G,y v%,,8) = filul v = 5aT V2, (!, v
— WYV v+ VLA !, va}
+ g; (W, v?) — %sTVizgl (w?,v?)s

(iii) p € R&I, r e Rl g € RMI s € Rl and A = (A,,...,4,)T with A, €R,
i=1,2,...,k.

k
(v) AT = {A €RN A > O,Z)Ll}
i=1

1
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Theorem 3.1 (Weak duality). For (x!,x2,y",y%, A,p,r) be feasible for (SMP) and
(u',u?,v',v2, A, q,s) feasible for (SMD), let

(i) foreachie€ {1,2,...,k}; f1(-,¥') be bonvex at u® for fixed y' and f,(x',-) be
boncave at y! for fixed x', and
(i) ATg(-,y?) be pseudoconvex at u? for fixed y?, and AT g(x?,-) be pseudoboncave

at y? for fixed x2.
Then F(x',x2,y1,y%,p,r) < G(ut,u?,v',v%,q,s).
Proof. By the convexity-boncavity of f;, i € {1,2,...,k},
S v = [ v 2 (= u) [V fid, v + V2 fi(ut, v ]
- %qTVflfi(ul,vl)q (3.11)

and
FGAE YD) = il yDT 2 0 =y DIV filet, ¥y + V2 £, yDp]

- %pTV§1fi(xl,y1)p. (3.12)
Multiplying (3.12) by (—1) and adding resulting inequality to (3.11), we have

1
filxt,yh) = EpTvilfi(xl,yl)p —HHVEAT Gy + V2T yDp}

2
2 VLA YD VLA YD - (VD VY, fileLy D) + V3 filx Ly Dp}

(E - 9) - [fi(ul)vl) - %quilfi(ul)vl)q - (ul)T{vxlfi(ul,vl) +vi1fi(u1’vl)q}j|

Using (3.5) and (3.10), this inequality becomes,

k
1
M0t = 3TV
i=1

T, 0T G+ TR TG e
k 1
—Zli [fi(ul,vl) - EqTVilfi(ul,Vl)q
i=1
(T )+ AT v |
> (YT ) + VAT v g
SOV T ) + VR (T ),y ).



Mixed Type Second Order Symmetric Duality in Multiobjective Programming 171

This, in view of (3.6) with (3.4), and (3.1) with (3.9), yields,

k
1
D[ et = 3TV

i=1

T TG+ TR AT
k 1
DNAVCADEET A

—(W) V(AT v +Vi1(le)(ul,V1)q}} . (3.13)
From (3.4), (3.7) and (3.8), we have
(=) [V (A 9)W?, v + V244" g)(w?,v?)s] 2 0.
Also from (3.9), (3.2) and (3.3), we have
02 =y V(AT )%, y*) + V(AT g)(x?, y*)r] = 0
By pseudobonvexity of AT g(-, y?) at u?, we have
1
M) 2 [ ) ) - 35V v | 314
and by pseudoboncavity AT,(:, ¥?) at y?, we have,
1
Mg, v?) S ATg(x*, y") = or V(AT )%, y)r . (3.15)
From (3.14) and (3.15), we have
1
Mg, y?) = ori Vi, ), y )
1
2 Mg, v?) — s VL (AT g)(x*, v (3.16)

Combing (3.13) and (3.16), we have

k
Z?L [fl(x Y ) Tvzlfl(x Y )p
i=1

- (yl)T{Vyl(le)(xl,yl) + V5, ), yp}

1
a0y~ STV y )r}

k
1
i E [fl(u V _EqTVilfi(ul’vl)q
i=1
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— W)V, v+ VAT, v g}
+ AT g (W, v*) — %sTvizgi(uz,vz)s]

or

k k
ZAiFi(Xl,xz;yl,yz;P, T') z ZAiGi(u:l’uzy Vl:VZ’ q’s)

i=1 i=1

or

ATF(xY, x2, vt vy, p,r) 2 ATG(u!, u?,vi,v2,q,5).
This implies

F(x',x% y', y%,p, 1) £ G, u?,v!,v2,q,5). O

Theorem 3.2 (Strong duality). Let for each i € {1,2,...,k}, f! be thrice

differentiable on R" x R™. Let (x',%2, 7,72, A, p,T) be a properly efficient solution

of (SMP); fix A = L. Assume that

(A;): the set (Vilfl, Vilfz, ey Vilfk) is linearly independent,

(Ay): the set (Vizgl, Vizgz, e, Vizgk) is linearly independent,

(A3): both the Hessian matrices Vyl(Vil(in )p) and Vyz(Viz(iTg)r), are either
positive or negative definite,

(Ay): the set (V28 + Vizglf, V285 + Vizng,...,vyzgk + Vizgk?‘) is linearly
independent and

(A5): the set {Vif; + Vf/lflp,vylfz + V§/1f2p,...,vy1fk + Vilfk[)} is linearly
independent.

Where fl =f1(‘)_cl’.)_/l)7 &1 = gl()_cli.)_/l)y i= 1’2:"‘;k'

Then (1, %2, 7,72, A,3 = 0,5 = 0) is feasible for (SMD) and F(x!, %2, 7,72 A,p, 7)

=G(x', %%, 7', 7%4,4,5).

Proof. Since (x',%2, 7,72 A,p,7) is a properly efficient solution of (SMP), it is
also a weak minimum. Hence there exist a € R, with a = (a;,a,,...,a;) and
ueRk B eRrkl g eRrkl §' e RV 52 e RVl and ) € R such that the following
Fritz John optimality condition [12] are satisfied at (X', x2, 7!, 72, A, p, )

Va@ )+ (B —-(a"e)y")' vV, (A7 f)
k -
+;{(ﬁ_(aTe)yl)il—();Lp}vxl(vilflp)zél’ (3.17)

vxz(aTg) + (9 - nyz)vyzxz(ATg)

k -
- ar

+Z{(9—ny)%——; }sz(V§zg1f)=62, (3.18)

i=1
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Vyi(a—(a" D) f + (B - (a’e)y" = (a’e)p) V2, (A" f)

k -
+Y° {(/5 ~ (@' )y )i - %}vyl(vilﬁp) =0, (3.19)
i=1
Vy:(a—nA)"g+(0 —ny* -0V g)
= alr
+ {(9 = ny*)A - T} V,:(V3.87)=0, (3.20)
k -
D (B - (@) —apIV2 f, =0, (3.21)
i=1
k -

D (0 =nyHA, - a;FIVEg =0, (3.22)
i=1
B— (")) [V, fi + vilfp] +(0 -1y [V,.g+ Vizgf] +u=0, (3.23)
BV, (AT f)+ V2 (AT f)p] =0, (3.24)
67[V,(A"Tg) + Viz(iTg)f] =0, (3.25)
N7 [V,:(A8)+V5.(ATg)F] =0, (3.26)
s'x'=o0, (3.27)
5°x* =0, (3.28)
u'a=o, (3:29)
(a,B,60,n,6%,8%, ) >0, (3.30)
(a:ﬂ) 97”75176212'7“)#0' (331)

Since A > 0, from (3.29), we have
u=0. (3.32)

From (3.21) along with the assumption (A;) and (3.22) along with the
assumption (A,), we obtain

B-(a"e)yHA =a;p, i=1,2,....k (3.33)
and
(0 —nyH)A, =ay7, i=1,2,..., k. (3.39)
Multiplying (3.23) by A and using (3.29), we get

(B=(a’e)yH (Vi (AT f)+ V(AT f)p)
+(07 =03V ,2 (A7) + V(AT g)F] =0. (3.35)
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From (3.25) and (3.26), we have
(07 =ny*)[V,2(ATg) + V3, (A )] =0 (3.36)
ie.,
(07 =ny*)V,2(nA) g + V3.(nA) gF] = 0. (3.37)
Using (3.36) i.e. in (3.35), we have
(B=(a"y) (Vi (AT f)+ V(A f)p) =0 (3.38)
ie.,
(B = (a7 (V,i((a"AT )+ V2 (a"e)ATf)=0. (3.39)
Using (3.33) in (3.19) and (3.34) in (3.20), we obtain
(a = ("M (Vi f +V35.fP)+ %(/3 = ()Y (V3. (Af)p) =0, (3.40)
(a=n" D) (Vyeg +V2,87) + %(9 —17*)V,2(V3,(Ag)7F) =0. (3.41)

On multiplying (3.40) by (8 —(a’e)™'y) and (3.41) by (0 —nA)T and then adding,
we obtain

(B - (@")yNV i (a— (@) f + V2, ((a — (")) f p}
(0 =n"3){V,2(a—n"A)g +(V3.(a — 0" DgF}
4508~ ()7 V5 (VAP + (B~ (ae)")
4200 =y (TP + (0 - 03P =0, (3.42)
Using (3.32) and then multiply (3.23) by a, we have
(B —(@"e)yHV i (a— (@’ f + V2, ((a - (")) f b}
+(0 —ny)'{V,2(a"g) + V3.(ag)F} = 0.
Summing (3.37) and (3.39) from this inequality we have
(B - (@")yHV i (a— (@)D f + V2, ((a - (")) f b}
+(0—n"y) "V 2(a =" Vg +(Vi(a—n"Dgft=0.  (3.43)
Using (3.43) in (3.42), we have
(B = (a’e)yHV (VL (AT P (B~ (a"e)7")
+(0 — 07V 2 (V5.(ATg)R) (6 —ny*) =0. (3.44)
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But by the assumption (A3), we have

(B —(a’e)y)' V1 (V3 (Af)P)B — (a"e)7") =0
and

(0 =n7)'V,2(V24 (AT (6 —n3*) =0
which respectively gives

B—(a"e)y' =0 (3.45)
and

0 —ny*=0. (3.46)
From (3.40) together with (3.45), we have

(@~ (@A) (Vi f + V2 fp)=0
which because (As) gives

a—(afe)Al =0. (3.47)
The relation (3.41) together with (3.46) gives

(a—nANT{V, .0+ Ving} =0
which because of (A,) implies

a—nA=0. (3.48)

If possible, let n = 0. Then from (3.48), we have a = 0 and from (3.45) and
(3.46) we have & = 0 = 3. From (3.17) and (3.18), we get 6 = 0 and 52 = 0.
Contradicting (3.31).

Hence 711 > 0. From (3.48) we have a > 0. From (3.45) and (3.46) we obtain
yl=0, y*>=o. (3.49)
From (3.17) along with (3.33) and (3.47), we get
Va(ATf)=6%
This along with (3.30) and (3.27), we obtain
Va(ATf)=0 (3.50)
and

GEHIV.(ATF)=0. (3.51)
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From (3.18) along with (3.34) and (3.47), yields
V..(ATg) =62
This along with (3.30) and (3.28) yields
Ve(ATg)=20 (3.52)
and
xHTV,.(ATg)=0. (3.53)

From (3.33) along with (3.45) and a; > 0, and from (3.34) along with (3.46)
a; > 0, respectively, we have

p=0=TF.

From (3.49), (3.50), (3.52) and (3.53), it implies that (x!,x2, !, 7 A, ¢ =0,
s = 0) is feasible for (SMD).

From (3.24) along with (3.45) and a > 0 and (3.26) with n > 0, we have
respectively,

(VAT )+ V(AT f)p)=0 (3.54)
and

T (V,2(AT ) + V3.(ATg)F) = 0. (3.55)
Consider

F(xh, %5, 5% A,p,7) = fi(x, 51 - %ﬁv;fi(fcl,yl)p
—(OHV AN (&L I+ VAN (', 7B}
+&i(x%,7%) - %ff V2.8i(X% )T
This, along with (3.54) and p = 0 =7, becomes

Fi(x', %%y, 7%, 4,0, 7) = fi(x', ¥ + g%, 75, i=1,2,....k. (3.56)

—(EDHV AT &L D+ VAT (F, 7}

o - 1_ 9 one
+g.(x%, 7)) - ESTVizgi(xz,yz)s.
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This along with (3.51) and g =§ = 0, becomes
G(x', %%, 7,74 1,3,5) = fi(xL, ¥+ (3%, 7Y, i=1,2,....k (3.57)
From (3.56) and (3.57), we have
Fi(x', %%, 7Y, 72,0, p,7) = Gi(x', 2, 7', 7%, 1,3,5), forall i €{1,2,...,k}.
This implies
Fi(x', %%, 7Y, 72,4, p,7) = Gi(x', 2, 71, 7%, 1, 4,3). (3.58)
That is, the objective values of (SMP) and (SMD) are equal.

If (x!,%2, 7,72 A,3,5) is not efficient, then there exists (a', a2, v',v2,1,§,5)
such that

G(@',u?,v',v%,2,4,5) = G(x', %%, 7', 7%, 2,4,8)
which because of (3.58) gives
G(@', %, v',v2,2,4,5) = F(x*, %%, 7', 7%, A, b, 7).

This contradicts the weak duality (Theorem 3.1).
If (x',%%7',7%2,3,5) were improperly efficient, then for some feasible
(@', a2, v, 72, 2,q,5) and some i

G;(at,u?, ¥4, 9%, A,3,5) — F.(x1, 22, 71, 7%, A, p,7F) > M
and so is
ATG (@b, a?, 94,92, A,4,5) > ATF(xY, %2, 71, 72, A, p, 7).

This again contradicts Theorem 3.1. Hence (¥, %%, 7!, 7% A,3,5) is, indeed, a
properly efficient solution of (SMD).

Theorem 3.3 (Converse duality). Let for each i € {1,2,...,k}, f; be thrice
differentiable on R" x R™. Let (x',%%, 7', 7%, A,3,5) be a properly efficient solution
of (SMD); fix A = ) Assume that

(C1): the set V2, f1, V2, f,,..., V2, fi is linearly independent,

(Cy): the set V2,81, V2,85,..., V2, g is linearly independent,

(C3): both the Hessian matrices V,1(V2, (A" £)q) and V ,2(V2,(A"g)F) are either
positive or negative definite,

(C4): the set {Vyufy + V214,V fo + V21 foQ,..., Vi fi + V2. fiG} is linearly
independent; and

(Cs): the set {V,2g, + Vizgls', V,28y + Vi2g2§,...,vngk + Vizgks‘} is linearly
independent.
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where f; = fi(x',7"), & = &i(x}, '), i= ., k. Then (x' a‘c,y y ip 0,
7 = 0) is feasible for (SMP) and F(x!, x2, 1 '2 Ap,r)—G(x 22,75, 7%, 4,3,5).

Moreover, if the hypothesis of Theorem 3.1 are satisfied for all feasible solutions
of (SMP) and (SMD), then (!, x2, !, 2, i,f), i) is a properly efficient solution of
(SMP).

4. Mixed Type Second Order Multiobjective Self Duality

In this section, we now prove the following self-duality theorem. A mathe-
matical program is said to be self-dual, if it is formally identical with its dual,
that is, if the dual is recast in the form of the primal, the new program so obtained
is the same as the primal. In general the program (SMP) and (SMD) are not self
dual without an added restriction on f;(x,y) and f;(y,x), i € {1,2,...,k}. The
functions f; : R¥1l x RV2l — R and g; : RVl xRVl - R, i € {1,2,...,k} is the skew
symmetric if for all x, y € R",

filx, yHY=—fi(yLx"),ie{1,2,...,k} and g;(x? y?) = g;(y% x?).

We describe the programs (SMP) and (SMD) as dual program if the conclusion
of Theorem 3.2 hold.

Theorem 4.1 (Self duality). If the kernel function f;(x!,y') and g;(x!,y?) for
i € {1,2,...,k} are skew symmetric, then (SMP) is self-dual. If also (SMP) and
(SMD) are dual program, and (x!,x2, !, 2, i,f), 1) is a joint optimal solution, then
sois (y', 52, %, %2, 4,p,7) and F(x!, %%, 71, 72,4, p,7) = 0.

Proof. Consider (SMP) and note that (SMD) can be written:
Minimize — G(x',x?, y',¥%,q,s)
=(=Gi(x',x% ¥, ¥%,q,5), ..., —Ge(x, x%, y 1 y%,q,9))
subject to — (Va(ATf)(x!, ¥y + V(AT F)(x', ¥y 20,
~(Ve(ATg)(x?, y*) + VLA g)(x%, y?)s) £ 0,
() (Ve (AP, y?) + VL (AT g)(x?, ¥*)s) 2 0,
yLy*zo0,
A eAt,

where

G(X X ’y y A q,S) - fl(x Y )_ Tvzlfl(x Y )q
—(xl)T(Vxl(ka)(x YD+ VEATAE yD)

1 T2
+g1(x Y ) —S \Y% Zgl(x >y )S
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Since for each i € {1,2,...,k}, f; and g; are skew symmetric,
vxlfi(xl’ yl) = _vylfi(yl’ xl); vngi(xza .YZ) = _Vyzfi(yz; xz)z
Vea(AT)(x% y?) = =V (AT )(y%, 1), Ve (AT )(x?, y*) = V5, (AT )(y?, x?),
v)z(l (ATf)(xl) yl) = _vf,l (A'Tf)(yl’ xl): vx1 (A’Tf)(xl) yl) = _v_y1 (A'Tf)(yl’ xl):
and program (SMD) becomes.
Minimize G(y!, y2,x!, x2,q,s)

=Gy y%x' %%, q,5),.., Gy, y%, x ', X7, q,5)
subject to (V1 (A" (y',xD) + V5, A"y xDg =0,
—(V,-(A" )% ) + Viz(ng)(yz,Xz)S) =0,
(VA" x*) + Viz(ng)(yz,xz)S) =0,
yhy*zo,
AEAT,

where

1
Gyhy%xhx%,2,4,8) = fily',xD)+5a VI fily, xg
—(ODHYATH LD+ VLA A x D

1
+ai(rhx) = 55 VL xS, i=1,2, k.
This is just (SMP).

The remainder of the proof follows on the line of [3] and [4]. O

5. Special Cases

Ifk=1,A=1, f; = f and g; = g, the second order symmetric multiobjective
dual programs (SMP) and (SMD) to the following program, studied by Husain and
Abha [9]:

Primal Program:
1 Tvz f()_fl —1)
5P Vi >, Y )P

+OD VY f Oy D+ Vo f(x, yDp}

(SP) : Minimize F(x!,y!, y% y%,p,r)=f(xt,y!) -

1
+g0c%y?) = o Ve (x®, yr
subject to V. f (x',y")+ Vilf(xl,yl)p =0,
V,:8(x% y*) + Vf,zg(xz,yz)r =0
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D'V, g(x?, ¥y + V3,g(x?, y*)r 2 0

xthx2=o0.
Dual Program:

1
(SD) : Maximize G(u!,u?,v!,v?,q,s) = f (u!,v!) — Equilf(ul, vl)q
+ @)V f @ v+ V2 f (', vhg}

1
+g(u?,v?) - ESTVizg(uz, v2)s
subject to V1 f(u!,v!)+ Vilf(ul, vHg=o,
V,2gW? v?) + Vizg(uz, v¥)s 20,
W)V, g (2, v*) + V2, g (%, v2)s} S 0,
vihvi=o.
IfJ, = ¢ and K, = ¢, the programs (SMP) and (SMD) reduce to the following pair

of Wolfe type second order multiobjective dual programs which are not explicitly
studied in the literature

Primal Program:
(SWP) : Minimize F(x!,y',p) = (F1(x',¥%,p), ..., F}(x', ¥',p))
subject to V1 (AT F)(x', ¥y + V3, (AT f)x!, yp =0,
x> o,
AeEAT.
Dual Program:
(SWD) : Minimize G'(u',v',q) = (G, (u',v',q),..., G (u',v',q))
subject to V(A" f)(u',v!)+ V2, (AT ', v)g 20,
y'=>o,
LeEAT,
where, for eachi € {1,2,...,k},
@ Fil(xl,yl,P)=fi(xl,y2)—(yT)[Vyl(?\Tf)(xl,yl)-i-Vil(le)(xl,yl)P]
1
=3P Vo filehyDp,
(i) Gl',v',q) = f;(u",v") = W[V (AT W, vH) + V2 AT ', vhg]

1
_ 2 T2 (1 41
54 Vyufillw',va.
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If J; # ¢ and K; = ¢, the programs (SMP) and (SMD) become the Mond-Weir
second order multiobjective dual program which are reported in mathematical
programming.

Primal Program:

(SMWP) : Minimize F?(x2,y?,r) = (Flz(xz,yz, 1) T Ff(xz,yz, r))
subject to V,2(A"g)(x?, y?) + sz AT9)(x3 yHr=o,

OOV, (ATg)(x2 y?) + V2, (T 8)(x?, y*)r] 2 0,
x*20,

A>0.
Dual Program:

(SMWD) : Maximize G*(u?,v?%,s) = (GZ(u?,v%,5),..., Gp(u?,v2,s)),
subject to V,2(ATg)(u?,v?) + Viz(kTg)(uz, v3)s >0,
W)V W v?) + V2, g)w? v*)s] 20,
v 20,

A>0.
where, for eachi € {1,2,...,k},
. 1
() Fi(x,y% ) = gi(x%,y?) = 51TV v,

1
(i) G;(u?v?%s)=g;w?v?)— EsTvizgi(uz,vz)s.

If p=q =s=r =0, then the programs (SMP) and (SMD) reduce to the mixed
type first-order symmetric multiobjective programs studied by Bector, Chandra and
Abha [4].
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