Journal of Informatics and Mathematical Sciences

Vol. 6, No. 1, pp. @-@ 2014 RGN

ISSN 0975-5748 (online); 0974-875X (print)

Published by RGN Publications http://www.rgnpublications.com

Orthogonal Wavelet Packets in Discrete
Periodic Spaces and Applications [Research Article]

Meixiang Yang

School of Mathematics and Computational Science, Guilin University of Electronic Technology,
Guilin, 541004, China

1076579669@qq.com

Abstract. This paper proposes the construction and application of orthogonal wavelet packets
in discrete space ¢2(Zy). First, we give the definition and construction of orthogonal wavelet
packets. Moreover, the corresponding orthogonal decomposition is proved. Then, the realization
of decomposition and reconstruction algorithm is studied. Finally, a numerical example for signal
processing is given, which shows that signal processing based on wavelet packets in discrete spaces
can gain better effect in some cases.
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1. Introduction

Wavelet analysis has made great progress in the past twenty years, but most of them focus
on the function space L2(R). In wavelet decomposition procedure, the generic step splits the
approximation coefficients into two parts and obtains a vector of approximation coefficients
and a vector of detail coefficients, both at a coarser scale. Then the next step consists of
splitting the new approximation coefficient vector, successive details are never reanalyzed. In
the corresponding wavelet packet situation ([1]), each detail coefficient vector is also decomposed
into two parts using the same approach as in approximation vector splitting, this offers the
richest analysis. Since the signals gathered in practice is discrete, it is more natural and more
important to study the wavelet theory in discrete spaces ([2]-[8]). This paper mainly studies the
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wavelet packets in discrete periodic space
0(Zn) = {2 = (2(0),2(1),...,2(N-1)): z(j)eC, 0<j<N-1}.

In convention, z(j + N) = z(j), j€ Z. It is a Hilbert space under the inner product and norm

N-1 - N-1 2
z,0)= Y z(R)w(k), ||z||:(2 |z<k)|2) :
k=0 k=0

The discrete Fourier transform z = (2(0),2(1),...,2(N — 1)) € ¢*(Zy) is defined as

~ N-1 _ 2nimn
zZ(m) = Z z(n)e” N .
n=0

For z € ¢?(Zy), define the following conjugate reflection, translation operator, up-sampling and
down-sampling (N =2M) as

zZ(n)=z(-n)=2z(N —n), (Rpz)(n)=z(n—=Fk).

z(g), n|2,

U:t%Zyn)— (3(Zay), Uz)n)= {
0, nt2;

D :0(Zy)— 03 (Zy), D(z)(n)=2(2n).

2. Construction of Wavelet Packets

In this section, we will give the specific method for constructing orthogonal wavelet packets.

Definition 2.1. Suppose N is divisible by 27. A pth-wavelet filter sequence is a sequence
of vectors u1,v1,u2,02,...,Up,Up such that, for each ¢ =1,2,...,p, uy,vs € éz(Z[L), and the
=

system matrix

1 ue(n) Ue(n)
Ain)=— . N R N)

\/§ ug(n+2[) g(n+27
is unitary for all n:O,l,...,éV—g—l

As described in [2], pt* wavelet filter sequences can be obtained by folding method, that is,
if we have u1,v1 € ¢2(Zy) such that A;(n) is unitary for n =0,1,..., Y _1,thena p" wavelet
filter sequence is defined by

2?71_1 2[71_1

EN
ugn)= ) u1(n+F), ve(n)= ) v

k:0 k:O

nt o

kN).
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Definition 2.2. Suppose N is divisible by 27, where p is a positive integer. Let B be a set of
the form

-1

{R2Pkg(0)} :01 {R2Pkg(1)} {Rzpkg(2p 1)}

k=0

for some gg)), gg,l), ,gfvzp De g2z ~). If B forms an orthonormal basis for ¢2(Zy), we call B a

ptt stage wavelet packets for ¢2(Zy).

The following two lemmas are taken from [2]:

N_4 N_4q
Lemma 2.3. Suppose u,v € (2(Zy), the set {Rzku}:_o U {ngv}:_o is an orthonormal set with

. . . . . _ N
N elements if and only if the system matrix A(n) is unitary for n =0,1,...,5 - 1.
o1
Lemma 2.4. Suppose N is divisible by 2¢ go-1 € (X(Zy), and the set {R24-1kg[_1}z__0 is
orthonormal with 2[ I elements. Suppose Ug,vp € 02 (Z N ) and the corresponding system matrix
=

Ay(n) is unitary for n=0,1,..., 2, — 1. Define

fe=ge1+*U N vy) and gr=gr1+U L (uy).

N N1
Then {Ryeyfe}ie, U{Ry80}L, is an orthonormal set with 7 elements.
Suppose u1,v1,U2,V2,...,Up,Up are pth stage wavelet filter sequences, let

gV =u1, g’ =v1.
For ¢ =2, define

g([2n) _g([n)l U[_l(ug), g([2n+1) _g([n)l U[_l(U[). (21)

Furthermore, for n =0, define the spaces
N
k=0,1,...,— — 1}.
2(

Then, we have the following orthogonal decomposition:

U("’) = span {R2ekg(")

Theorem 2.5. It holds that for n=0,1,...,2"1 1, there has

U(n)

(2n) (2n+1)
—0+1 U U—Z :

Here, U = ¢%(Zy).

Proof. Since A1(n) is unitary for n=0,1,..., % -1, by Lemma we know
N3 J1
{Rzkul};o {RZkvl}k 0
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is orthonormal. Furthermore, ¢2(Zy) = U(_Ol) U U(_ll) . Note that us,vq € 02(Z %) and the system

matrix Ag(n) is unitary for n =0,1,..., év—Q —1, moreover,

gY =ur*xUlug), gy =u1+Ulvs);

gl =v1xUug), g2 =v1%U(vy).

By Lemma _ [Ros g<o>}k:01 o (Rus g(l)}kzol and {Ryzy g(z)} - -1 U {Ry g(3)}k_01 are

orthonormal sets, then U(_z) 11U (_12) and U(—z) L U(_32) . Furthermore, by induction, one has
(0) D 772 3 2/-2) 2/-1)
v:,Llu-,, Uz, LU0, .., U0, 7 LU, .
Therefore, U(_2€n)J_U(_2€n *1 Moreover, for each n=0,1,...,2/ — 1, the set

N
{Rgzkg(")k 0,1,. 2€—1}

(2n+1)
U—!

is orthonormal basis for U(”) Next, we claim that U (_2[") and are subspaces of U (_’;)H. To

see this, for £ =0,1,..., 2[ 1

Ry, %" (m) = g (m - 2°k)

=g« U we)m —2°k)
= Z gW (m -2k — UM u o))

ol— 1_1

— Z g(n) (m_2€k—2€_1j)ug(j)

N
901 -1

= ZO we(DRye-1(j 4980, (m). (2.2)
J:

In the same way, we obtain

N1
9l-1
R g(2n+1) Z U[(j)RQé—l(j+2k)g([n_)l. (23)
Jj=0
Therefore, our claim is true. Furthermore, U** (2”') and U™ (2”+1) each have dimension év—[, SO
U(_Zgn o U(_2[”+1) has dimension Qf,\f 1, which is the d1mens1on of U("[)Jrl It follows that
(n) (2n) 2n+1)
UZp =UZ 7 0UZ,
The proof is completed. O
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From Theorem we have the following decomposition:
AZy)=Ug
—7700) (1)
=U;eU-;

_ 7700 1) 2 3)
=U,eU U, 0U,

_77(0) 1) (2) (2P -2) (2P-1)
—U_peaU_peaU_pea...eBU_p @U_p . (2.4)

Theorem 2.6. Suppose N is divisible by 2P, where p is a positive integer. Then the set

{Rgpkg(l)}

which is defined in (2.3) is a p'™ stage wavelet packets for (2(Zy).

-1 -1

O{Ronsg 0} (2.5)

B= {Rzpkgm)} k=0

In fact, it is easy to know from (2.4) the following special conclusion:

Corollary 2.7. Suppose N is divisible by 8, then the set

B = {R22kg(0)} {R23kg(2)}‘ {R 3kg(3)} {R22kg(2)}

is still an orthogonal basis for (*(Zy).

k=0 k=0 £=0 {R22kg(3)} :01 (2.6)

Remark 2.8. We call the basis in the form of (2.6) as 3-stage incomplete wavelet packets, the
corresponding basis in (2.5) is called complete wavelet packets.

3. Decomposition and Reconstruction Algorithms

This section will give the realization of decomposition and reconstruction algorithm.

(n) (2n) g 77@n+D) (n) @n) | p@n+1)
Ul =U eU = =+
2,1 N -1 N -1
Z c(n[)HRzé 1kg(n) _ Z c(2n)R , g(2n)+ Z c(2n+1)R g(2n+1). 3.1)

In the both sides of (3.1), do inner product with Rzemg(fn) :

2[—1_
C(_2;)(m) = Z C(_’l()+1(k)<R2é lkg( 1° RQémg(2n)>
k=0

N1
l 1

By (2.2), Rzgmg(fn) - Z ue(j)Rye- 1(J+2m)g€ 1> then we have
Jj=

N

(2")(m)— Z c(n}+1(k)ug(k—2m):D(c(_";+1*ﬁg)(m). (3.2)
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In the same way, the both sides do inner product with R 2emg([2n .

__1_
my=" Y ") (BNRyr18), Rorng?™ ).
k=0

N1
[ 1

By (2.3), Rzemg(f“l) > ve(j)Rye- 1(J+2m)g[ ,» then we have
j=0

1

P4
rmy= Y. "), Rk —2m)=D(c"), |+ 5)(m). (3.3)
k=0

N

¥y 1
Decomposition Algorithms. since {ngul}:_o U{Rzkvl}: o is the orthonormal basis for
02%(Zy), then for any z € ¢2(Zy), one has

¥ ¥

N_q
z= Z (z,Roru1)Ropuy + Z (z,Rarv1)Ropv1 = Z cRorg\” + Z ¢ Rorg'l.
k=0 k=0 k=0

(0)(k) ={(z,Ropu1) =z *u1(2k) =D(z * u1)(k);

NIZ

cD(k) = (z,Ropv1) = 2 * 01(2k) = D(z % T1)(k).
Furthermore, 092, 012, 0%2 and ¢3 o are obtained from (3.2) and (3.3) with fast algorithm.

Reconstruction Algorithms. the both sides of (3.1) do inner product with Ry/-1 mg([”)l :

¥
") m)= 3 cCPR) Ry, 87", Ror1,84")
£=0

|
+ Z C(2n+1)(k)<R g(2n+) R2 1mg(n)>

1 g1
= Z 0(2")(k)< Z ué(j)sz’fl(ﬂzk)g(gn_)p szlmg(gn_)1>

j=0

N

_ ——-1
[ 2?—1
Z (2n+1)(k)< Z U[(j)sz—l(j+2k)g([rL_)1a R2f lmg(gn)1>
: -]=0

N -1

N,
=Y R g(m — 20+ Z 2D Ry o(m — 2k)
k=0

= U(c(_zg)) xup(m)+ U(c(_2;+1)) * vo(m).
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Example 3.1 (Haar wavelet packets).

0= L oo 0 Vop =L _L o0 0
1 \/i’ \/Q, b b b b 1 \/§? \/i’ b b b
For 2 < ¢ < p, by folding method,
1 1 N
uz(O)zﬁ, uz(l)zﬁ, uen)=0, 2sns-73-1
1 1 N
U[(O):E, U[(l):—ﬁ, ve(n) =0, ZSRS%—I.

The generators of 2t" stage wavelet packets are

1

1 =0,1,2,3;
(0)_ (O)*U(u ):: 2, n b b b b
f2 =81 2 0, n=4,.... N-1.

%) n:()’l;
4= g0 U ={ -1, n=23
0, n=4,..,.N-1.
3, n=0,2
g =g xUlus)=:4 -1, n=1,3;
0, n=4,...,N-1.
%, n=0,3;
g9 =gV xUws)=:4 -1, n=1,2

0, n=4,.,N—-1.

Then the 2t" stage wavelet packets is

R22k8(0) “ulr Zkg(l) U Ryz,85 lU R22kg(3) N
0 k=0 k=0

The generators of 3™ stage wavelet packets are

3

9%, 1=0,1,2,3,4,5,6,7;

gg)) — g(z()) * U2(u3) =
0, n=8,. . .N-1

2_%’ n:0,1,273;
gg)—g(zo)*U2(v3)::< —27%, n=4,5,6,T;
0, n=8,.. ,N-1

2_%, n:0,1,495;
g?) = g(21) +U(ug)=:4 -27%, n=2,3,6T;
0, n=_8,...,N-1.
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273, n=0,1,6,T;
g9 =gV Ug)=:{ 275, n=234,5
0, n=38,...,N—-1.

272, 1n=0,2,4,6;
P =g« U%uz)=:{-2"2, n=1,3,57T;
0, n=8,..N-1

272, n=025"T
gD =g@«Uvp)=:{-27%, n=1,34,6;
0, n=38,...,.N—-1.

275, 1n=0,3,4T;
g9 =gP+U%us)=:{-27%, n=1,256;
0, n=8,...,N-1.

2_%, n:0,3,576;
gg7) = g(23) * UZ(U3) =: < _2_%7 n= 1’2’4’7;
0, n=38,...,N—-1.

Then the 3" stage wavelet packets is
2%—1

k=0

U...U{R23kg§f)}%_IU{stkgg)}i;l.

{R3 (0)}2%_1U{R ‘1)}2%_1U{R (2)}
23183 23183 23183 B0

k=0 k=0

Example 3.2 (Shannon wavelet packets).

~(0) -~ {\/57 n:(),]-) 7%_101‘%, ,N—].,
1 U1 _N 3N
0, n—z,. ’T_l
— N 3N
g(ll):ﬁl: {0, n_(])v’l’ ":;]3 ]_OI' T’ >N_17
\/5) n:Z, ,T_l

N . 3N N
ﬁ[(n)_ \/é, Osn52£+1_17 2[+1S7’LSF—1,
- N 3N
0, o+l SN=SonT — 1
N 3N N
5,(n) = 0, OSTLS2[+1—1, 2[+157’LSF—1,
VA= 5 N o8N g
» ol SN =5
The generators of 2t! stage wavelet packets are

2, 0sn<¥-1, N<cp<N-1;
g9 = a1 ()as(n) = { ) "= "

>

Journal of Informatics and Mathematical Sciences, Vol. 6, No. 1, pp. , 2014



Orthogonal Wavelet Packets in Discrete Periodic Spaces and Applications: Meixiang Yang 31

2, Nepn<l 1, 8N <p<N 1
Sy Ay . ] B 7t S g b
(n)=u1(n)v2(n) =:
&2 e {0, 0sns¥-1,T<n<_1 Wp<N-1
2, WN<p<N_7q,
~2) PPN > 8 g 1L
(n)=01(n)ua(n) =:
&2 n {0, 0<n<3¥_1, 0N <p<nN-1
2 NYep<3N_1 NIV _ 1.
B =01ty =97 A8 T8 T o
0, OSI’LSZ—].,TSI’LST—].,?SI’LSN—].

The generators of 3" stage wavelet packets are

25, 0sn<¥_1, BN p<N_1;

SOy SO N <N _q, BN < :
g3 (n)_g2 (n)u3(n)—{ N 15N
0, ESRSW—I,
3
~ 22 ﬂSl’lsll]—]_ MST’LSM—l
?SI)(n) = é‘go)(n)v3(n) =: > 16 N8 ’N8 7N1 1,5N
O’ OSRSE—]_, gSnST—l,WSnSN—l
’*(2)( ) ’\(1)( )A( ) 2%, %571'5%,—1,%5115%—1’
8a'(n)=8,(n)ugn)=:
3 2 0, Osns%—N—l,%Sns%—l,%SnsN—l
53) S\ 27, Ne<n<30_1, BN <p<T¥ 74
83 (n) =g, (n)u3(n) =: 0 0<n<N_13N_, BN ¢ IN_, _N_1
’ —n_g_ ,16_n_1—6 5 S_n_ —
3
25, Wop< 1
N7 VRN ) PN R A R T2 1 :
85 (n)=gy (n)uz(n) =: ; "
0, OSnSE—l,ﬁ5n<N_1
3
. 25, N<p<W 1 Wp<dlV_q
?35)(n) = g\(22)(n)v3(n) =: > 8 N16 ’N16 NS ’N
0, O0<spn<3¥_1 W<p<N_1 N pN-1
’ 8 > 16 16 -
59(1) = 5B ()ia(n) 27, B<n<d_1, UWop BN 3
83 () =8y (njustn)=: N 5N 11N 13N
0, Ofnfz—l,ESnST—l’l—(s<n<N_1
§ 5N 3N _ 1 5N 11N 13N TN
. ; 22, ESI’LS?—l,?SnSI—B—l,I—ésSnS -1;
gP(n) = g2 (n)os(n) =:{ 0, 0sn=s5¥-1 8 <p<3_7
Wn<iV_ 1 Wen<N-1

4. Numerical Examples

The purpose of decomposition is to project signals onto the wavelet packets and obtain a series
of coefficients, then we will use these coefficients to characterize the feature of signals. If the
difference between these coefficients is small, then it is difficult to find the feature and the
corresponding decomposition is not the best one. Therefore, the best decomposition of wavelet
packets is the decomposition that the difference for the final coefficients is the largest.

The difference for the coefficients can be evaluated by Shannon entropy as

S = ;Sk - _%Zvi(k)logvi(k).
l
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uf??
W, u(ik ) denotes the value of ith coefficient for the £th node. If S is the
k ilu. |
smallest, then the coi‘responding decomposition is the best one.
Let N =512, take a signal in ¢2(Zy) as in Figure [1l and add Gauss white noise as in

Figure 2l Now, we will use Haar wavelet packets in Example [3.1]to de-noise for this signal.

Here, Vi(k) =

1

0.5

-0.5

0 200 400 600

Figure 1. Original signal

1.5

0.5

-0.5

-1.5
0 200 400 600

Figure 2. Noise signal

To evaluate the denoising effect, we mainly consider the following three constantly used
index:

Y |2(k)|?

. ) . k
(Signal Noise Ratio) SNR = 101lo — ,
g 8 Tle(k) ~2(0)P

1
(Rest Mean Square Error) RMSE = \/N Y lz(k)-Z(R)1?
%

1
(Rest Noise Standard Deviation) RNSD = N_1 Z 1Z,(R)—Z,12 ,
I
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here, z,,(k) =2z(k) - 2(k) and z,, = leZk zZn(k).

Table 1. Denoising based on Haar

’ Index \ Wavelet decomposition \ Complete wavelet packets | Best wavelet packets

SNR 18.7524 19.0821 19.7206
RMSE 0.3463 0.3334 0.3097
RNSD 0.3460 0.3331 0.3094
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