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1. Introduction

Because of uncertain data in the real world, various problems in mathematics, engineering,
environmental sciences, economics, and medical sciences cannot be solved by the usual
mathematical methods. The difficulty of the usual mathematical method is the lack of tools for
determining coefficients-determining tools to describe problems arising in areas of ambiguity
and uncertainty to deal with such problems climate algebra was introduced by Russian
mathematics and interesting properties arose when it could be provided with operations.
At the present time, Al-Banach algebra is a broad discipline with a variety of disciplines and
applications. This paper is based on a number of theories that represent the relationship between
the multiple linear functions in the Al-Banach algebra and its extremes, as well as with the
spectra of its elements in one way or another towards the central component of the well-known
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Gelfand-Mazur theory [5,6]. The spectral radius formula [|6,11,13] and the Stone-Weierstrass
theory [3,12] and mapping theory [2,/12] where this topic was addressed through a research
published in 2017, where the paper used the source [7,8,/14] for the concept of Al-Banach soft
algebra and they studied some of its primary properties and from the sources used in this
research [4,9,/12]] and [[1,10], where the researcher presented the ideas of the soft spectrum,
radius of a soft algebra of Banach [8]. In this paper, we get some results on the spectral radius
of Al-Banach algebra. Them ain difference between the previous works and this paper is the
use of reversible elements, spectral radius and reversible element, spectral algebra and some
basic properties of these ideas in Banach algebra. Firstly, in sections two and three, we defined
a number of concepts and basic theorems, and then, in section four, we verify some results and
theories.

2. Preliminaries

In this section, we state some basic definitions and theorems [4.(9,12], those we will use thorough
out the paper.

Definition 2.1. A normed algebra A is an algebra which is a normed space (4, | -||) and in
which

eyl < lxllliyll, x,y€A.
We will mention and prove some results related to normed algebras.
Lemma 2.1. Let A be a normed algebra with unit e. Then, |e| = 1.

Proof. Assume y € A a normed algebra with y # 0. Then

ye=ey=y.
Thus | yel = llyll. We get ||yell < |yl llell. Therefore, ||yl < |yl el and thus |e| = 1. Similarly, if
ey =y, then |e| = 1. O

Remark 2.1. We have to assume that additional |e| = 1.

Lemma 2.2. Let A be a normed algebra. Let ye A, ne N. Then
ly™ < lyl™.

Proof. Using the mathematical induction:

Let n =1. Then
lyll<lyll, yeA.

Now, let’s assume the statement is true for n = k&,
Iy I <lyl*, yeA.

Now, we shall prove that it is true for n =% + 1.
We have

Iy™ L = 11" (where y€ A)
< [ly* Il 1yl
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Some Results on the Spectral Radius of Banach Algebra: L. J. Barghooth 3

< lyl*yl
= |yl**t.
Thus
Iy L < Iyt
Hence [y"Il < llyl" . N

Lemma 2.3. Let A be a normed algebra. Let y € A and n,m € N. Then.

+ +
SR 1 57

Iy
Proof. Let ye A. Then

n+m ” —

ly ly"y™I  (where ycA)
<ly" I ly™I
< lyl™Iyl™

= [lylI™* ™. O
Theorem 2.4. Let A be a normed algebra. If x, — x, y, — vy (n — o0) in A, then x,y, — xYy.

Proof. Let x, — x and y, — y in A. Then
X yn =2yl = X yn —2Xny +Xny —xyl
= lxn(yn — )+ y(xn, —2)l
< lxn(yn =N + Il y(xn — 2l
< lxnllllyn =yl + Iyl lan — x|l
-0 (n— o00).

Hence x,y, — xy. O

Theorem 2.5. Let (x,) and (y,) be bounded sequences in a normed in a normed algebra A. Then,
(x,yn) is a bounded sequence in A.

Proof. Let (x,) be a bounded sequence in A. Then, there exists a positive integer M such that
lxnll < My, for all n.

Let (y,) be a bounded sequence in A. Then, there exists a positive integer My such that
|y, < Mo, for all n.

We have

2nYnll < lxnl |l ynll = M1Ms.

Choose M = MM > 0.
It follows that

lxpynll <M, for all n.

Hence (x,y,) is a bounded sequence. O

Theorem 2.6. Let A be a normed algebra, if (x,) and (y,) are Cauchy sequences in A, then
(xnyn) is a Cauchy sequence in A.

Journal of Informatics and Mathematical Sciences, Vol. 14, No. 1, pp. , 2022
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Proof. Since x, is a Cauchy sequence in A, so (x,) is a bounded sequence. Then, there exists a
positive integer M such that

lx,ll <M, neN, for each € > 0.

There exists a positive integer N such that

€
lxn — xm I <ﬁ, n,m>N.

Also, since (y,) is a Cauchy sequence, so (y,) is a bounded sequence. Then, there exists a positive
integer M such that

lynll =M, neN.

Similarly, for each € > 0, there exists a positive integer N such that

€
- <—, n,m>N.
¥ = yml oM
We have
Xnyn = XmYmll = 1XnYn —XmYn +Xm¥n — XmYml

= ”yn(xn _xm)+xm(yn _ym)”

S lyrllxn =xmll Il + 12m [ yn = yml

<M M-S
oM " am

€ €
= —4 —
2 2

=E.

Hence (x,y,) is a Cauchy sequence in A. O

Definition 2.2. Let (A, | - ||) be a normed algebra. If A is complete with relative to this norm
(i.e., A is a Banach space), then A is called a Banach algebra.

We give some examples on Banach algebras.

Example 2.1. (i) The space R is a Banach space with the norm | x|| = |x|, x € R. Then, for x,y € R:

leyll = lxyl = lxl 1yl = llxl y].
Hence R is a normed algebra. Then, R with addition to the usual and standard multiplication,
the dot multiplication is a commutative product Banach algebra.
Also, C with the usual structure and the norm |x|| = x| (x € C), is a commutative Banach
algebra.

(i1) The norm on M, ., is given by
n
||A||:max{ IaijlzlsiSn}, AeM,,.
j:
Then, it is a Banach space.

Let A=(a;;), B=(b;;). Let A,B€ M,x,. Then
IAB| < Al IBIl.

1
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Hence M, «, is a Banach algebra. Hence well-known matrix multiplication is not commutative.
(iii) The norm on Cla,b] is given by
£l = sup (If(x)), f€Cla,bl

a<x<b
Then, Cla,b] is a Banach space.
Let f,g € Cla,b]. Then
Ifgll= sup (If(x)g(x)D).
asx<b

By Theorem there exists xg in [a,b] such that
Ifgll=1fxol Igxl < lIfNIllgl.

Hence Cla,b] is a commutative Banach algebra.

(iv) The norm on C"[a,b] is given by

I£1 = ZMW%@,NU%M

K=0
Then, C"*[a,b] is a Banach space.
Let f,g € C"[a,b]. Then

Wﬂ—zkwﬂwm

K=0

no1 1k (B . .
— ) 5k=1)
= Al Z(.)fjg /
K=0 Jj=0 o

k
) 5(k=1)
E 1k — pf &

oo

IA

0J!
1
7W%mmwm

IA

>
05
22
= 1f gl

Then, lIf gl < IfIllgl.
Hence C"[a,b] is a commutative Banach algebra.

(v) The norm on B(X,X) is Banach space.
1T =sup{llTl : lxll =1}, T eB(X,X).

Then, B(X,X) is a Banach space.
Let T1,T9 € B(X,X). Then

I(T1T2)@) = I T1(T2(x)
< T 1 T2l
< T 1 T2l Nl
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Then
IT1Toll < IT1N 1 T2l
Hence B(X,X) is a Banach algebra.
(vi) Let A(D) be the disc algebra with the norm
£ =sup(f(2)), feAWD).
zeD
Then, A(D) is a Banach space.
Let f,g € A(D). Then
Ifgl=1fllgll.
Hence A(D) is a commutative Banach algebra.

(vii) The norm on L1(R) is

||f||:f If(x)ldx, x€R, feL(R).

Then, L'(R) is a Banach space and the product is given
o0
(fxg)t)= f f(x)g(t — x)dx.
—o0
Let f,g € LY(R). Then

If * gl = f f F0)g(t - 0ldtdx

- f ) ( f |g(t—x)|dt)dx

=f If ) liglidx=1fIlgll.

Hence L1(R) is a commutative Banach algebra.

t/l

(viii) The norm on ¢'* is given by

o 1
lal= > lasl, act™.
n=-o00
Then, ¢! is a Banach space and the product is given by

(a*xb), = Z an,—gbr, nez.

n=-—o0o

Let a,b € ¢'1. Then

Y laxb)ul=) | lan-kbl
nezZ neZ |keZ

<) D lan—il bzl

neZkeZ
= (Z Ibkl) (Z Ian—kl) = llall o]l
keZ keZ
Hence t'! is a norm algebra. Thus ¢! is a Banach algebra.
(@b)p=) anxbr=7) bran k.
keZ keZ
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Setu=n-k&,

@b =Y bpyay.
keZ

Hence t'! is commutative.

(iv) Let A be a norm space over K. Let A* be the set of all ordered pairs (x, 1), where x € A and
AeC.
The norm on A* is given by

llGe, DIl = llell + 1AL

Then, A* is a Banach space.
Let A be a normed algebra. Let (x1,11), (x2,12) € A*. Then

l(x1, A1), (x2A2) 1l = ll(x1%2 + A1x2 + A2x1, A1 A2) |l
= llerxe + A1 + Agx1 |l + (A1 A2]
< llxgxell + IA1xall + [ A2x1 |l + 141 A2]
< llxall el + A1l 2l + [Ag] 1 | + [A1] [Ag]
= (1l + 122Dzl + [A2])
= [I(x1, A [I(x2, A2)].

Thus A* is a normed algebra.
Hence A* is a Banach algebra with unit & =(0,1). If A is commutative, then A* is commutative.

Definition 2.3. Let X be a compact T9. Let A be a subset of C(X). Then, A is called separates
the points of X, if for each x,y € X with x # y, there exists f € A such that f(x) # f(y).

Definition 2.4. Let A be a subset of C(X). Then, A is called self-adjoint points of X. If f € A,
then f=A.

Theorem 2.7 (Stone-Weierstrass, [2]). Let X be a compact Ts. Let A be a subset of C(X) and
separating the points of X. If A is A is self-adjoint, then

A =C(x).

Remark 2.2. There are some Banach algebras which are not closed, e.g., let A = C1[0,1].
Then, A is Banach algebra (Example [2.1{iv)).

By Stone-Weierstrass theorem, we obtain C1[0,1] = C[0, 1].

It follows that C1[0,1] is not closed.

Theorem 2.8 ([5]). Let A be a complex Banach algebra with unit. Then, every closed subalgebra
of A is itself a Banach algebra.

Theorem 2.9. Let A be a complex Banach algebra and suppose x in A is such that || x| < 1. Then,
there exists y € A such that y=x+y.

Proof. Since |x|| <1 and [|x™| < |lx|"*, the series —x—x2-x3—...1is absolutely convergent. Since
A is a Banach space, so the converges.
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Let the sum of the series be y. Then

xy:—xz—x3—x4—--~:x+y. O

Theorem 2.10 ([10]). Let A be a complex Banach algebra with unit. Then, every maximal ideal
of A is closed.

Theorem 2.11 ([[10]). Let A be a complex Banach algebra with unit. Let I be an ideal of A. Then,
the closure of I is an ideal.

3. Reversible Elements of Banach’s Algebra
Theorem 3.1 ([5]]). Let A be a complex Banach algebra with unit. If x € A satisfies | x|| <1, then

e —x is invertible, and

o0
(e—x)l=e+ Z X"
n=1

Theorem 3.2 ([5]). Let A be a complex Banach algebra with unit. If x€ A and ||x| <1, then e —x
is invertible, (e—x) 1 =e+ Yo (=D"x", and

11
1—|lxll’

le+x) T—e+x| <

Theorem 3.3 ([5]). Let A be a complex Banach algebra with unit. ||x—e|| <1, then x is invertible
and x 1=e+ Y (e—x)".

Theorem 3.4. Let A be a complex Banach algebra with unit. If A1 is an open subset of A.

Proof. Let xo€ A™L. Let B(xo,€) be an open ball with center x¢ and radius «.
Set € = _11” > 0.

llcy

We will show that B(xg,e) < A~L. Let x € B(xg,¢). Then

llx—xoll <

Lety:xalx and z =e—y. Then

lzll =1l -z
=lly—ell
= |lcg " — 20~ Lol
= [l2zp (& — x0) |

-1
< [leo™ "l llx —xo |

-1
<llxo "I 1.

o1l
Thus ||z|| < 1. So e — z is invertible in A (Theorem , and hence y=e—-z € A1

Now, we have xp,y € A~1. So x9y € A~ (Theorem [2.5). Therefore

xXoy = xoxo_lx —ex=xecAL

Hence A1 is open. O

Journal of Informatics and Mathematical Sciences, Vol. 14, No. 1, pp. , 2022
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Corollary 3.5. Let A be a complex Banach’s algebra with unit. Then, the set of all non-reversible
elements is closed.

Proof. Since A™! is open (Theorem [3.4), and the set of all non-reversible elements is complement
of A7, so it closed. O

Theorem 3.6 ([10]). Let A be a complex Banach algebra with unit e. Let x€ A™! and y € A such
that
1
lx =yl < —~—

llac= L]
Then, ye A Y and |x1—y7 1| < —||x‘1||12 lx=yll_
? I-{lx™  Hlx—yll

Proof. Let x€e A™1 and y € A. Then
lle—x"yll = llxx™" =271y
=[x @ =)l
<l M llx—yl < 1.
So x~1y invertible (Theorem and has an inverse in A say Z. Then

x_lyz:e. (3.1)
Multiplying (3:) on the left by, we have xx~'yz = xe and so yz = x. We obtain yzx 1 =xx ' =e.
Hence yzx~ 1 =e.

Again multiplying (3.1) on the right by x~1, we have
(x lyz)x T=ex ! thus x 'x lyz)=xL.
It follows that
41
zx Ty=—y=e.
Yy
Thus, it is the inverse of Theorem this gives us

z= i(e—x_ly)n
0

S
I

(x lx—xly)

[
18

0

S
Il

(x Hx— ).

I
18

0

S
Il

We have
-1 -1 -1 -1 -1
lx™ =y ll=lx " —zx "I =llx " (e=2)l

-1
< lle—zflx" "l

o0
-1 -1
e DI e A E

n=1
1 o 1
< a7 Y- U™ e =y D™
n=1
e~ )12 -yl

IR TR
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Theorem 3.7. Let A be a complex Banach algebra with unit. Let x€ A™! and a € A such that
lal < Lix~ 217", Then, x+ae AL,

_ _1,-1

Proof. Letxe A™l,a€ A and al < 3z~ .

Then, [x 'al < 3

Hence, ex lae€ A1, and so writing
x+a=x(ex a).

Now, we have x€e A™! and e+x la € A™!. Thus x(ex 1a)e A~1. Hence x +a € AL O

Theorem 3.8. Let A be a complex Banach algebra with unit. Let y € A~ such that IIy‘lll = é,
heAand |h|=p<a. Then, y+he A and

ﬁ2
a2(a-p) B)
Proof. Let ye A"\, he A. Then, |y *hll< £ <1
Hence e +y~'h € A~! (Theorem [3.2).

Since y+h =x(e+y~1h), so we have y+he AL
Then

(y+h) 1=(ye+y th)™!
— (e +y—1h)—1y—l

Iy +R) =yt +y thy ) <

Now, we have
(y+ h)l- y_1 + y_lhy_1 =[(e+ y_lh)_1 —e+ y_lh]x_l.
Therefore
Iy +R) =y +y thy i =lle+y TR —e+y T RIy 7|
<le+y "B —e+y hlly M.
It follows from (Theorem with y~ 14 in place of y:
1y 7RI
1-ly~1nll
£1

a?a

1-

Iy +h) =y ey hy Iyt

=<

ISY e

2
.
aX(a—p)
Theorem 3.9. Let A be a complex Banach algebra with unit. Let y € A and A € C such that
Iyl <IAl. Then, y—Aee AL,

O

Proof. Let llyl <Al Then, 2 < 1.

Thus, we obtain 12! < 1.

TAT
Then, it is reversible. Since —A(e—A1"1y) = y — de, so y — Ae is reversible.
Hence y —lec A7L. 0
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Theorem 3.10. Let A be a commutative Banach algebra with unit. Let a € A. Then, the inversion

mapping a — a~ ! is continuous in A.

1

Proof. Suppose x, € A~! and y, — a in A. will show that y,! —a™! as n — co. Let a € A such

that
ly, —all < ——.
" 2yn—al
Then
Iyt —a Y= lly; Y a—yp)a
<y, a=yallla™t 3.2
11
<1yl

Since ly, 1 —lla < Iy, —a™L].

Thus, [y, - lla™ I < 31y,
It follows that [ly, 1l < 2lla~L|l.
By (3.2), we can get
Iy, —a i <2la % la - yull = 0, n—oo.
Thus vy, — a1 O

Theorem 3.11. Let A be a commutative complex Banach algebra with unit. Let a € A. Then, the
inversion mapping a — a~ ! is @ homomorphisms of A~! to itself

Proof. Clearly, the mapping @ — a™ !

(a;l)_1 and so a1 = as.

Then, a — a1 is one-one.

We have a — a! is continuous too (Theorem , and the inverse map from A onto A is
continuous too.
Hence a —a™!

is onto. Let a1,a9 € A with aIl = a;l. Then, (aIl)_1 =

is a homomorphisms. O

Theorem 3.12. Let A be a commutative complex Banach algebra with unit. Let (a,) be a
sequence in A™1 such that a, — a in A as n — oo. If there exists a positive integer such that
||a;1|| <M forall neN, then a eAland a;l —alasn—oo.

Proof. Let M >0 and let a,, — a as n — oco. Then, (a,) is a Cauchy sequence. Then, for each
€ > 0 there exists a positive N such that

€
lan, —anl < ek for all n,m € N.

Therefore,

-1

1
la, I

-1 -1 —
—am I=la, (@r—amn)an
-1 -1
<la, Han—amlllan "l
£
<M?*— =¢.

M
Hence (a,‘Ll) is Cauchy sequence in A. Since A is a Banach algebra, so a,
element in A, say «x.

1 converges to an

Journal of Informatics and Mathematical Sciences, Vol. 14, No. 1, pp. , 2022
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Then

x = lim (a,}).
n—oo

So xa = ,}i_)lglo(agl)(an) =e.

Hence a is invertible in A and x =a L.

Thusae Al anda,'!—a!asn— oo O

Theorem 3.13. Let A be a complex Banach algebra with unit. Let (a,) be a boundary point of A.
Let y, € AY such that y, — y in A as n — oo. Then, |y, |l — oo (n — 0o).
Proof. If the conclusion is false, then there exists M < co such that

Iyt <M, for all n.

Let y be a boundary point of A and let y, — ¥ (n — 00). Then, for each ¢ > 0, there exists N >0
such that

lyn—yll<e (where n > N)

1
< ey
M
-1 _ -1
le=y, vyl =y, (yn—=2I
<y, ly, =
1
<M—-=1.
M

Thus [le—y, 'yl <1.So0 y,1y€ A=l Then

y=yaly, ¥ EAT,
We have ye A~1 and y € 0(A).
It follows that A™1Nd(A) # @.
This is contradicts to A™! is open (Theorem [3.4).
Hence IIy,;1 — o0l (n — o0). O

Theorem 3.14. Let A be a complex Banach algebra with unit e = 1. Let (a,) € A~ be and
a, —a (n—oo)in A. Then, there exists a sequence (b,) € A with |b,ll =1 and b,a — 0 (n — 00).

-1

Proof. Set b, = ”Z+1"

Then, ||b,]l =1 and so (b,) is a bounded sequence.
Also, b,a, = ;1” -0

llasy,

We have b,(a —a,)— 0.
Adding, we obtain b,a — 0 (n — c0). O

Definition 3.1. Let A be a complex Banach algebra with unit. We define the exponential
function exp: A — A by

(&)

1
exp(y)= ) myn (y€A), and exp(0)=1.
n=0""*

Journal of Informatics and Mathematical Sciences, Vol. 14, No. 1, pp. , 2022



Some Results on the Spectral Radius of Banach Algebra: L. J. Barghooth 13

Theorem 3.15. Let A be a commutative Banach algebra with unit e =1. Let x,y € A. Then
(1) exp(xy) =exp(x)exp(y),
(ii) exp(x) €A™t and (exp(x))~! = exp(—x).

Proof. Let x,y€ A. Then

1) explx+y)=) (x+'y)
n=0 n:

= exp(x)exp(y).
(i1) Take y = —x in (i). Then
exp(0) = exp(x) exp(—x)
1 = exp(x)exp(—x)
Thus (exp(x)) ! = exp(—x). O

Theorem 3.16 ([2]). Let A be a complex Banach algebra with unit e =1. Let x € A such that
|1 —x|| <1. Then, there exists y € A such that exp(y) = x.

Definition 3.2. Let A be a complex Banach algebra with unit. We define
exp(A) ={exp(x):x € A}.
It is clear that exp(A) c A~ 1.

Theorem 3.17. Let A be a commutative Banach algebra with unit e = 1. Then, exp(A) is open in
AL
Proof. Let x € exp(A). Then, a1,

x=exp(h), heA.

Let y € A with |[x—y| < 1

fle= 2l "
Then,
I1—2""yl = ™l yl
_ 1
<lxH—p=1
=1

There exists z € A such that x~ 'y = exp(z). We have
y =exp(h)exp(z)
=exp(h +z) € exp(A).
Hence exp(A) is open in A1, O
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14 Some Results on the Spectral Radius of Banach Algebra: L. J. Barghooth

4. Spectral Radius and Spectroscopic of Banach’s Algebra

Definition 4.1. Let A be a complex Banach algebra with unit e. Then, spectrum of an element
y €A, denoted by 0 4(y), is defined by

oa(y)={AeC:y—de¢g A1}
The complement of g 4(y) in C is called the resolvent set of y. It is denoted by p4(y). That is

PA(y)Zm-

Remark 4.1. Let A be a Banach algebra with unit. It is clear that y is reversible in A if and
only if 0 ¢ g A(y).

Example 4.1. Let A = My,9 with complex entries.

Then, A = M9 is a complex Banach algebra with unit I = [(1) (1)] .

10
Let x = 0 1 E1‘42><2-
By an elementary of matrix algebra it is known that x — AI has no inverse if and only if

det(x—AI)=0.

Then
[0 ] (1 0
UA(x)—{}LE(C det B OJ_ALO 1])—0}

0 1] (A 0

Jrecsaa [, 3]-a]3 0])=ol
0 1 (A 0

—{AEC.det _ 0,_/1L0 /1])_0}
-1 1

—{AEC.det _ —/1]_0}

={1eC: A% +i?=0}

={-1,+1}.

Lemma 4.1. Let be a complex Banach algebra with unit e. Then
o(0)={0}.
Proof.
oa(0)={1eC:0-e¢ A"}
={leC:-deg A1}
={leC:-1¢A™}
={0}. O

Theorem 4.2. Let A be a complex Banach algebra with unit e. Let y € A. Then, oa(y) is
non-empty.
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Proof. Suppose for a contradiction that y € A has an empty spectrum.
Define u(1) = (y — le) 1(1 € C).

Then, u is well-defined and a continuous mapping of C into A.

Let Ap € C. Then

u(A)—u(do) = (y—Ae) = (y—Age) !
= u(Dulo)(y — Ae) - (y — Age))
=1 —Agleu(D)u(Ap).
It follows that

u(l)—u(do)
/1——/10 =u(D)u(Ayp).
So
. u)—u(do) _ 2
/%1—1/1110 A (u(Ao))”. (4.1)

Let f be a continuous linear functional on A. We define a function 4 by
h(A)=f@u), AeC.

Since f and u are continuous, so is A.
Applying fto (4.1), we thus obtain

. h(A)=h(Ay) 9
1 m —— = .
/li)to A—Ag f(w(Ao)
Then, A is an entire function from C into C.

Since

u M) = -1 e-1"1x)1

and
(e-Atx) e l=¢ as |A| — oo,
we obtain
IRV = 1f (D))
<IfIHlu)l
1 1)\t
= m”f" (e— zx)

—0 as |1 — oo. (4.2)

This shows that A would be bounded on C.
By Liouville’s theorem, % is constant which is zero by (4.2). Then

h(A) = f(u(A) = 0.
It follows that. So
lell = Iy — Ae)e — A~ y)
= Iy = Ae)u(M) = 0] =0

and contradicts to |le] = 1.
Hence pa(y) # @. O]
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Remark 4.2. If A be a real Banach algebra with unit, then it is possible that there exists
pa(y) € A such that o(y) = @.

1
Example 4.2. Let A = My, be a real Banach algebra with unit I = [ 0 2] .

eszz.Then
0 -1 10
Lol 1))}

)l

={leR:1%2+1=0}= .

Let y = [(1) 0

UA(y)={7L€[R§:det(

:{Aedeet(

Lemma 4.3 ([2]). Let A be a complex Banach algebra with unit. Let y € A. The resolvent set
pa(y) of y is open in C.

Theorem 4.4. Let A be a Banach algebra with unit. Let y € A. Then, pa(y) is a compact subset
of C.

Proof. By the Heine-Borel Theorem, it is enough to show that o 4(y) is bounded and closed. Let
Aeoa(y). Then, y—le¢ A™L.

By Theorem [2.9]
Iyl < 1Al
So

oa(y)s{AeC Al = Iy}

Thus 0 4(y) is bounded.
Since pa(y) is open in C (Lemma [4.3)), so 04 (y) is closed. O

Theorem 4.5. Let A be a complex Banach algebra with unit =1. Let ye€ A, n€ N and A €C.
If Aeoa(y), then x™ € a(y™).

Proof. Let ye A and let 1 € C. Assume A" ¢ a(y™).

We have

("= A"e) = (y—Ae)(y" L+ Ay" 2 4.+ A" o), (4.3)
If multiply both sides of (£.3) by (y” — A"e)~1, then (y — Ae) is invertible in A. So A ¢ o(y). This
completes the proof. O

Theorem 4.6 ([12]). Let A be a complex Banach algebra with unit. Let B be a closed subalgebra
of A containing e. If y € B, then o o(y) € op(y), and

(o A(y)) c0(ap(y)).

Theorem 4.7 ([7]). Let A be a closed subalgebra of a complex Banach algebra B. Let y € A.
If 0 5o(y) has empty interior, then g A(y) = op(y).
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Theorem 4.8 ([2]). Let A be a commutative complex Banach algebra with unit. Let x € A. Then
o a(exp(y)) = exp(op(y)).

Remark 4.3. In fact, there are some non-zero element of complex Banach algebras which are
not invertible. For examples:

(1) Let A = Moo with complex entries. Then, Ma.9 is a complex Banach algebra with unit

10
=1 0]
0 ) ) ) )
Let x = _ (l) € My,o. Then, y is a non-zero element of Moo but x is not invertible.

(i1) Let A = C[0,1].
Then, C[0,1] is a complex Banach algebra with unit e = 1.
Define f by

0, O<x<i,
f(x)={ L 2
x—g, 5 1.

Then, f is a non-zero element of C[0,1] but f is not invertible.

IA

IA
IA

X

Proposition 4.9 ([1]). Let A be a complex Banach algebra with unit e in which each non-zero
element in A is invertible. Let y € A. Then, there exists a unique A € C such that y = Ae.

Proof. Let y € A. Then, 0 4(y) # @ (Theorem [3.2). Hence there exists A € 0 4(y) such that (y —Ae)
is not invertible. So y — Ae = 0. Thus y = Ae. For uniqueness, let y = 1le, x = ue (ue C,A # u). Let
a=A-u#0.

Then, ae =0, and so e = 0 which is a contradiction. O

Corollary 4.10. Let A be a complex Banach algebra with unit e in which each non-zero element
in A is invertible. Then, Ais commutative.
Proof. Let x,y € A. Then, there exists unique A,u € C (1 # p), such that
x=Ae, y=ue (Proposition [4.9).
Then
xy = (Ae)(ue) = (Ap)e = (uA)e = (yx).
Hence A is commutative. O

Theorem 4.11 (Gelfand-Mazur, [6]). Let A be a complex Banach algebra with unit e in which
each non-zero element in A is invertible. Then, A is isomorphic to C.

Theorem 4.12 (Spectral Mapping Theorem, [6]). Let A be a complex Banach algebra with unit,
and y € A. Let P be a polynomial function with complex coefficients in A. Then

P(oa(y)) < P(op(y)).

Lemma 4.13. Let A be a commutative Banach algebra with unit. Let y € A and P be a polynomial
function such that P(y)=0. Then, P(o4(y))=1{0}.
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Proof. Let y € A. By spectral mapping theorem,
P(oa(y) =0aP(y)
=04(0)
={0}. (Lemma O
Definition 4.2. Let A be a complex Banach algebra with unit e. Let xy € A. The spectral radius
of y, denoted by r4(y), is defined by
ra(y) =sup{lA|: 1 €aa(y)}.

Remarks. (i) 0 <r4(y) < oo, for all y.
(i) If r4(y) =0, then O € g o (y).

Example 4.3. Let A = My,9 with complex entries.

Let y= [—Ol (l)] €M2x2. Then, O'A(y) = {_1,+1}-

So ra(y) =supfl—1[,[1]} = 1.

Lemma 4.14. Let A be a complex Banach algebra with unit e. Let y € A. Then
ra@=lyl.

Proof. If Al = |lyll, then A~ 1y| < 1.

So e — A1y is invertible (Theorem . Since
~Me—-A"1y)=y-Ae.

So y — Ae is invertible in A. Thus A ¢ 04(y). So 1 € 04(y) implies |A]| < ||y].
Taking supremum over A € g4(y), we obtain

sup (IAD=lyl.
A€o 4(x)
Hence ra(y) < |yll. -

Lemma 4.15. Let A be a complex Banach algebra with unit e, and y€ A, n eN. Then
ra(y™")=ra(y)".
Proof. Let ye A. Then, ra(y)=supf{|A|: Leos(y)}.

Therefore, r4(y"™) = sup{|A|: L € g o (y™)}.
The spectral mapping theorem gives us:

ga(P(y))=P(oa(y)
={pV):Aeaaly}.
Let p(y) =y™. Then
oaA(y")={A": Leoa(y).
It follows that
ra(y™) =sup{|A|" : L€ oa(y)}
=ra(y™). O
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Theorem 4.16 (Spectral Radius Formula, [[6]). Let A be a complex Banach algebra with unit e,
and x € A. Then

ray)= nlilglollynlli (where n=1,2,3,...)

. 1
= inf([ly™[|").
n=1

5. Conclusion

We presented the ideas of (reversible elements, spectral radius and reversible spectral).
We studied some of the basic properties of these ideas in the Banach algebra.
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