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1. Introduction
The classical Gegenbauer polynomials is defined by the series representation as follows [11]:

Cς
E(u,v,a)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κΓ(ς+E−κ)
(E−2κ)!κ!aς+E−κ , (1.1)

where Γ(; ) is the classical gamma function which can expressed as (see [4], [5])

Γ(E)=
∫ ∞

0
tς−1 exp(−t)dt, (Re(ς)> 0). (1.2)

With the following integral representation [11]:

Cς
E(u,v,a)= 1

Γ(ς)E!

∫ ∞

0
tς−1exp(−at)HE(2ut,−vt)dt, (1.3)
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here HE(2ut,−vt) is the two variables Hermit-Kamp de Friet polynomials given by [7]

HE(2ut,−vt)= E!

[
E
2

]∑
κ=0

uE−2κvκ

(E−2κ)!κ!
. (1.4)

Setting a = 1, (1.1) and (1.3) reduces to

Cς
E(u,v)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κΓ(ς+E−κ)
(E−2κ)!κ!

,

and

Cς
E(u,v)= 1

Γ(ς)E!

∫ ∞

0
tς−1 exp(−t)HE(2ut,−vt)dt.

Similarly, v = a = 1, (1.1) and (1.3) reduces to Gegenbauer polynomials in [15]

Cς
E(u)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−1)κΓ(ς+E−κ)
(E−2κ)!κ!

and

Cς
E(u)= 1

Γ (ς)E!

∫ ∞

0
tς−1exp(−t)HE(2ut,−t)dt.

Recently, Atash and Al-Gonah [8] introduced extended Gegenbauer polynomials as follows:

Cς
E(u,v, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κΓo(ς+E−κ)
(E−2κ)!κ!

, (1.5)

with the following integral representation:

Cς
E(u,v, o)= 1

Γ (ς)E!

∫ ∞

0
tς−1exp(−t− ot−1)HE(2ut,−vt)dt, (1.6)

where Γo(; ) is the extended Euler’s beta function given by (refer to [1], [3], [6], [10])

Γo(ς)=
∫ ∞

0
tς−1exp(−t− ot−1)dt, (1.7)

(Re(o)> 0, Re(ς)> 0).

On setting v = 1, (1.5) and (1.6) reduces to the following equations [8]

Cς
E(u, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−1)κΓo(ς+E−κ)
(E−2κ)!κ!

,

with the following integral representation [8]:

Cς
E(u,a)= 1

Γ(ς)E!

∫ ∞

0
tς−1exp(−t− ot−1)HE(2ut,−t)dt .

2. The Generalized Gegenbauer Polynomials of Two and Variables
In this work, new generalized Gegenbauer polynomials is presented as follows:

Cς
E,%(u,v, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κΓ%(ς+E−κ, o)
(E−2κ)!κ!

, (2.1)
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where Γ%(ς, o) is the extended gamma function defined by (see for examples [2], [16])

Γ%(ς, o)=
√

2o
π

∫ ∞

0
tς−

3
2 exp(−t)K%+ 1

2

( o
t

)
dt. (2.2)

(Re(%)> 0, Re(ς)> 0).

If %= 0 in (2.2) and considering the MacDonald (modified Bessel) function [14]

K 1
2
(z)=

√
π

2o
exp(−z)

it reduces to the extended gamma function given in (1.7) and if %= o = 0 it reduces to classical
gamma function in (1.2).

If v = 1, (2.1) reduce to the following result

Cς
E,%(u, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−1)κΓ%(ς+E−κ, o)
(E−2κ)!κ!

.

3. Integral Representations
Theorem 3.1. The following integral formula holds

Cς
E,%(u,v, o)= 1

Γ(ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t)K%+ 1

2

( o
t

)
HE(2ut,−vt)dt. (3.1)

Proof. Using

Cς
E,% (u,v, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κΓ%(ς+E−κ, o)
(E−2κ)!κ!

.

Applying (2.2), gives

Cς
E,% (u,v, o)= 1

Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−v)κ

(E−2κ)!κ!


√

2o
π

∫ ∞

0
tς+E+κ− 3

2 exp(−t) K%+ 1
2

( o
t

)
dt

 .

Interchanging the order of summation and integration, yields

Cς
E,% (u,v, o)= 1

Γ(ς)

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
[

E
2

]∑
κ=0

(2u)E−2κ(−v)κ

(E−2κ)!κ!
tE+κ

dt.

Rewritten this equation, gives

Cς
E,% (u,v, o)= 1

Γ(ς)

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)tE

[
E
2

]∑
κ=0

(2u)E−2κ(−vt)κ

(E−2κ)!κ!

dt .

Considering (1.4), yields

Cς
E,% (u,v, o)= 1

Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
tEHE

(
2u,−vt−1)dt .

On using the relation in [12]

tEHE (u,v)= HE (ut,vt) ,
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leads to

Cς
E,% (u,v, o)= 1

Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
HE (2ut,−vt)dt .

Setting v = 1; % = 0 and v = 1, % = 0 in (3.1), the following corollaries can be received,
respectively:

Corollary 3.2. The following integral formula hold

Cς
E,% (u, o)= 1

Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
HE (2ut,−t)dt.

Corollary 3.3. The following integral representation is valid

Cς
E (u,v, o)= 1

Γ (ς)E!

∫ ∞

0
tς−1exp

(−t− ot−1) HE (2ut,−vt)dt.

Corollary 3.4. The following integral formula hold true

Cς
E (u,v)= 1

Γ (ς)E!

∫ ∞

0
tς−1exp(−t) HE (2ut,−vt)dt.

4. Mellin Transform
Theorem 4.1. The following Mellin formula hold true

M
{
Cς

E,%(u,v, o); s
}
=

2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
Γ(ς)

p
πE!

Cς+s
E (u,v) . (4.1)

Proof. Using Mellin transform in [5]

M
{
Cς

E,% (u,v, o)
}
=

∫ ∞

0
%s−1

{
Cς

E,% (u,v, o)
}

d% .

Using the result in (3.1), leads to

M
{
Cς

E,% (u,v, o)
}
=

∫ ∞

0
os−1

 1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
HE (2ut,−vt)dt

do .

Changing the order of integrations, we obtain

M
{
Cς

E,% (u,v, o)
}
= 1
Γ (ς)E!

∫ ∞

0
tς−

3
2 exp(−t) HE (2ut,−vt)


√

2
π

∫ ∞

0
os− 1

2 K%+ 1
2

( o
t

)
do

dt .

Putting o =ωt, gives

M
{
Cς

E,% (u,v, o)
}
= 1
Γ (ς)E!

∫ ∞

0
tς+s−1exp(−t) HE (2ut,−vt)


√

2
π

∫ ∞

0
ωs− 1

2 K%+ 1
2

(ω)dω

dt .

Using the relation given in [14]∫ ∞

0
ωs− 1

2 K%+ 1
2

(ω)dω= 2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
,
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leads to

M
{
Cς

E,% (u,v, o)
}
= 1
Γ (ς)E!

∫ ∞

0
tς+s−1exp(−t) HE (2ut,−vt)


√

2
π

[
2s− 3

2Γ
( s−%

2

)
Γ

(
s+%+1

2

)]dt.

On simplifying

M
{
Cς

E,% (u,v, o)
}
=

2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
Γ (ς)

p
πE!

∫ ∞

0
tς+s−1exp(−t) HE (2ut,−vt)dt.

Rewritten this equation, gives

M
{
Cς

E,% (u,v, o)
}
=

2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
Γ (ς)

p
πE!

×
[
Γ (ς+ s)

{
1

Γ (ς+ s)E!

∫ ∞

0
tς+s−1exp(−t) HE (2ut,−vt)dt.

}]
.

On using (3.1), yields

M
{
Cς

E,% (u,v, o) ; s
}
=

2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
Γ (ς+ s)

Γ (ς)
p
π

Cς+s
E (u,v) .

Substituting v = 1 in (4.1), gives

Corollary 4.2. The following Mellin transform formula also hold true

M
{
Cς

E,% (u, o) ; s
}
=

2s− 3
2Γ

( s−%
2

)
Γ

(
s+%+1

2

)
Γ (ς)

p
πE!

Cς+s
E (u) .

5. Recurrence Relations
Theorem 5.1. The following recurrence relation hold true

(E+1)Cς
E+1,% (u,v, o)= 2ςuCς+1

E+1,% (u,v, o)−2ςvCς+1
E−1,% (u,v, o) . (5.1)

Proof. Using the recurrence relation in [9]

Hς+1 (u,v)= uHς (u,v)+2ςvHς−1 (u,v) ,

and setting u → 2ut and v →−vt, yields

Hς+1 (2ut,−vt)= 2utHς (2ut,−vt)−2ςvtHς−1 (2ut,−vt) .

Multiplying both sides by 1
Γ(ς)E!

√
2o
π

tς+E+κ− 3
2 exp(−t) K%+ 1

2

( o
t
)

and integrate with respect to t
taking limit from 0 to ∞, gives

1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t)K%+ 1

2

( o
t

)
HE (2ut,−vt)dt

= 2x

 1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
tHE (2ut,−vt)dt


−2yς

 1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
tHE−1 (2ut,−vt)dt

 .

Journal of Informatics and Mathematical Sciences, Vol. 13, No. 2, pp. 119–128, 2021



124 A New Generalization of Gegenbauer Polynomials: U. M. Abubakar

Rewritten this equation, gives

(E+1)!
E!

 1
Γ (ς) (E+1)!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
HE+1 (2ut,−vt)dt


= 2x

Γ (ς+1)
Γ (ς)

 1
Γ (ς+1)E!

√
2o
π

∫ ∞

0
tς+1− 3

2 exp(−t) K%+ 1
2

( o
t

)
HE (2ut,−vt)dt


−2yς

(E−1)!
E!

 1
Γ (ς+1)(E−1)!

√
2o
π

∫ ∞

0
tς+1− 3

2 exp(−t) K%+ 1
2

( o
t

)
HE−1 (2ut,−vt)dt


which readily yields

(E+1)Cς
E+1,% (u,v, o)= 2ςuCς+1

E+1,% (u,v, o)−2ςvCς+1
E−1,% (u,v, o) .

Putting v = 1 in (5.1), the following corollary can be obtained:

Corollary 5.2. The following recurrence relation also holds

(E+1)Cς
E+1,% (u, o)= 2ςuCς+1

E+1,% (u, o)−2ςvCς+1
E−1,% (u, o) .

Theorem 5.3. The following summation formulas hold

Cς
2E,% (u,v, o)= 2E(E!)2

Γ (ς) (2E)!

E∑
κ=0

κ∑
r=0

vκ(−1)rΓ (ς+κ) (2r)!

(E−κ)! (κ− r)!(r!)22r
Cς+κ

2r,% (u,v, o) . (5.2)

Proof. Using the result in [9]

H2E (u,v)= 2E(E!)2
E∑
κ=0

{Hκ (u,v)}2

(E−κ)!(κ!)22κ
,

and substituting u → 2ut and v →−vt, gives

H2E (2ut,−vt)= 2E(E!)2
E∑
κ=0

{HE (2ut,−vt)}2

(E−κ)!(κ!)22κ
.

Multiplying both sides by 1
Γ(ς)E!

√
2o
π

tς+E+κ− 3
2 exp(−t) K%+ 1

2

( o
t
)

and integrate with respect to t
taking limit from 0 to ∞, yields

1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2E (2ut,−vt)dt

= 2E(E!)2

Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

) E∑
κ=0

{Hκ (2ut,−vt)}2

(E−κ)!(κ!)22κ
dt .

Using the relation [9]

{HE (u,v)}2 = (−2v)κ(κ!)2
κ∑

r=0

(−1)rH2r (u,v)
(κ− r)!(r!)22r

,

leads to

1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2E (2ut,−vt)dt
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= 2E(E!)2

Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

) E∑
κ=0

(2vt)κ(κ!)2 ∑κ
r=0

(−1)rH2r(2ut,−vt)
(κ−r)!(r!)22r ,

(E−κ)!(κ!)22κ
dt .

Interchanging the order of summation, will readily lead to

1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2E (2ut,−vt)dt

= 2E(E!)2
E∑
κ=0

κ∑
r=0

vκ(−1)rH2r

(E−κ)! (κ− r)!(r!)22r

×
 1
Γ (ς)E!

√
2o
π

∫ ∞

0
tς+κ−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2E (2ut,−vt)dt

 .

Rewritten this equation one can obtain

(2E)!
E!

 1
Γ (ς) (2E)!

√
2o
π

∫ ∞

0
tς−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2E (2ut,−vt)dt


= 2E(E!)2

E∑
κ=0

κ∑
r=0

vκ(−1)rH2r

(E−κ)! (κ− r)!(r!)22r

Γ (ς+κ) (2r)!
Γ (ς)E!

×
 1
Γ (ς+κ) (2r)!

√
2o
π

∫ ∞

0
tς+κ−

3
2 exp(−t) K%+ 1

2

( o
t

)
H2r (2ut,−vt)dt


which can be written in simplified form as

Cς
2E,% (u,v, o)= 2E(E!)2

Γ (ς) (2E)!

E∑
κ=0

κ∑
r=0

vκ(−1)rΓ (ς+κ) (2r)!

(E−κ)! (κ− r)!(r!)22r
Cς+κ

2r,% (u,v, o) .

On putting v = 1 in (5.2), the following corollary can be obtained

Corollary 5.4. The following result hold true

Cς
2E,% (u, o)= 2E(E!)2

Γ (ς) (2E)!

E∑
κ=0

κ∑
r=0

(−1)rΓ (ς+κ) (2r)!

(E−κ)! (κ− r)!(r!)22r
Cς+κ

2r,% (u, o) .

6. Generating Functions
Theorem 6.1. The following generating function is valid

∞∑
E=0

((a))E

((b))E
Cς

E,% (u,v, o)=
∞∑

E=0

((a))E(ς, o,%)E(2ut)E

((b))E
A+1FB

[−E, (a+E) ;
(b+E) ;

vt
2u

]
. (6.1)

Proof. By direct computation

∞∑
E=0

((a))E

((b))E
Cς

E,% (u,v, o)=
∞∑

E=0

(a1)E · · · (aA)E

(b1)E · · · (bB)E

 1
Γ(ς)

[
E
2

]∑
κ=0

(2u)E−2κ(−1)κΓ%(ς+E−κ, o)
(E−2κ)!κ!

 .

Rewritten this as

∞∑
E=0

((a))E

((b))E
Cς

E,% (u,v, o) tE =
∞∑

E=0

[
E
2

]∑
κ=0

(a1)E · · · (aA)E

(b1)E · · · (bB)E

(2u)E−2κ(−v)κ

(E−2κ)!κ!
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×
 1
Γ (ς)

√
2o
π

∫ ∞

0
tς+E+κ− 3

2 exp(−t) K%+ 1
2

( o
t

)
dt

 tE.

which can be written as
∞∑

E=0

((a))E

((b))E
Cς

E,% (u,v, o) tE

=
∞∑

E=0

[
E
2

]∑
κ=0

(a1)E · · · (aA)E

(b1)E · · · (bB)E

(2u)E−2κ(−v)κ(ς, o;%)E−κ
(E−2κ)!κ!

tE

=
∞∑

E=0

E∑
κ=0

(a1)E+κ · · · (aA)E+κ
(b1)E+κ · · · (bB)E+κ

(2u)E−κ(−v)κ(ς, o;%)E

(E−2κ)!κ!
tE+κ

=
∞∑

E=0

E∑
κ=0

(a1)E+κ · · · (aA)E+κ
(b1)E+κ · · · (bB)E+κ

(2ut)E−κ(−vt)κ(ς, o;%)E

(E−2κ)!κ!

=
∞∑

E=0

(a1)E · · · (aA)E(2ut)E(ς, o;%)E

(b1)E · · · (bB)EE!

E∑
κ=0

(−E)κ(a1 +E)κ · · · (aA +E)κ
(b1 +E)κ · · · (bB +E)κκ!

(
vt
2u

)κ
.

Applying the definition of hypergeometric function [16], yields
∞∑

E=0

((a))E

((b))E
Cς

E,% (u,v, o) tE =
∞∑

E=0

((a))E(ς, o,%)E(2ut)E

((b))E
A+1FB

[−E, (a+E) ;
(b+E) ;

vt
2u

]
.

Setting v = 1 in (6.1), the following corollary can be obtained.

Corollary 6.2. The following generating function also holds
∞∑

E=0

((a))E

((b))E
Cς

E,% (u, o) tE =
∞∑

E=0

((a))E(ς, o,%)E(2ut)E

((b))E
A+1FB

[−E, (a+E) ;
(b+E) ;

t
2u

]
.

On substituting A = 0, B = 1 and b1 = τ in (6.1), the following corollary is obtained.

Corollary 6.3. The following generating function also holds
∞∑

E=0

Cς
E,% (u,v, o) tE

(b1)E
=

∞∑
E=0

(ς, o,%)E(2ut)E

(b1)2E
RE

(
τ,

vt
2u

)
.

Where RE (d,u) is defined in [15] as

RE (d,u)= (b1)2E

(b1)EE!
1F1

[ −E ;
(d+E) ;

u
]

7. Conclusion
The new generalized Gegenbauer polynomials of one and two variables are obtained by using
new extended gamma function defined by the MacDonald function (modified Bessel function).
Certain properties of this new generalized Gegenbauer polynomials such as integral formulas,
Mellin transform, recurrence relations and generating function are investigated. If % = 0
in the new generalized Gegenbauer polynomials Cς

E,%(u,v, o), the new extended Gegenbauer
polynomial Cς

E(u,v; o) is obtained; and if %= o = 0 the new generalized Gegenbauer polynomials
Cς

E,%(u,v, o), reduces to classical Gegenbauer polynomials Cς
E(u,v).
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