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1. Introduction

The classical Gegenbauer polynomials is defined by the series representation as follows [[11]:

E
1 2 Qu)E2X(=v)*T(c+E —«)

Cs(u,v,a)= , 1.1
£(0,0) r<g>§0 (E — 26)'kla<TE—* (1D
where I'(;) is the classical gamma function which can expressed as (see [4], [5])
I‘(E):f t“Lexp(-)dt, (Re(c)>0). (1.2)
0
With the following integral representation [[11]]:
CS.(u,v,a) = footc‘l —at)Hg(ut,-vt)dt, 1.3
z(w,v,a) TR exp(—at)HEg(2ut,—vt) (1.3)
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here Hg(2ut,—vt) is the two variables Hermit-Kamp de Friet polynomials given by [7]]

[%] uE—ZKUK
HgQut,~vt)=E!y —
5(2ut, ~vi) ,;)(E—zx)zm

Setting a = 1, (1.1) and (1.3) reduces to

(1.4)

E
1 2 Quw)E"2(—v)* T(c +E — x)
4 _
Cplu,v)= r@K;, (E - 20! ’

and

C%(u,v) =

-1 CAH (2wt |
F(c)E!fo t° " exp(—t)Hg(2ut,—vt)dt

Similarly, v =a =1, (1.1) and (1.3) reduces to Gegenbauer polynomials in [15]

E
1 2] Qu)E2(-1)*T(c +E — )
4 _
CEW =15 )3 (E — 210)Ix!

x=0

and

Cou)=

ootHex (-t)Hg(2ut,—t)dt.
F(C)E!fo PtiE

Recently, Atash and Al-Gonah [8]] introduced extended Gegenbauer polynomials as follows:

E
1 2] Cuw)E (=) T, (c+E — k)

C¢ = 1.5
E(uyv>0) I—.(C)K;O (E—Z'K)‘KY ’ ( )
with the following integral representation:
CS(u,v,0) = footc-l —t—ot " HHg(2ut,—vt)dt, 1.6
5 (u,v,0) TOE Jo exp( ot HHEg2ut,—vt) (1.6)
where I',(;) is the extended Euler’s beta function given by (refer to [1], [3], [6], [101)
T,y(c) = f £ lexp(—t — ot V)dt, (1.7)
0

(Re(0)>0, Re(c)>0).

On setting v = 1, (1.5) and (1.6) reduces to the following equations [8]

E
1 ] Qu)E2X(~1)T,(¢ +E —x)
c B 0

with the following integral representation [8]:

o0
Cz(u,a): f t‘_lexp(—t—ot_l)HE(Zut,—t)dt.
0

I'(c)E!

2. The Generalized Gegenbauer Polynomials of Two and Variables

In this work, new generalized Gegenbauer polynomials is presented as follows:

E
1 & Qw2 oyt r E-x0)
S = : :
CE,Q(u’v’O) - I'*(C) K;() (E—2K)!K!

) (2.1)
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where I'y(c,0) is the extended gamma function defined by (see for examples [2], [16])

I'p(c,0) = /2;0[)00 tg—%exp(—t)KQJr% (%)dt. (2.2)

(Re(p) >0, Re(c)>0).
If p =0 in (2.2) and considering the MacDonald (modified Bessel) function [14]]

[ 7
K% (2)= % exp(—z)

it reduces to the extended gamma function given in (1.7) and if p = 0 = 0 it reduces to classical
gamma function in (1.2).
If v =1, (2.1) reduce to the following result

E
1 ewr e B-x0
S = . :
CE’Q(u,o) = F(C)KZ:O (E —2x)!x! '

3. Integral Representations
Theorem 3.1. The following integral formula holds

1 20 [ __3 0
S N B C—5 _ _ _
CE’Q(u,v,o) = T(c)E!H - fo t°" 2 exp( t)K9+% (t)HE(2ut, vt)dt. 3.1)

Proof. Using

E
1 2 Qu)E~2(—v)* T )(c +E — k,0)
e _ [ 2
Cre 0.0 =15 KZ:O (E - 200! '

Applying (2.2), gives

E
1 [E](Zu)E_zK(—v)K 20 [ 5 0
¢ = § =7 ¢c+E+x—3% _ o
CE’Q(u’U’O)_F(C)K:o (E —2x)!k! nfo t fexp( t)K“%(t)dt '

Interchanging the order of summation and integration, yields

E
1 20 [° 3 0 [5] (2u)E—2¢(—p)¥
¢ __= [#© -3 _ o au)= —\—U) gk
CE’Q(u’v’O)_I‘(c) ﬂfo t“ 2exp( t)KQ+%(t)< E & 20! t dt.

x=0

Rewritten this equation, gives

E
1 (20 (> __3 0 [5] (2u)E~2(~vt)
¢ = 4/ = 2 - —)< ¢
CE!Q(u’v’O)_F(c)V nfo t° 2exp( t)Kp+%(;5)< t = (E-21)k! at.

Considering (1.4), yields

1 20 [® __3 0
9 _ c—5 _ “\.E -1
CE’Q(u’v’O)_F(g) !\/—ﬂ fo t° " zexp( t)Ké’*%(t)t HE(2u, vt )dt.

On using the relation in [12]

tE Hg (u,v) = Hg (ut,vt),
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leads to

1 20 [*® __3 0
3 _ N -3 _ e _
CE’Q(u,v,o)— roe\ = fo t° 2zexp(—t) KQ+% (t)HE(Zut, vt)dt.

Setting v =1; p=0 and v =1, p =0 in (3.1), the following corollaries can be received,

respectively:

Corollary 3.2. The following integral formula hold

1 20 [ 3 0
4 _ ‘/ -5 _ e _
CE’Q(u’O)_F(g)E! o fo t° zexp( t)Kg+%(t)HE(2ut, t)dt.

Corollary 3.3. The following integral representation is valid

o0
C;(u,v,o): fo tc_lexp(—t—ot_l) Hg Qut,—vt)dt.

I'()E!
Corollary 3.4. The following integral formula hold true

C%(u,v) [0 tLexp(~t) Hg (2ut,—vt)dt.

"T(QE!

4. Mellin Transform
Theorem 4.1. The following Mellin formula hold true

35— s 1
2o78r (58) T (214 )
¢ ol o G+s
M{CE,Q(u,v,o),s}— TOVRE! Cy, " (u,v). (4.1)

Proof. Using Mellin transform in [5]]

[ st
M{C}CZ,Q(u,v,o)} —fo o° {Cg’p(u,v,o)}dp.
Using the result in (3.1), leads to

oo 1 20 [ 3 0]
¢ _ -1 20 c-3 B o B
M{CE,Q(u,u,o)}—fO o° {r(c)E!‘/ nfo "3 exp( t)KQ+%(t]HE(2ut, vt)dt}do.

Changing the order of integrations, we obtain

]_ o0 3 2 S8} 1 0
c = T2 _— -3 —_—
M{CE’Q(u’U’O)}_F(c)E!fO t°"2exp(—t) HE(Zut,vt){\/;fo o® 2KQ+%(t)do}dt.

Putting o = wt, gives

1 oo _ 2 > .1
M{CfE’Q(u,U’O)}:F(c)E!fO t<5 Lexp(~t) HE(Zut,vt){\/;fO w® 2KQ+%(w)dw}dt.

Using the relation given in [14]]

® 1 o3 (S—O0\[stet1
fo 0K 1 (o =2 zr( 5 )r( 5 )
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}dt.

leads to

1 % gts— 2 [ s 3.(5—0\n[StOo+1

¢ — c+s—1 _ _ 4 os
M{CE@(u’U’O)}_F(c)E!fO t exp(—t) Hg (2ut, vt){\/;[z 2r( 5 )r( 5 )
25—%r(s;g)r(s+g+1

2
['(¢)VnE!
Rewritten this equation, gives

28_%F(%)F (s+g+1)
I'(¢)VnE!
F(c+s){

On simplifying

M{sz,g(”’”’o)} = )j; 1" exp(~t) Hg (2ut,~vt)dt.

M{C%,Q(u,v,o)} =

X

1 (]
F(C+S)E']; tc+s_1exp(_t) HE(2Ut,—Ut)dt.H .

On using (3.1), yields

2

IN(IRVZ

22780 (38) T (242 T(g +9)

M{CE,Q(u,v,o);s} = Cf,;s(u,v). O

Substituting v = 1 in (4.1)), gives

Corollary 4.2. The following Mellin transform formula also hold true

9s—3T (%) r (S+é2)+].

I'(¢)VnE!

M{C%,Q(u,o);s}: )szs(u).

5. Recurrence Relations
Theorem 5.1. The following recurrence relation hold true
(E+1)CS,,; ,(,0,0)=26uCE ) (u,0,0)-2c0CE ) (u,0,0). (5.1)
Proof. Using the recurrence relation in [9]
H.1(u,v)=uH (u,v)+2¢vH-_1(u,v),
and setting u — 2ut and v — —vt, yields

H . 1Qut,—vt)=2utH (2ut,—vt)-2¢vtH _1(2ut,-vt).

Multiplying both sides by ﬁ Zn—ot‘ +E +K_gexp(—t) K o+1 (%) and integrate with respect to ¢
taking limit from 0 to oo, gives

1 20 [® 3 0
- -5 _ o ~
['(c)E! \/ 7;_[0 t* 2exp( t)KQ+%(t)HE(2ut, vt)dt
1 20 [°° 3 o
_ |20 [ & 0 )
_zx{r(c)E! nfo £ 2exp( t)Kg+%(t)tHE(2LLt, vt)dt}
1 20 [*® 3 0
_ /20 [ 5 0 )
2yc{F(c)E! nfo £ 2 exp( t)KQ+%(t)tHE—1(QUt, vt)dt}_
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Rewritten this equation, gives

(E+1)! 1 20 [ o3 o
E! {F(C)(E+l)!v;/(; t 2eXP(—t)KQ+%(;)HE.H(Zut,—vt)dt}
_o L+ 1) 1 2 [® 45 0 )
G {F(c+1)E! V nfo < exp(-0 K, (1) He@ut, U“dt}
_ (E-1)! 1 2_0 oo cr1-2 B 2 .
2y¢ E! {F(C+1)(E—1)!V ﬂfO t zexp( t)K9+%(t)HE_1(2ut, vt)dt

which readily yields

(E+1)CE+1 Q(u,v,o) = 2cuC§3++11 p(u,v,o) - 2ch’2+11 Q(u,v,o). O

Putting v =1 in (5.1), the following corollary can be obtained:

Corollary 5.2. The following recurrence relation also holds

E+1)C,; ,@,0=2cuCs ) (1,0)-2cvCE  (4,0).

Theorem 5.3. The following summation formulas hold

2EEN? E v (=1)'T'(¢ +x)(2r)!

¢ _ GHK
Core 0= £ @E) ,(X:(),Z()(E—K)!(K—r)!(r!)22r02r’9(u’v,0). ©-2

Proof. Using the result in [9]

E  {H(u,v)?
H ,U) = 2E(E1)? K—’,
9r (u,v) (E") Kzz()(E—K)!(K!)22K

and substituting u — 2ut and v — —vt, gives

E (Hg(2ut,—vt)}?
Hop (2ut,—vt) = 2E(E1)? d .
2k (2ut,—vt) =2"(E") K;) (E — )22~

Multiplying both sides by ﬁ\/ 204c+E +K_?exp( t) K (%) and integrate with respect to t
taking limit from 0 to oo, yields

1 20 0 3 o
= c—3 _ o ~
ToE\ 7 fo £ 2exp( t)Kg+%( )HzE(2ut, vt)dt

2F(E1)2 2of 3 {H, (2ut,—vt)}?
_ £ K, }; dt
rTE! bexp(-t ( ) — ([ — 0l(x)?2x

Using the relation [9]

~ (=1)'Hg,(u,v)
H 2 — _2 K ' 2 4
{Hg (u,v)}* = (=20)"(x!) 7;0 TR

leads to

1 20 [® 3 0
‘l_ =3 _ o B
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,K')Z (-1)"Hy,(2ut,—vt)

9E(EN2 [9o oo E (2v8)( 0 (G
= # _Of tc_%exp(—t)K 1 (g) Z r= (K2 N(rH=2 dt.
IF'@QE!\ 7m Jo e \t) = (E —1)!(x))=2x

Interchanging the order of summation, will readily lead to

1 20 [® 3 0
‘/_ c—5 _ 0 ~
T(c)E! ﬁ) " 2exp( t)KQ+%(t)H2E(2ut’ vt)dt

K(_l)rH2r
_2E E’ 2
&Y KZOZO(E ) (x = P)I(r)22r

]- 20 S 3 0
— [22 c+x—2 3 o ~
X{F(C)E! - j(; t 2exp( t)Kg+%(t)H2E(2ut’ vt)dt}.

Rewritten this equation one can obtain

(2E)! 1 20 [ 3 ) 2 .
E! {F(C)(QE)!\’?A t* 2exp( t)KQ+%(t)H2E(2ut, vt)dt}

E X “(-1)H; T(c+x)(2r)!
= 2E(E1)? 2 r
( ),;:(),;)(E—K)!(K—r)!(r!)22r ['(¢)E!

1 20 [® 3 0
— 2| ™ Sexp(-t) K, 1 () Hap (ut,—vt)dt
X{F(c+1<)(2r)! tho t zexp(—t) 9+%(t) or (2ut,—vt) }

which can be written in simplified form as

2E(E')2 £ v (=1)'T' (¢ +x)(2r)!

9 CHK
Como 0= T 0 Ry Z()ZO(E Ol =l e 14020 .

On putting v =1 in (5.2), the following corollary can be obtained

Corollary 5.4. The following result hold true

2E(EN? E X (=1)T(c+x)(2r)!

'S _ C+K
Como (#:0)= 1 )(2E>'KZO,;)(E-K)I(K-;»)x(r!)zzr 27, (10)

6. Generating Functions

Theorem 6.1. The following generating function is valid

X (@) ¢ = ((@)g(c,0,0)g(2ut)” -E, (a+E); vt
C = A+1F — . 6.1
2 g e @O 2 () TUB him); 24 (6.1

Proof. By direct computation

E
i ((a))E Cg‘ ( O): i (al)E’-.-(aA)E ]_ [2] (2u)E_2K(_1)KFQ(C+E—K,O)
— (b)) Ee = bE-bB)E | T(©) .5 (E - 2x)x!

Rewritten this as
E
S (@)E C [2](a1)E (@a)g Qu)E 2 (—v)x
C u,v,0)t"
Ez=o((b)) v.0) EZOKZO(bl)E (bp)g (E—2x)x!
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20 Fixe
{I‘(c)\/ f AR 2exp( t)K,, ( )dt}t.

which can be written as

= ((a))E E
Py ((b»ECfE@( o)t

2

S|

(aDg - (ap)g QuE2X(—v)*(c,0;0)5_ B
E=0x=0 (bl)E (bB)E' (E - ZK)!K!

-y ¥ @Dz (@A) g CWE(—0)*(c,0;0)g o
=01e=0 (Vg (bB)E+x (E - 2x)!k!

i (@DE+x (@A) E+x Qut)ETF(—vt)(c,0;0)g

Z:: =0 bDE+x " (bB)E+x (E - 2x)!x!
i (a)g - (@a)put)®(c,0;0)5 E (—E)K(a1+E),<---(aA+E)K(vt)"

M

= (b)g - (bp)EE! = (b1+E)---(bp+E)x! \2u

Applying the definition of hypergeometric function [16], yields

® (@)g g & (@)g(c,0,0)ut)” -E, (a+E); vt
C5, (u,v,0)t" = — 1.

ZO () o100 EZ:"O (b)E (b+E); 2u
Setting v = 1 in (6.1)), the following corollary can be obtained. O

A+]_FB

Corollary 6.2. The following generating function also holds

o 2ut)? -E E);
5 @y o= § (@siCooseu (@B ]
=0 (€2))7 € E=0 (€200 (b+E); 2u
On substLtutmg A=0,B=1and by =1 in (6.1), the following corollary is obtained.

A+1Fp

Corollary 6.3. The following generating function also holds

o0 Czwyg(u,v,o)tE 2 (6,0,052ub)” ] v_t)
E=0 bVE E=0 (b1)2g B\ ou )
Where Rg(d,u) is defined in [15] as
(b1)2E -E ;
Rg(d,u)=
e(d.u) GogE! " tld+E)"

7. Conclusion

The new generalized Gegenbauer polynomials of one and two variables are obtained by using
new extended gamma function defined by the MacDonald function (modified Bessel function).
Certain properties of this new generalized Gegenbauer polynomials such as integral formulas,
Mellin transform, recurrence relations and generating function are investigated. If p = 0
in the new generalized Gegenbauer polynomials CZ,,Q(u, v,0), the new extended Gegenbauer
polynomial C;(u, v;0) is obtained; and if p = 0 = 0 the new generalized Gegenbauer polynomials
Cg,g(u,v,o), reduces to classical Gegenbauer polynomials C;J(u,v).
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