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1. Introduction and Preliminaries

Recently, Azam et al. [1] introduced the complex valued metric space, which is more general than
the well-known metric spaces. After then, many authors have studied the problem of existence
and uniqueness of a fixed point for mappings satisfying different contractive conditions in the
framework of complex valued metric spaces (e.g. [2-4} 7-11]]).

The purpose of this paper is to study common fixed points for two pairs of self-mappings
satisfying a rational inequality in complex valued metric spaces. Consistent with Azam et al. [1],
the following definitions and results will be needed in the sequel.
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A complex number z € C is an ordered pair of real numbers, whose first coordinate is called
R(z) and second coordinate is 3(z).

Let C be the set of complex number and z1,z9 € C. Define a partial order < on C as follows:
z1 = z9 if and only if Re(z1) < Re(z9) and Im(z1) < Im(z9). It follows that z1 < z9, if one of the
following holds:

(1) Re(z1) =Re(z2) and Im(z1) = Im(z9);
(i1)) Re(z1) <Re(z2) and Im(z1) = Im(z9);
(1i1) Re(z1) =Re(z2) and Im(z1) < Im(z9);
(iv) Re(z1) <Re(z2) and Im(z1) <Im(zs).
In particular, we will write z1 3 z2 if 21 # 22 and one of (ii)], and is satisfied and we will
write 2z < zg if only [(iv)|is satisfied.

Remark 1.1. We obtained that the following statements hold:
(1) If a,b e R with a < b, then az < bz for all z€ C.
2) If0<21 sz, then |z1| < |z9].

3) If z1 <29 and z9 < z3, then 21 < z3.

Definition 1.2 ([1]). Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies
(1) 0<kd(x,y) for all x,y € X and d(x,y) =0 if and only if x = y;
(2) d(x,y)=d(y,x) for all x,ye X;
3) d(x,y)<d(x,z)+d(z,y) for all x,y,z€ X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric
space.

Example 1.3. Let X = C. Define the mapping d : X x X — C by d(z1,z2) = 2i|z1 — 22| for all
21,22 € X. Then (X,d) is a complex valued metric space.

Definition 1.4. Let(X,d) be a complex valued metric space and {x,} be a sequence in X.

(1) If for every c € C with 0 < ¢, there exists N € N such that d(x,,x)<c, foralln =N
then {x,} is said to be convergent to x € X and we denote this by x,, — x as n — oo or
lim x, = x.
n—oo
(2) If for every c € C with 0 < ¢, there exists N € N such that
d(x,,xp+m)<c, foralln=N,
where m € N, then {x,} is said to be Cauchy sequence.
(3) Iffor every Cauchy sequence in X is convergent, then (X, d) is said to be Complete complex
valued metric space.

Definition 1.5 ([5]). Let S and I be self-mappings of a set X. If w = Sx = Ix for some x € X,
then x is called a coincidence point of S and I, and w is called a point of coincidence of S and I.
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Definition 1.6 ([6]]). S and T be two self-mappings defined on a set X. S and T are said to be
weakly compatible if they commute at their coincidence points.

In [1], Azam et al. established the following two lemmas.

Lemma 1.7 ([1]). Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.
Then {x,} converges to x if and only if |d(x,,x)| — 0 as n — co.

Lemma 1.8 ([1]). Let (X,d) be a complex valued metric space and let {x,} be a sequence in X.
Then {x,} is a Cauchy sequence if and only if |d(x,,Xn+m)l — 0 as m,n — oo.

2. Main Results

In this section, we prove some common fixed point results with rational type contraction
conditions.

Theorem 2.1. Let S,T,f and g be self-mappings defined on a complex-valued metric space
(X,d) satisfying TX c fX, SX<cgX and
[d(fx,Sx)d(fx,Ty)+d(gy,Ty)d(gy,Sx)] b d(fx,Ty)d(gy,Sx)
d(fx,Ty)+d(gy,Sx) d(fx,Sx)+d(gy,Ty)’
for all x,y € X, where A,a,beC, and 0<a+b<A.
Ifoneof SX,TX,fX or gX is complete subspace of X, then

(a) both pairs {S, [} and {T, g} have a unique point of coincidence in X;

AdSx,Ty)<a

(2.1

(b) if both pairs {S,f} and {T, g} are weakly compatible, then S,T,f and g have a unique
common fixed point in X.

Proof. Let xy be an arbitrary point in X. Since SX < gX we find a point x; in X such that
Sxo = gx1. Also, since TX < fX, we choose a point x9 with Tx; = fx2. Thus, in general, for
the point x9,_9 one can find a point x9,,_1 such that Sxo,_9 = gx9,,_1 and then a point x9,, with
Txo, 1=[fx9, forn=1,2,....
Repeating such arguments one can construct sequences {x,} and {y,} in X such that,
Yon-1=S%xon-2 = §Xon-1,
Yon = Txon-1=fxon,
forn=1,2,....
From inequality (2.1)), we have
[d(fx2n,Sx2,)d(f %20, TX2n+1) + d(gX2n+1, Tx2n+1)d(gX2n+1,Sx2,)]
d(fx2n, Txon+1) +d(gx2n+1,Sx2n)
d(fxon, Txon+1)d(8%2n+1,S%2,)
d(fx2n,Sx2,) +d(gx2n+1,TX2n+1)
[d(yon, Yon+1)d(Yon, Yon+2) + A(Yon+1, Y2n+2)d(Y2n+1, yon+1)]
d(yon,Yon+2) + d(¥2n+1,Y2n+1)
d(Yon, y2n+2)d(Yon+1, Yon+1)
d(yan, Yon+1) +d(¥an+1,Y2n+2)

Ad(Sx2,,Txoni1) S @

Ad(yon+1,Y2n42) S @

+b
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so that
|A/| |d(y2n+17y2n+2)| = |a| |d(y2n7y2n+1)|9

a
|d(yon+1,Y2n+2)l < ‘1) l[d(y2n, y2n+1)]

or

|d(Yon+1, yon+2)| < k1ld(Y2n, yon+1)l,
where k1 = |%|
Since A,a € C; and 0 <a <A then ky =|%| < 1.
Again, using inequality (2.1),

(2.2)

ald(fxon,Sx2,)d(fx2n, Txon—1) + d(gx2,-1, Tx2n-1)d(gx2n—1,S x2n)]

Ad(Sxon, Tx9,-1) <
Zmo - anl d(f%am, Txan—1) + d(gx2n_1,S%2n)

d(fxon, Tx2,-1)d(gx2,-1,Sx2p)

+b
d(fx9n,Sx2,)+d(gx2,-1,Tx2,-1)
or
ald(y2n, y2n+1)d(Yon, y2n) + d(yon—1, ¥2n)d(Y2n-1, Y2n+1)]
Ad(y2n+1,¥2n) <
d(yon,¥y2n) + d(Y2n-1,Y2n+1)
“b d(yen, ¥2r)d(Y2n-1,Y2n+1)
d(Yon,y2n+1) + d(Yan-1,¥on)
Therefore,

IMNd(Y2n+1,y2n)| < lalld(yen-1,y20)l,
|d(Y2n+1,Yen)| < k1ld(y2n, yon-1)l,

where k1 = |%|

Combining and (2.3), we have
|d(Y2n+1, Y2n+2)| < Rld(Y2n, Yon-1)I,

where k& = k%

Continuing this process, we get
|d(yan+1,y2n+2)| < k" 1d(y1,32)].

By using inequality (2.1)), we have
|d(yan+3, Yon+2)] < ]%\ 1d(Yan+2, Y2n 1))

= k1ld(yan+2, y2n+1)l-
Combining and (2.5), we have
|d(y2n+3, ¥2n+2)] < BT Hd(y1, 72)1-
From and (2.6), we get

1,k
1A, Y1) < %kwm,yzn, forn=2,3,....

1
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Since 0< k1 <1, for m,n (m >n), we have

n

1
k2(1-k1)
By Lemmal|[1.8] the sequence {y,} is a Cauchy sequence in (X,d). Now assume fX is a complete

max{1,k1}|ld(y1,y2)t| = 0 as m,n — oo.

|d(yn>ym| S [

subspace of X, then the subsequence ys, = Tx9,_1 = fx9, converges to some u in fX. That is
Yon = fxo, = Txopn_1—u as n — oo. 2.7)
As {y,} is a Cauchy sequence which contains a convergent Subsequence {ys,}, we can find v € X
such that
fu=u. (2.8)
We claim that Sv = u. Using inequalities and (2.8), we have

Ad(SU,y2n) = Ad(Sv, szn_l)
- a[d(fv,Sv)d(fv,szn—1)+ d(gxan-1,Tx2n-1)d(gx2,-1,SV)]
A d(fv,Txon-1)+d(gx2n-1,Sv)
d(Sv,Tx2,-1)d(gx2,-1,Sv)
d(fv,Sv)+d(gxen-1,Tx2n-1)
[d(u,Sv)d(u,y2,) + d(yon-1,y2n)d(Y2n-1,SV)]
d(u, y2,) +d(y2n-1,Sv)
d(Sv, y2,)d(y2,-1,Sv)
d(u,Sv)+d(y2,-1,Sv)’
Letting n — oo in above inequality, using (2.7), we get
Ad(Sv,u) < 0.

Since 0 < A, which implies that d(Sv,u) =0, that is

Sv=u. (2.9)
Now, combining (2.8) and (2.9), we have
fv=Sv=u,

that is u is a point of coincidence of f and S.
By similar manner, we can show that u is a point of coincidence of g and T'.
Since u = SveSX < gX, there exists w € X such that

u=guw. (2.10)
We claim that Tw = u. Using inequality (2.1), we have

Ad(u, Tw) = Ad(Sv, Tw),
5 a[d(fv,Sv)d(fv,Tw)+d(gw,Tw)d(gw,Sv)] b d(fv, Tw)d(gw,Sv)
d(fv,Tw)+d(gw,Sv) d(fv,Sv)+d(gw,Tw)’
Ad(u, Tw) < 0.
Since 0 < A, which implies that d(u,Tw) =0, that is

u=Tw. (2.11)
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Combining and (2.11), we have

u=gw=Tw,
that is, u is a point of coincidence of g and 7'.
Now suppose that u’ is another point of coincidence of f and S, that is

u'=fv'=8v.
For some v’ € X. Using inequality (2.1I), we have

Adw',u) = Ad(Sv’, Tw)

[d(fv',Sv)d(fv',Tw)+d(gw, Tw)d(gw,Sv")] 5 d(fv',Tw)d(gw,Sv")

) + ’
. d(fv',Tw)+d(gw,Sv’) d(fv',Sv)+d(gw,Tw)
by using 0 < A, this implies that

d(u',u)=0, thatis u' =u.

It is clear that u is unique point of coincidence of {S, f} and {T, g}.
Now, we prove that S,T,f and g have a unique common fixed point in X.
Since {S, f} and {T', g} are weakly compatible and u = fv = Sv = gw = Tw, we can write
Su=S(fv)=fSv)=fu=wi (say) and Tu=T(gw)=g(Tw)=gu=ws (say).
By using inequality (2.1)), we get
Ad(w1,wg) =Ad(Su,Tu)
[d(fu,Su)d(fu,Tu)+d(gu,Tu)d(gu,Su)] b d(fu,Tu)d(gu,Su)

~a d(fu,Tu)+d(gu,Su) d(fu,Su)+d(gu,Tu)’
by using 0 < A, this implies that

wi=wsz
that is Su = fu = Tu = gu, by using inequality implies that
[d(fv,Sv)d(fv,Tu)+d(gu,Tu)d(gu,Sv)] N d(fv,Tu)d(gu,Sv)
d(fv,Tu)+d(gu,Sv) d(fv,Sv)+d(gu,Tu)’
Hence, we deduce (by using 0 < A1) that Sv = T'u, that is, u = T'u. This implies that

Ad(Sv,Tu)<a

u=Su=fu=Tu=gu.

So u is unique common fixed point of S, T, f and g. O

Putting f = g = Ix, where Iy is the identity mapping from X into X in Theorem we get
the following corollary.

Corollary 2.2. Let S,T be self-mappings defined on a complex-valued metric space (X,d)

satisfying

[d(x,Sx)d(x,Ty)+d(y, Ty)d(y,Sx)] N d(x,Ty)d(y,Sx)
d(x,Ty)+d(y,Sx) d(x,Sx)+d(y,Ty)’

for all x,y € X, where L,a,b€Cy and 0<a+b<A.

Ad(Sx, Ty)<a (2.12)

If one of SX or TX is a complete subspace of X, then S and T have a unique common fixed in X.
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Theorem 2.3. Let S,T,f and g be self-mappings defined on a complex-valued metric space
(X,d) satisfying TX < fX, SX cgX and
d(fx,Sx)d(Ty,gy) +Yd(fx,Ty)d(Sx,gy)

1+d(fx,8y) 1+d(fx,8y)

d(fx,Sx)d(fx,gy) d(Tx fy)d(Ty,g)
1+d(fx,gy) 1+d(Tx,fy)

where A, a,B,y,n,{ €Crand O<a+pf+y+n+i<A.

If one of SX,TX,fX or gX is a complete subspace of X, then

(a) both pairs {S, f} and {T, g} have a unique point of coincidence in X.

Ad(Sx,Ty) < ad(fx,gy)+ P

forall x,ye X (2.13)

(b) if both pairs {S,f} and {T, g} are weakly compatible then S,T,f and g have a unique
common fixed point in X.

Proof. The proof of this theorem is similar to that of Theorem O

3. Conclusion

In this attempt, we have proved some coincidence and common fixed point theorems for two
pairs of self-mappings satisfying a rational inequality in Complex valued metric spaces. These
results generalizes and improves the recent results of Rouzkard [10], Rouzkard et al. [11] and
Kumar et al. [8]], in the sense that in our results, we are using different type rational inequality
for two pairs of self maps in complex valued metric spaces, which extends the further scope of
our results.
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