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1. Introduction

In many articles, numerical methods have been considered for the solution of partial differential
equations (PDEs) involving nonlocal boundary conditions (NBCs). Some examples of these
articles include nonlocal problems for elliptic equations [1-326]], elliptic-parabolic [4], hyperbolic
[5,27]], or hyperbolic-parabolic [6].
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Many applied phenomena have been modeled as mathematical equations with NBCs (see, for
example, work in [9,18]). Many thermoelasticity problems are formulated as nonlocal problems
[17,(19,22]. Two of the most recent new mathematical models in biotechnology are presented in
[[7,15]. A separate class of such nonlocal models are boundary value problem (BVP) for elliptic
equation with NBCs [12].

The eigenvalue problem is one of the important problems related to differential equations
with NBCs. The investigation of the spectra for one and two-dimensional differential operators
with NBCs of Bitsadze-Samarskii type, or integral-type are given in [8, 13,14, 16,23, 24]. Further
results of PDEs with one Bitsadze-Samarskii NBC are published in [23,25].

In this work, we consider the elliptic PDE

0%u 02 _

@ =f(x,y), inQQ, 1)
where Q = (0, 1) x (0, 1), with the boundary conditions

u(x,0) = u1(x), (2)

u(x,1) = ug(x), 3)

20,y =y1%(0, ), (4)

u(1,y) =yau(l,y), (5)

where g, {, y1 and y9 are given constants such that 0 < p <{ < 1. We examine the difference
eigenvalue problem corresponding to problem (I)-(5). We define the uniform grids wp, and wy,

wp={x;:x;=1h,1=0,1,...,N},
wr={yj:y;=jk, j=0,1,...,M},

where h = 1 , k= 1 , for positive integers N and M. Then, the grid wp«, is defined by
Wpxk = 0p X 0 ={(x;,y;) 1 % € Wp, Yj € W}

h is chosen such that p and { are points on the grid wy, i.e. p =s1h, { = sgh, for positive integers
s1 and sq. First, we study the following one dimensional difference eigenvalue problem with

NBCs
wi-1—2u; +ui
I i +Au; =0, (6)
Uo=ui—7yils, +Yills;-1, (7)
UN =7Y2Us,y- (8)

Hence, the one-dimensional relations obtained are employed to deduce similar results for the
corresponding two- dlmensmnal problem of the form

j+ 1
”{“_2:2 M 2ku2 el +Aul =0, ©
10 =0, (10)
ul =0, (11)
u{) ujl—)/luél +Y1u£1_1, (12)
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uh = youl,. (13)

At certain values of A, problem (6)-(8) or problem (9)-(13) will have a nontrivial solution.
These values are called the eigenvalues of the problem. Since conditions (7)-(8) and (12)-(13)
are nonlocal, the eigenvalues may assume real or complex values as the difference operator is
non-self adjoint. The main idea of this study is to show the effect of the multipoint NBCs on
different types of eigenvalues and (when it is possible) provide them with analytical expressions.
We use techniques which are used, for example, in papers [10,|11,20-22,24] that explored
similar problems with other types of NBCs.

The plan of this paper is as follows: Section [2, presents the structure of the matrix of the
deference systems. Also, for one-dimensional we presented cases for the eigenvalues and their
corresponding eigenvectors. In Section 3| the relations from Section [2| are generalized to the
structure of the spectrum of two-dimensional differential and appropriate difference operators
with nonlocal conditions. Section [4] lists the conclusion of this work.

2. The Difference Eigenvalue Problem in One-Dimension

Consider the case M = N. Then the linear system of equations (6)-(8) is defined by the following
square matrix A of order (N —1) x (N —1) as

1 -1 0 0 —y1 y1 O 0 0

-1 2 -1 0 0 0 0 -« 0 0

o -1 2 -1 0 0 0 0 0 0

1 0 o -1 2 -1 0 0 0 0 0
A=zl o s s s

0 0 0 0 0 o -1 --- 2 -1

0 0 0 0 0 0 -y9 -+ -1 2

0 0 0 0 0 0 2y9 .-~ 0 -1

where —y; and y; occupy the columns s; — 1 and s, respectively and —y2 occupies column sso.
Then, the finite difference eigenvalue problem (6)-(8) and the following eigenvalue problem

Au=2u, (14)
are equivalent. In matrix A, because of the NBCs some rows and columns are altered from the
standard matrix of elliptic PDE with classical conditions. Hence, matrix A can have different

types of eigenvalues according to the parameters 4, p, {, Y1 and y2 and these cases are analyzed

in the following work. We rewrite Equation (6) in the form
Ah?
ui—1—2(1—7)ui+ui+1 =0, (15)

which is utilized in the following cases.

Lemma 2.1. One of the following cases are provided the existence of the difference eigenvalue
problem (6)-(8) has zero eigenvalues.

(1) ify1=1and y2 # %, then the difference eigenvector according to the difference eigenvalue
is given by

1-—
uj= (——Y2(+ih)c.
I-72
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(i) if y1=1and y2 = %, then the difference eigenvector according to the difference eigenvalue
is given by u; = c(ih).

(iii) if y1 # 1 and y2 = 1. In this case, then the difference eigenvector according to the difference
eigenvalue is given by u; = c, for an arbitrary constant c.

Proof. If A =0, the solution of difference eigenvalue problem (6) is u; = ¢1+cgih,i=0,1,2,---,N.
Then, substituting in (7)) yields

(h —’)/1h)02 =0. (16)
The second NBCs (8) yields,

(1-7y2)c1+ (1 —=v2({))ca2=0. (17)
We have three cases: first if y; =1 and yg # l which yields cg2 # 0 and ¢; = —3 ?/2502 then,
u; = ( 11 sz;“ + I,h)c But in case two y; =1, 1f c2 # 0 and c¢1 = 0 which yields yg = = and
u; = c(ih). Then in case three y; #1 and y2 =1, if cg =0 and c1 #0, than, u; =c Where c an
arbitrary constant. O

Lemma 2.2. One of the two following cases are provided the existence of difference eigenvalue
problem (6)-(8), which has a negative eigenvalue A = —= s1nh2 (“h ), where the positive parameter

a satisfies the relation between y1 and ys.
1—cosh(ah)

i) If y1= dys=1
@ Ifn cosh(a(p — h)) — cosh(ap) e Tz
The difference eigenvector according to the difference eigenvalue is given by u; =
ccosh(aih).
1—cosh(ah
i) If y1 # cosh(ah) and

cosh(a(p — h)) — cosh(ap)
1-cosh(ah) + sinh(ah) — (— cosh(ap) + cosh((—A + p)a) + sinh(ap) — sinh((-A + p)a))y1
{ —{ cosh(ah) + sinh(ah) + ({ cosh(pa) — { cosh((—h + p)a) — sinh(pa) + sinh((—A + p)a))y1’
and the difference eigenvector according to the difference eigenvalue is given by
sinh(ah) —y1 sinh(ap) + y1 sinh(a(p — h))
cosh(ah) —y1 cosh(ap) + y1cosh(a(p—h)—-1)

Y2 =

cosh(ahi) +sinh(ahi)|.

u;=cl-

Proof. If 1 <0, we have

Ah2
1- " >1.
2

Denote
cosh(ah)=1- %hz,

and putting this expression for the finite difference equation (15) into the form
u;_1—2cosh(ah)u; +u;+1=0.

Then,

u; =cqcosh(ahi)+cogsinh(ahi).
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By substituting the above equation into NBCs (7) and (8), we obtain the two following equations
in the unknowns ¢ and co.

(cosh(ah) —y1cosh(ap) +y1cosh(a(p —h)) —1)cy

+ (sinh(ah) — y1 sinh(ap) + y1 sinh(a(p — h)))cg =0, (18)
(I-y2)er +(1—y2())ec2 =0, (19)
1-cosh(ah
when y; = coshalp —C(;zs))(—aco)sh(ag) and cg =0, which yields y2 =1, and u; = c1 cosh(aih).

1—cosh(ah)
cosh(a(p — h)) — cosh(ap)’
equations (18)-(19), we get
1-cosh(ah) + sinh(ah) — (—cosh(ap) + cosh((—A + p)a) + sinh(ap) — sinh((-A + p)a))y1
{ —{cosh(ah) + sinh(ah) + ({ cosh(pa) — { cosh((—A + p)a) — sinh(pa) + sinh((—A + p)a))y1
(20)

But when y; # then by solving the system of the two linear algebraic

Y2 =

(@) 0=0.2,{=0.6 (b) p=0.3,0=08

Figure 1. Effect of changing p and { in equation (20) on the relation between ys and «a, (a) p = 0.2,
{=0.6,(b) p=0.3,{=0.8

Figure (1|shows that the different values of a will be close for value of ys.

Lemma 2.3. One of the two following cases is provided the existence of difference eigenvalue
problem (6)-(8), has positive eigenvalues 0 < A < %, by taking the form A = % sin® (Ot’é—h), where

the parameters ay, € (0, %) satisfy the relation between y1 and ys.
. 1—cos(ah) cos(a)
I =
@ Ifr cos(a(p —h)) — cos(ap) ana vz

cos({a)’
The difference eigenvector according to the difference eigenvalue is given by u; = ccos(aih).
.. 1—cos(ah)
@) Iy # cos(a(p —h)) — cos(ap) an
_sin((h - Da) - sin(a) — (-sin((1 — p)a) + sin((h + 1 — p)a))y1
~ sin((h —a) +sin({ @) + (sin({ - p)a) —sin((h —{ - p)a))y1
then the difference eigenvector according to the difference eigenvalue is given by
sin(ah) —y1sin(ap) + y1 sin(a(p — h))

cos(ahi)+sin(ahi)).

Hi=e " cos(ah) - Y1cos(ap)+yicos(a(p—h)—1)
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Proof. If 0 <A< 2, then we have

ﬁ)
Ah?
1-—|<1.
2
Denote
Ah2
cos(ah)= 1—7,

and putting this expression for the finite difference equation (15) into the form
u;—1—2cos(ah)u; +u;+1=0.
Then,
u;=cicos(ahi)+cosin(ahi).
By substituting the above equation into NBCs (7) and (8), we obtain the two following equations
in the unknowns c¢1 and cs.
[cos(ah)—y1cos(ap)+y1cos(alp—h))—1lcy +[sin(ah) — y1sin(ap) + y1sin(a(p — h))]lce =0, (21)

(cos(a) —yacos(al))cy + (sin(a) — Yo sin(al))cg = 0. (22)

1- h
cos(ah) and cg = 0, which yields: yo = M,
cos({a)

When y; = and u; = ccos(aih).

cos(a(p—h)) —cos(asih)
1—cos(ah)

cos(a(p — h)) —cos(ap)’
equations (21)-(22), we get
_sin((h - Da) —sin(a) — (=sin((1 — p)a) + sin((h + 1 — p)a))y1

r2= sin((h — Q)a) + sin({ @) + (sin({ — p)a) — sin((h - { — )a))y1
Lemma 2.4. One of the two following cases is provided the existence of difference eigenvalue
problem (6)-(8), which has eigenvalue A = %.
-V
(s i- e R T
The difference eigenvector according to the difference eigenvalue is given by u; = (-1)ic.
@) Ify1 # = @
(DN A0+ DV D) +y (DN - o) - (- DV — o+ A) — (- 1)%2()))
2T (1P — @)= (— D511 + p— ) — (— D= 1 — ) ’
then the difference eigenvector according to the difference eigenvalue is given by
DA+ D e —R) ih)
(-D-yi1(-1s1 +y1(-1)511-1 '

Proof. If A= %, we have in this lemma, the finite difference equation has formed to

But when y; # then by solving the system of the two linear algebraic

(23)

@) Ify1=

dys

nd

u; =(-1c

ujr1+2u;+uj-1=0.
Then,
u; =(=1)"(c1 +c2(h)),
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and by substituting the above equation into NBCs and (8), we obtain the two following
equations in the unknowns c; and cg by take the form
(D =y1(=D* +y1(-D* " = Deg + (DR —y1(-D* () +y1(-D* Mo —h)ca =0,  (24)

(=D —(=1%2y9)er + (DN (1) - (- 1)*2y2(p))eg = 0. (25)
N

(=1)s2’

When y; = then cg = 0. This yields y9 = and u; = (-=1)ic;.

(DT (~1pr

But when y; # i then by solving the system of the two linear algebraic equations

@9D-23), we get
_ =DM A -0+ DV + GV - 0) - (CDY A - o+ A) - (1))
" Y1(=121(C = @) = (= D2+17 1 + 0 = h) = (=121 - h) '

Lemma 2.5. One of the two following cases is provided the existence of difference eigenvalue
problem (6)-(8), has positive eigenvalues A > % by taking the form A = % coshz(%h), where the
positive parameter a satisfies the relation between y1 and vye.

() I 7y = 1-(-1)cosh(ah) and v = (-=1)N cosh(a) |
(-1)s17Lcosh(a(p — k) — (—1)51 cosh(ap) (—1)%2 cosh({a)

(26)

The difference eigenvector according to the difference eigenvalue is given by u; =
(=1) ccosh(aih).
. 1-(-1)cosh(ah)
W) 21 # e T cosh(atp — h) — (—1)* cosh(ag) "
—(-1)"(cosh(pa)sinh(ha) — (1 + cosh(ha))sinh(a) — (- 1)V *s1y4
2(—1)2 cosh(22)(sinh(2(h - 20))
(2cosh((—h + p)a) — sinh(2pa) + 2cosh(pa)(sinh(a) — sinh((—A + p)a)))
' —(~1)*1 sinh((h + 20 - 20))y1) '
Then the difference eigenvector according to the difference eigenvalue is given by
(-1)sinh(ah) —y1(~1)*' sinh(ap) + y1(-1)*"!sinh(a(p - &))
(—1)cosh(ah) —y1(—1)%1 cosh(ap) + y1(—1)s1" 1 cosh(a(p — h)) - 1
-cosh(aih) + sinh(aih)).

d

Y2 =

u; =(-1ie(-

Proof. If 1> 5. Let

1- %}12 = —cosh(ah),

and by substituting this expression in yields
u;_1+2cosh(ah)u; +u;+1=0.

Then,
u; =(-1)"(c1 cosh(ahi) + c2 sinh(a h)),

by substituting the above equation into NBCs (7) and (8), we obtain the two following equations
in the unknowns ¢ and cs.

((=1)cosh(ah) —y1(—1)** cosh(ap) + }fl(—l)sl_1 cosh(a(p—1)—1))cy
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+((-1)sinh(ah) — y1(=1)*' sinh(ap) + y1(-1)** " sinh(a(p — h)))cg = 0, 27

(1) cosh(a) — (—1)*2ys cosh(a))ei + (-1)Y sinh(a) — (-1)*2yg sinh(al))cs = 0. (28)
1—(=1)cosh(ah)
(—1)%17Lcosh(a(p — k) — (—1)51 cosh(ap)’
(~1)Y cosh(a)
(=1)%2cosh(la)’

1—-(-1)cosh(ah)

(=1)s1~1cosh(a(p — h) — (—1)51 cosh(ap)
linear algebraic equations (27)-(28), then we get

—(-1)"(cosh(pa)sinh(ha) — (1 + cosh(ha))sinh(a) — 2(-1)N *s1y4
2(—1)2 cosh(Z2)(sinh(2 (h - 20)a)
(2cosh((—h + p)a) —sinh(2pa) + 2cosh(pa)(sinh(a) — sinh((-A + p)a)))
' —(~1#1 sinh(L(h +2¢ — 20)a)y1) '

When y; = then c9 = 0. So, to obtain a nontrivial

solution we get yg = and u; = (=1) ccosh(aih).

But when y; # , then by solving the system of the two

Y2 =

(29)

(@) p=0.2,0=0.8 (b) 0=0.4,7=0.8

Figure 2. Effect of changing p and ( in equation on the relation between ys and a, (a) p = 0.2,
(=08, (b) p=04,{=08

Figure [2/ shows that the different values of @ will be close for value of ys. O

Lemma 2.6. The complex eigenvalue of problem (6)-(8) takes the form Aj, = % sinz(%), where
g1, are the nontrivial complex numbers that satisfy

—e ha0-0h=q0(oa(h+0)(_ 20 _ o0h 4 ohat+ahy 4 20+ | 00N )(_] 4 e 9)(hHD)T 4 o240)y,

r2= e~ha-0a-qh=q0(ea(h+0))(e20q + eqh — eha+ah 4 2 a+qhy 4 eah(—1 + eha)(eh+20q 4 o290)y;

The difference eigenvector according to the difference eigenvalue is given by
e 1" —y1e790 4 yem90"h) 1
eh —y1e0 +y1ee-M) -1

where c is an arbitrary constant.

ui=cl|- el 4 gmiah |

Proof. Denote the complex t = v—1 and consider g = @ + 8. Note that case @ #0, and 8 #0. As
the other two cases synchronize with Lemma [2.2] and Lemma Also, when a =0 and =0,
the status is same as in Lemma [2.1]
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Let cos(gh)=1- 17112 Then by substituting this expression in yields
uij—1—2cosh(qh)u;+u;+1=0.
Then,
u; =c1e + coe™ @M,

By substituting the above equation into NBCs (7) and (8), we obtain the two following equations
in the unknowns ¢y and cs.

(e?" — 190 + 71907 _1)ei + (e —y1e79€ 4 412790 _1)¢y = 0. (30)
(e? —y2e%)c1 + (e +yge % )cy = 0. (31)

The situation of the y9 equation produced from a nontrivial solution when the determination
of this system is equal to zero. When solving the two equations and (31), we get a and S
values. O

3. The Eigenvalues and Eigenvectors of the Two-Dimension Problem
Consider the difference eigenvalue problem (9)-(13). By using separation of variables technique,

we assume
uij=vizj, i,j=0,1,2,---,N,
we obtain two one-dimensional eigenvalue problems
Vi-1—20; V41
)

+uiv;i =0, vs, =0, Vs, =YUN—s,, (32)
and
Zj_1—22j+2j+1
12
where A = A} ¢ = up + we. The eigenvalues of are real, positive and are given by the
formula [10].

+a)sz~:0, 20=0, zy =0, (33)

4 lnh
wg:ﬁsinz(T), ¢=1,2,---,N-1, (34)
and the difference eigenvector according to the difference eigenvalue is given by

lnhj

zz:(ZZ)j:sin( ), ¢=12,--- N-1.

Corollary 3.1. If the problem (9)-(13) has positive eigenvalues 0 < A o < %, if they exist at all,
then they are given by the formula

4 h tnh
Ahe= ﬁ(sinz (“L)Hinz(%)), E=1,2- ,N-1.

’ 2
Then, the corresponding eigenvectors are occurred in two cases:
W If 1—cos(ah) cos(a@) ) b
i = an = , are given
n cos(a(p —h)) — cos(ap) r2 cos({a) g Y

Omhi
(Upe)ij= ccos(akih)sin( nh]),

whereas in the case

Journal of Informatics and Mathematical Sciences, Vol. 12, No. 3, pp.[209 , 2020
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1-cos(ah)
cos(a(p — h)) —cos(ap) o
_sin((h - Da) - sin(a) — (- sin((1 — p)a) + sin((h + 1 - p)a))y1
~ sin((h - ) +sin({ @) + (sin(({ — p)a) - sin((h - { — @)a))y1
are given by

(i) y1# d

__sin(agh) —yisin(agp) + y1sin(ax(p — b))
cos(aph)—7y1cos(arp)+vyicos(ar(p—h)—1)
where ay, are the roots of equation (23) and all indices are form 1 to N — 1.

{nhj
cos(akhi)+sin(akhi))sin( d ‘]),

(up,e)ij= C( 2

Corollary 3.2. If the problem (9)-(13) has positive eigenvalues, if they exist at all, then they have
the form

— 4 lh

Re=s (1+sin2 (”T)) (=12, ,N-1,
and the corresponding eigenvectors are occurred in two cases:

() Ify1= d _ DY
VAN Sy com T G

(ue)ij=(~1Dicsin (gnh] ) ,

, are given by

whereas in the case

(i) y1 #

and
Chpl— (1)
DA )+ (DY@ + (DY A - ) - (DN (1 - g+ h) — (<)
r2 P15 — ) — (152511 + o — B) — (— 1y~ 1({ — ) ’

and given by

(-Dh-y1(-1*Y (@) +y1(-D"Hp-h) . ) _ (Znhj)

- +ih|sin ,
(-1)—y1(=1)s1 +y1(-1)171 -1

where all the indices are from 1 to N — 1.

(we)ij = (—1)i6(

Corollary 3.3. If the problem (9)-(13) has positive eigenvalues, if they exist at all, then they can

be formed by
— 4 h lh
Ap = 72 (cosh2 (a?)+sin2 (%))) , ¢=1,2,--- N-1,
and the corresponding eigenvectors are occurred in two cases:
W I 1—(—1)cosh(ah) J (-1)N cosh(a) -
i = an = , are given
M= i Teosh(alp—h) — (— 1yt cosh(ag) * 0 727 (C1)yzcosh(Ca)y ¢80 Y

(ue)ij= (-1)ccosh(aih)sin (fﬂhj) ,

whereas in the case
1—(—1)cosh(ah)
(—1)s11cosh(a(p — h) — (—1)%1 cosh(ap) @
—(=1)"(cosh(pa)sinh(ha) — (1 + cosh(ka)) sinh(a) + %(_1)N+31Y1
2(—1)%2 cosh(& )(sinh(Z (7 — 20)a)

(i1) y1 # nd

Y2 =
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(2 cosh((—A + p)a) — sinh(2pa) + 2 cosh(pa)(sinh(a) — sinh((—A + Q)a)))
—(=1)s1 s1nh( (h+2{-2p)a)y1)
and the eigenvector is given by
(-1)sinh(ah) —y1(~1)*' sinh(ap) + y1(~1)*"Lsinh(a(p — h))
(—1)cosh(ah) — y1(—1)51 cosh(ap) + y1(—1)1"1cosh(a(p — h)) - 1
{nhj

(ue)ij=(-1ie| -

b

-cosh(aih) + sinh(aih)) sin(

where a are the positive roots of the equation (29) and all the indices are from 1 to N — 1.

We note that for problem (32), the unique negative eigenvalue takes the form
4 h
(= —— sinh? (0; ),

where «a is the positive root of equation (20). Then, as

. 2 nlh
a, = —log|sin 5

h

are the positive roots of the equations
h h
smm(%ﬂzsm%%;} (=12, ,N—1,

the following statement is valid.

+1/sin (ngh)+1), ¢=1,2,--- N-1,

Corollary 3.4. If A3, =0, then one of the two following cases provided that the problem (9)-(13)

has an algebraically simple zero eigenvalue

1-—cosh(ah
@) If y1 = cosh(alp f(;zs))(—aco)sh (@) and ye =1, the difference eigenvector according to the

difference eigenvalue is given by
{nhj )

(u¢)i,j = ccosh(a® ih)sin(

.. 1—cosh(ah)
@ Ify1# cosh(a(p — h)) — cosh(ap) and
1—cosh(ah) + sinh(ah) — (-1 * cosh(ap) + cosh((—A + p)a) + sinh(ap) — sinh((—A + p)a))y1
{ —{cosh(ah) + sinh(ah) + ({ cosh(pa) — { cosh((—h + p)a) — sinh(pa) + sinh((-A + p)a))y1 ’
and the difference eigenvector according to the difference eigenvalue is given by
W) i = c( B sinh(a*h) —y1sinh(a*p) + y1 sinh(a*(p — h))
" cosh(a*h)—vyicosh(a*p)+yicosh(a*(p—h)—1)

Znhj)

Y2 =

-cosh(a*hi)+ sinh(a*hi)) sin(

If either one of the two conditions (i) or (ii) is satisfied with a; for a positive integer r,
1<r <N -1, then problem (9)-(13) has r — 1 negative eigenvalues

4 a*h lh
Ar,[———(sth( )—sin2(%)), ¢=1,2,---,5-1,

h2 2
and an algebraically simple eigenvalue A, , = 0.
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4. Conclusion

In this article, the stability analysis of difference schemes for a (one-dimensional and two-
dimensional) elliptic partial differential equations with nonlocal boundary conditions. The two
nonlocal boundary conditions are based on the spectral structure of the transition matrix of a
difference scheme. The qualitative behavior of eigenvalues depending on the multipoint nonlocal
conditions which effected on the different values of the eigenvalue, hence the corresponding
eigenvectors. The relations can be combined from one-dimensional problems to obtain the
corresponding ones of the two-dimensional by using the separation of variables technique.
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