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1. Introduction

Let K be a nonempty convex subset of a uniformly smooth Banach space E and let T be a
selfmap of K. The set Fr ={x € K : Tx = x} is called the fixed point set of T'in K.
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A mapping T : K — K is called asymptotically nonexpansive if there exists a real sequence

{kn}>2, in [1,00) with ,}H{}okn =1 such that

IT"x—T"y| <kplx—y|, forallx,yeK, n=1, (1.1)

T :K — K is called asymptotically demicontractive if F'7 # ¢ and there exists a sequence {k,}}”

in [1,00) with lim &, =1 and a constant % in [0, 1) such that
n—oo

IT"x - pll2 <k2|lx—pl® +kllx—T"x||?, forallxeK, peFr,n=1 (1.2)

A Banach space (E, || - ||) is called uniformly convex if, given € > 0, there exists 6§ > 0 such that for
all x,y €E with [lx| <1, [yl <1 and [lx—y| =€, we have ||3(x+ )] <1-4.

E is called smooth if, for every x € E with ||x|| = 1, there exists a unique f in its dual E*
such that ||f] = (f,x) = 1.

The modulus of smoothness of E is the function pg :[0,00) — [0,00), defined by

1
pE(T) = sup{é(llxwll +lx—yD-1:x,yeE,|xll<1,yl sr}.

E is called uniformly smooth if
. pE(7)
lim
T—00 T

and, for ¢ > 1, E is said to be g-uniformly smooth if there exits a constant ¢ > 0 such that

=0

pe(®)<ct?, t1€[0,00).

Several researchers have introduced and proved results on the general modified three-step
iteration scheme for solving nonlinear equation

Tx=x
for asymptotically nonexpansive operators in Banach spaces.
Undoubtedly, one of such results established by Xu and Noor [8]] is the strong convergence

theorem of the modified scheme to the fixed point of asymptotically nonexpansive mappings in
Banach spaces.

The result is as follows:

Theorem 1.1. Let B be a uniformly convex Banach space and K a nonempty closed, bounded
and convex subset of B.
Let T be a completely continuous asymptotically nonexpansive selfmap of K with {k,} satisfying

k,=1and OZO k, < oo.
n=0
Let {ay}, {Bn), {yn} be real numbers in [0,1] satisfying

(i) 0<liminfa, <limsupa, < 1.
n—oo n—o0

(i1)) 0 <liminfpg, <limsuppf, < 1.
n—oo n—oo

For a given xog € D, define sequences {x,}, {y,} and {z,} by

Xn+1 = (1- an)xn + anTnyn
V=1 =Bn)xn + PnT"z, 1.3)
Zn =1 =yY)xn +Yn T x,
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where {a,}, {Br} and {y,} are real sequences in [0,1]. Then, {x,}, {y,}, {25} each converges strongly
to a fixed point of T.

Remark 1.1. The proof of Theorem 1.1 is contained in Xu and Noor [8].

In 2003, Owojori and Imoru [5] introduced a modified three-step iteration scheme given by
the following:

Theorem 1.2. Let B be a uniformly convex Banach space and K a nonempty closed, bounded
and convex subset of B. Suppose T is a uniformly continuous asymptotically nonexpansive
selfmap of K. Let {k,} be a real sequence with k, =1 satisfying lim k, =1 such that k5, +1<p,
p>1 e
For a given x1 € K, define sequence {x,} generated iteratively by
Xnt1=anXn +b, Ty +c, T xy,
Yn=aLx, +b, Tz, +clupy (1.4)
Zn=ahx, +bT"x, + v,
{a// o0

n=1 n=1’
(bR 10,3001, (b1, {endSy, (e )02, {cp )52, are real sequences in [0,1] satisfying the

for all n = 1, where {u,};? ;, {va}72, are arbitrary sequences in K and {a,};_;, {a]}°

following conditions:
) ap+by+cp=a,+b,+c, =al +b+c=1;

() 3 b, =oo
n=0

(i) an=by+cn, Pn=bL+ch, yn=>0"+cl and an[1+ B kh(1+y,k0)]< P

Then, the sequence {x,}} ; converges strongly to a fixed point of T.

Remark 1.2. The proof of Theorem 1.2 is contained in Owojori and Imoru [5]].

Remark 1.3. A special case of the iteration scheme is given by
Xn+1 = anXn + b0 T" yn +cpin
Yn=0a,x,+b, T "z, +chvp (1.5)
Zn=ahx, +b/T"x, +clwpy

for all n =1, where {un}n 1> {vnl52,, {wy};2, are bounded sequences in K and {a,};., {a’ et

@l e bnliy, OR121 BRI, fenly, (€RIT2y, {€R15, are real sequences in [0, 1] satisfying
() ap+by+cp=al,+b,+c,=a,+b)+ch=1;
(0. 0]
(i) X b=
n=0
In 2005, by using this special iteration scheme (1.6), Owojori [6] proved the following result:

Theorem 1.3. Let X be an arbitrary real normed linear space and K a nonempty closed
bounded and convex subset of X. Suppose T : K — K is a completely continuous asymptotically
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demicontractive mapping with real sequence {k,}>?; < [0,00) satisfying k, =1, for all n,
lim %, =0 and k% + 1 < p. For a given x1 € K, define sequence {k nYy.q 8enerated iteratively by
n—.oo -

Xn+1=0nXn +b0,T"yn +Ccpup

— A~/ ! !
Yn=a,%, +b, Tz, + ¢ Up (1.6)

n " 1

Zn=a,%x, +b, T"x, +c w,
(e.0) o0
n=1’ n=1’
{an}o 1, (B2, {07,100 1, (B2 1, {end02q, () )02, {32 | are real sequences in [0,1] satisfying
the following conditions

forall n =1, where {u,};,, {vn} {wy}72, are arbitrary sequences in K and {a};.;, {a!,}

() ap+by+cp=a,+bl, +c, =al+bl+cll =1;

(e.0]
.. / ' noon.
(i1) Zobn =00, A =by +cy, Bn :bn+cn’ Yn :bn+cn’
n=

(iii) 22(1— )+ Brki(1—yn) + Bryak? < 1.

(e.9]

Then, the sequence {x,}}?

converges strongly to a fixed point of T.
Remark 1.4. The proof of Theorem 1.3 is contained in Owojori [6].

Our purpose in this paper is to use a more general modified Noor type iteration scheme with
errors and establish the strong convergence of the three-step iteration scheme to the fixed point
of asymptotically demicontractive mappings in uniformly smooth Banach spaces.

Two different classes of mappings namely, uniformly continuous asymptotically
nonexpansive and uniformly continuous asymptotically demicontractive mappings are
considered on the general modified Noor iteration process with errors and proved that
the scheme converges strongly to the fixed point of uniformly continuous asymptotically
demicontractive mappings in uniformly smooth Banach spaces.

2. Preliminaries

We shall employ the following Lemmas in the proof of our main result:
Lemma 2.1 ([9]]). Let B be a uniformly smooth Banach space. Then, B has modulus of smoothness
of power type q =1, if and only if there exists a constant ¢ > 0 such that

lx+yl? < lxl?+qy,Jqx) +cllyll?, forall x,y€B. (2.1)
Lemma 2.2 ([1,2,[7]). Let B be a uniformly smooth Banach space with modulus of smoothness of
power type q = 1. Then, for all x,y,z in B and A€[0,1], we have

I+ 1=y -2zl? <[1-Ag - Dlly—zI9+Aclx—zI? = A[1-A"Tellx - y7, (2.2)

where c is the constant appearing in (2.1).

Lemma 2.3 ([3])). Let {pn}}2, be a nonnegative sequence of real numbers satisfying
Pn+1 =1 =0,)pn+0n, (2.3)
where 6, €[0,1], >.6,, = oo and o, =0(6,). Then, ’}L%pn =0.
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Lemma 2.4 ([4]]). Every asymptotically nonexpansive selfmapping of a uniformly smooth and
convex Banach space has a fixed point.

Lemma 2.5. Let K be a closed convex subset of a Banach space E and S : K — K a continuous
operator on K. Then, there exists a point x* € K such that Sx* = x*.

Remark 2.1. Hilbert spaces are uniformly smooth Banach spaces with modulus of smoothness
of power type ¢ =2 and c = 1. For example, see Chidume and Osilike [1].

Remark 2.2. For «x,y,z in a Hilbert space H with ¢ =2 and ¢ = 1, inequality gives
Mx+1-Dy—zIP<@A-Vly-zI*+ Alx-2zI* = A1- 1) |x -yl

that is,
1=y -2) - AUz -D> <@ -Dly-2I>+ Allx—zI* - AL - llx— ]| (2.4)

The following is the main result in this paper:

3. Main Result

Theorem 3.1. Let K be a nonempty closed, bounded and convex subset of a uniformly smooth
Banach space E. Suppose S, T are selfmaps of K with S a uniformly continuous asymptotically
nonexpansive mapping on K and T a uniformly continuous asymptotically demicontractive
operator on K. For a given x1 € K, define a sequence {x,})> , iteratively by
Xn+1=CnXn +b,T"yn +cpnS"xp
Yn=ahx, +b, Sz, +chu, (3.1)
Zn=ahxy +b0 T %, + vy,
for all n =1, where {u,}}?,, {v,}7. are arbitrary sequences in K and {a,}}’ {agl};’;’:l, {a” ol

n=1’

(b0 1, {6100, {63100, {ealoy, {e) 32, {cp}S2 are real sequences in [0,1] satisfying the

following conditions:

(i) ap+bp+tep=al,+b +c =all +b +c!l =1;
n n n n n n

(e.0]
(i) Y b, =o00;
n=0
(it)) lim ap = lim f, = lim y, =0;

(iv) an = bn +Cn, ﬁn = b,n + C;w Yn = b% + C,r:;
V) an(1=kDIL+ Puky(1+y,k)] < 1.

o0
n=1

Then, the sequence {x,}°° , converges strongly to a fixed point of T

Proof. Since T is asymptotically demicontractive, then F'7 # ¢, that is, T has a fixed point in K.
Denote it by p € K.
Hence, by using (3.1), conditions (3.1)(i) and (iv) together with Remark we obtain

2 2
1741 _p” = lapx, + bnTnyn + cnSnxn —p||

= I(1 = @p)xn + (@ — )Ty + 2 S"x, — p 12
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= 1A= an)xn — (1= an)p + an(T"yp — p) = cn(T" y = S™ x|
= (1= @p)@tn = P) + An(T" ¥ — p) = cn(T" ¥ — S™ x>
<1 -ap)lxn—pI? + anllT"yn — pII> = an(1— ap)lxn = T" ynll”
+enll T yn — 82>
=1 - ap)lxn —pI? + @l T"yn — pI> = an(1 = ap)lxn = T"ynll”
+ (T yn = x0) = (8™ — 2|
<1 -ap)lxn—pI? + @l T"yn — pII> = an(1 = ap)lxn = T" ynll?
+enll T"yn — xlI? + €5 1S %0 — 25 112
=1 - anlxn—plI* + anllT"yn — I +lcn — an(L— @)z, — Ty,
+pllS™xy — xn |12 (3.2)
But, T is asymptotically demicontractive, therefore
1T"yn = pI% < E2llyn — pI” + Ellyn = T"yall®. (3.3)
Substituting into yields
lxne1—pI% <@ = ap)lxn — pI? + ank2llyn =PI + ankllyn — T"y,ll”
+Len — an( = an)llxn = Tyl + cpllxn — S™xn 2. (3.4)

Since K is bounded and 7', S uniformly continuous on K, therefore, the sequences {||x, — 7"y, I}
and {||x, —S"x,|} are all bounded by some constant M < +co.
Hence, (3.4) becomes

lns1—pI% <@ = a)lxn — P12+ ank2lly, — pII2 + anklly, — T ynll?
+[2¢, —a,(1—a,)IM;. (3.5)

We now estimate ||y, — pll? in (3.5) as follows:
By using (3.1), conditions (3.1)(), (iv) and Remark to obtain

lyn —pI% = llahx, +b,8"2, + chun —plI®
= (1= Bn)xn + (B — c))S"2n + chty, — plI®
= (1= Bu)tn — (1= Bu)p + Pr(S"2n — D) — €\ (S 2y, — uy)|?
= (1= Bn)n — p) + Bn(S™ 2 — p) — € (S" 25 — un)||?
< (1= Blan—pI%+ BullS" 2, — pII* = Br(1 = Br)llxy — S" 2,
+cl 18"z, —unll?. (3.6)

Since K is bounded and S continuous on K, therefore, the sequences {|x, — S"z,|} and
{IIS™z,, —u,|l} are all bounded by some constant Mo < +oo.

Therefore, (3.6) gives
Iy —pI% <@ =By — plI2+ BrllS" 2y — plI% + [, — Br(1— Br) 1Mo (3.7

K is a convex, closed and bounded subset of a uniformly smooth Banach space E and S a
uniformly continuous asymptotically nonexpansive mapping on K, then by Lemma 2.4 (Goebel
and Kirk [4]), we obtain that the set Fg of fixed points of S in K is nonempty, i.e. F'g # ¢p. Since
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Fr #¢ and Fg # ¢, it follows that F7 N Fg # ¢. Therefore, let p be the common fixed point of S
and T.
Then, (3.7) becomes

lyn = pI” < (1= Bp)llxn = pI® + rllS™ 2, — 8" plI* +[c), — Bn(1 - )My (3.8)
But, S is asymptotically nonexpansive on K, therefore

18"z, = 8" plI* < k2 llzn — pII®. (3.9)
Substitute into yields

lyn =PI < (1= B)llxn = pI* + Bk lizn — plI* +[c), — Bn(1— f)IMs. (3.10)

Next, we estimate |z, —p||2 in (3.10) as follows:
By (.1), conditions (3.1)(i) and (iv) together with Remark [2.2] we get

lzn = pI” = @y + by T %y + chvy — plI?
= 11 = y)xn + (yn — )T xn + vy — plI®
= 1@ = yn)xn — (A= yn)p +Yu(T"xn — p) — e (T"x, — 0,12
= 11 =) = P) + Yn(T" %y — p) = (T x5 — 0,12
< L=yl =PI +¥n 1T %0 = pI* = (L= y)llxn — T" x|
+ eI T %, —vp 2. (3.11)
T is asymptotically demicontractive, therefore
1T %n = pI1? < k2 llxn =PI + Ellxy — T™ s |12 (3.12)
Substituting into gives
lzn =PI <@ =yu)llxn — PI® + k2 llxn — I+ ynklxn — T, |12
—Yu(L =y )lxn — T"xn |2 + e | T %n — v |1
= (L+Ynkl =yl = pI> + [ynk = Ya(L = yu)llxn — T"xp |1
+ e 1T %, —vp 2. (3.13)

But, K is bounded and T continuous on K, therefore, the sequences {|x, — T"x,|} and
{IT"x, — v, |} are all bounded by some constant M3 < +oo.

Thus, yields
lzn =PI < @ +¥nk2 = yu)lan — pI® +Lc) +ynk —yn(1—y,)1Ms. (3.14)
Substitute into (3.10), to obtain
lyn = pIZ =@ =B)llxn — plI® + Buk2(1 =¥y +Ynk2)xy — pII°
+ Bak2lch +Ynk —Yn(L—yn)IMs +[c) — Bu(1 - B)IM2
=[(1 = Bp) + Bkl —yn +Ynk2)lxn — DI + e, — Ba(1— Br)IMy
+ Bukalen +Ynk —Yn(1—yn)IMs. (3.15)
By using (3.1), conditions (3.I)(i) and (iv); and Remark [2.2] the estimate of ||y, — 7"y, | becomes

2 ! / ! 2
lyn =T ynll” = la,xn + 0,8 2zn + e —T" yull
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=11 = )t + (B — €1)S" 2 + Chyttn = T" I
=11 = Bp)xn — (L= BTy + Pu(S" 2 — T y) — €1 (S" 25 — un)|?
= |1 = B)@n = T"y) + Br(S" 20 — T"y1) — ¢ (S" 25 — up) ||
< (1= Blxn =T yul® + Bl S" 2 — T" yn|I?
= Bn(L = Bdlly —S™ 2, 1* + ) 1S 2 — un |®
= (1= Blxn = T"yull® + Bulll (S 2 — xn) — (T™ 3y, — x)11%]
= Bn(L = Bdllxn —S™ 2,12 + ) 1S 2, — un |®
< (1= Bn) |2 = T"yn|” + Bull S" 20 — 2012+ Bl Ty — 511>
= Bn(L = Bdllcy —S™ 2, 1* + ) 18" 2, — un |?
= (1= Blxn = T"yull® + Bullxn — S 2,1 + Bullocy — Ty I?
= Bn(L = Bdllocy = S™ 2, 1* + ) 1S 2, — un |®
= llocn = Ty I + B2 llocy = S™2n1* + €} 18" 2 — un | (3.16)

Since K is bounded and 7', S continuous on K, then the sequences {||x, — T"y, 1}, {llx, —S"z, I}
and {|S"z,, — u,||} are all bounded by some constant My < +oco.

Hence, gives
lyn =T ynl? < (1 + B2 +cl)My. (3.17)
Substitute and into (3.5), so that
l2ne1 =PI < Q= @) 2, — pI® + @ k2L(L = Br) + Buk2(L =y + Yk 2 s — P
+ankyler, = Bu(1 = B)IMy + anky(Bukilcy +Ynk —yn(1=72)IM3
+ k(1 + B2+ )My +12¢, — an(1— )My
=[(1— an) + anka(l = Bn) + Puk2(L—yn +Yuk2)llxn — plI?
+[2¢, — an(1— an)IM1+ ayk2lc), — Bn(l— Bn)IM2
+ an 2Bk + Yk — (1 =y )IM3 + ank(1+ B2 + ¢l )My
= {1 - anl(1 - k2L + Brk2(L+Ynk)] Ixn — plI?
+[2¢,, — an(1— )My + a,k2[c) — (1 - Br) 1Mo
+anko(Buk2cy +Ynk —yn(1—yn)IMs + ank(1+ Bo + ) )My
=(1=68n) lxn — P +[2¢5 — an(1— an)IM1 + ankilc), — Br(1— n)IM
+ anR2(Bpk2)c! +ynk —yn(1—y)IM3 + apnk(1+ B2 + ¢! )My, (3.18)
where
On = anl(1=E2)1+ Brk2(1+y,k2))]
and by exploiting condition (3.I)(v), and
6n = anl(1—=E2) 1+ k2L + 7k <a, <1.

By our hypothesis, it is clear that §, = 0. Thus, 0 <§, < 1. Also, by conditions (3.1)(ii) and (iv),
we have Y a, = oo, which implies that } 6, = co.
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Hence, yields
Ixn+1—pI” < Q=8 lxn = pI* +[2¢p — n(1— @p)IM1 + ankilc), — fn(1— fr)IM2
+ank2(BrkD)ch +ynk —yn(1—y)IMs+ ank(1+ 2 +cl)My. (3.19)
Let M5 =max{M,Ms,M3,M4}. Then, reduces to
I%n+1—pI* < (A= 8p) 2 — plI* +{[2¢n — @n(1— ap)l+ ankile), — fn(1— )]
+ ank2(Buk2)ch +Ynk —Yn(1 =y )+ ank(1+ B2 +c) M5, (3.20)
By using hypothesis (3.1)(iv) and by observing that ¢, < a, ¢, < Bn, ¢ <Vn,
Ixns1 =PI < (1= 8l — pII” +{[2an — @n(1— an)l+ apkilfn — fu(l— )]
+ k2 Bk )Y + Yk —Yn(1 =y + ank(1 + B2 + B} M5
=1 =), — plIZ +an + a2 + an 22 + n Brk i (Yuk +12) + ank(1+ B + f2)1M5
=1 =)y = plIZ+ @pl1+ an + B2E2 + Bpynki(k +y,) + R+ B+ f2)IMs  (3.21)
is obtained.
Let 0, = apll+ay + B2E2 + Bpynki(k +v,) + k(1 + B, + B2)IMs5. Clearly, o, = 0(5,).
In (3.21), put
I, = pI% = pn,
then,
Pr+1 =<1 =6p)pn+0p.
Hence, by Lemma 2.3 (Weng [3]), so that
Jim =0
which implies that sequence {x,} converges strongly to p.
This completes the proof. O

Remark 3.1. Iteration is more general than iterations and above in the following
sense: By specializing some of the sequences and the selfmap in iteration (3.1) above, to obtain
a general modified three-step iteration scheme of Xu and Noor [8].

Indeed, if ¢, =c¢), =c/l =0 and S =T, then will reduce to

Xn+1=(1=an)ap +anT"yn
Yn == Bn)xn+ T 2,
z2n = =yp)xn +ynT"xp
where {a,}, {a,}, {a]}, {b,}, (b))}, {bl}} are real sequences in [0, 1] satisfying
an+b,=a,+b,=a,+b,=1
which is the same as equation (1.3) — the modified three-step iteration scheme of Xu and Noor
(8], with a,, = b, B, =0} and y, =b/.
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Suppose the set S is defined by relation S = T in equation (3.1), then (3.1) will become

Xn+1=anXn +b,T"yn +c,T"x,

Yn=ahx, +b, Tz, +c)up

Zn=alx, +b T x, +chv,
for all n =1, where {u,}$ ,, {v,}52, are arbitrary sequences in K and {a,}$ , {a},}02 , {a,}52 4,
(bR} 1, {B7)02 1, (B0} 1, el , ()}, e}, are real sequences in [0,1] satisfying the
condition:

an+tbpte,=al,+b, +c,=a,+b,+ch=1
which is the same as equation (1.4) — the modified three-step iteration scheme of Owojori and
Imoru [5]], with a, = by, +cpn, Brn =0l +ch, Yo =b"+c" and a,(1-k2)(1+B,y.k2)<1, p=2>1.
Therefore, the obtained result is clearly an improvement of that of Owojori and Imoru [5]] as

well as that of Xu and Noor [8]. Clearly, the result in Theorem 1.2 is a corollary to the new main
result.

4. Conclusion

The class of uniformly continuous asymptotically nonexpansive mappings together with the
class of uniformly continuous asymptotically demicontractive mappings are considered on the
general modified Noor iteration process with errors and proved to converge strongly to the fixed
point of uniformly continuous asymptotically demicontractive mappings in uniformly smooth
Banach spaces.

Apart from these two classes of mappings, further research can be studied on other mappings
in a general Banach space setting.

Further results can also be obtained by using the general modified Ishikawa iteration process
with errors as consequences of the main result in this paper.
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