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1. Introduction

Chemical graph theory is one of the tools, which implements graph theory to study mathematical
modeling of chemical compounds. A topological index in the chemical graph theory is used to
predict bioactivity of the molecular graphs of chemical compounds [8]. A molecular graph models
the chemical structures of molecules and molecular compounds by considering atoms as vertices
and the chemical bonds between the atoms as edges. Topological indices are widely studied
for derived graphs like subdivision graph, line graphs, middle graphs, total graph and many
more [9]. Eliasi and Taeri have discussed some of the topological indices for F-sum graphs [3].
Inspired by the above concepts we have discussed some of the other degree based topological
indices to F-sum graphs.
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Throughout the paper we consider a simple, finite and connected graph G with vertex set
Vi and edge set E g, the order of G = |V| = n and the size of G = [Eg| = m. Let uv represent an
edge between the two vertices u and v and dg(v) denotes the degree of a vertex v. We denote
0g be the minimum degree and Ag be the maximum degree of the graph G. For undefined
terminologies we refer to [5].

Topological indices are numerical values associated with chemical compoundsto study
the correlation of chemical structures with various physical properties, chemical reactivity
or biological activity. A hugenumber of molecular graphbased topological indices (molecular
structure descriptor) are studied depending on vertex degrees. Vertex degree based topological
indices have been studied for different graphs [1,2,|4,6,7]. Among which we consider few
topological indices which are:

.y .. . _ 1
Definition 1. Randic index of G : R (G) = quZEG —m.
Definition 2. Sum-connectivity index of G : SCI(G)= Y. L

weBg Vacw+da®)’

Definition 3. Arithmetic geometric index of G : AG1(G)= Y _daW+de)
uUGEG 2 dg(u) dg(U)

Definition 4. Harmonic index of G: H(G)= Y. m.
uveEq

Definition 5. Multiplicative Randic index of G : y (G) = [] m.
uveEq

Definition 6. Multiplicative sum-connectivity index of G : X7 (G)= T[] m.
uveEq

1—[ d(;(u)+d(;(v)

Definition 7. Multiplicative arithmetic geometric index of G : AG 17 (G) =
wveEg 2¢y/dgu) dg()

Definition 8. Multiplicative harmonic index of G : Hn (G) = ] m.
uveEq

The Cartesian product of two graphs G and H, denoted by GL1H is a graphwith vertex set
V(GI:JH) = VG X VH and (ul,vl)(uz,vg) €E(GEIH) whenever [u1 =Uus9 and U1V9 EEH] or ujuy EEG
and U1 =UV9.
Proposition 1. Let G and H be two graphs, then

W) Veoml =1Ve!lVal and |[Egom| = IVHIIEg|+ Vel EH],

(i) dgon(u,v)=dgu)+dg().
For agiven connected graph G(V,E) the following the four derived graphs are defined as below
and vertex set of all the four graphs is V(G)U E(G):

(1) To obtain S(G) an additional vertex in each edge of G is inserted, that is every edge of
G is replaced by a path of length 2. The inserted vertices correspond to edges of G. The
obtained new graph is called a subdivision graph of G.
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(2) Graph R(G) contains edges of S(G) as well as edges of G.
(3) Graph Q(G) contains edges of S(G) and also edges of line graph of G.

(4) Graph T(G) contains edges of S(G), edges of line graph of G and also the edges of G. T(G)
is called total graph of G.

The following four new operations that are based on S(G), R(G), Q(G), T(G) was given by
Eliasi and Taeri [3]]:

Let F denotes one of S, R, @ or T. The F-sum, denoted by G +r H, of graphs G and H, is

a graph with the set of vertices Vig+, )= (Vg UEg) x Vg and (u1,v1)(u2,v2) € EG+p H), if and
only if [u1 =ug € Vg and vivg e Egl or [v; =vg € Vg and ujug € Epl.
Proposition 2. Size of F-sum of graphs is:

(1) if G =G1+5Go, then the size of G is n1mg +2nom1,

(2) if G =G1+q Go, then the size of G is nima + M,

) if G =G1+Rr Go, then the size of G is n1mg+3namy,

(4) if G = G1+1Go, then the size of G is nimg + M,

where |Vg,| =n1, Vg, =ng, |[Eg,| =m1 and |[Eg,| = ma.

In this paper, the lower and upper bounds of Randic index (R), sum-connectivity index (SCI),
arithmetic geometric index (AG1), Harmonic index (H) and multiplicative indices of Cartesian
product of F-sum of connected graphs are obtained.

2. Main Results
Throughout the paper, we consider A1, Ag, By, Bg to be simple, connected graphs with
IVa,l = a1, [Va,l =ag, |V, =b1, |VB,| =bg, IEa,| =al, [Ea,|=as, |IEp,|=bY, |[Ep,| =b,.

We give the lower and upper bounds of Randic index (R), sum-connectivity index (SCI),
arithmetic geometric index (AG1), Harmonic index (H) and also multiplicative indices of these
for the Cartesian product of F-sum of connected graphs.

Theorem 1. Let A=A1+sB1 and B =As+g By be any two F-sum graphs with the order and
sizeof A, B are r1, ro and s1, So, respectively. Then

() 3% <RAOB) < 2%,
(b) m<SCI(ADB)<\/2(5:+§B)
© a(gAI‘ZB)<AG1(ADB)_ (5a252),
@ g5 <HAOB) <zt

where &« =r189+81rs.

Proof. Consider the graphs A and B with vertex sets {xi1,x9,... sXay(by+b) y and
{y1,52,..., yaz(b2+b'2)} respectively with the order, size, maximum degree and minimum degree as
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follows and also for convenience we denote dsg(u) as deo(uw).

and

(a)

(b)

IV(A) =bi(ar+a))=r1, [V(B)=bzlaz+ay)=rs,
|E(A)| = (bla1+2b1a’) =s1, |EB)|=(byas+2bsay)= sz

AAZAA1+ABI, AB:AA2+ABZ> oA =(5A1+6315B=5A2+632.

By definition,

R(AOB)= Y
(i, ) y)EE AR \/dc (xi,yj) dc (xk, 1)

-y ¥ 1 . 1

%i€VayjyicEp \/dc (xi,5j)de (i, y1)  vieVBximeEa \/dc (xi,55) dc (xr,5;)
(2.1)

1

By using Proposition [Ifii), we obtain
do(xi, y))dcoler, y1) =[dalx;) +dp(y)ldalxr) + dp(y)].
Since, for any vertex x € V4, da(x) < As and da(x) =5 4, therefore, by using these facts,
we obtain
do(xi,y))do(xr, y1) < (Aa +Ap)Aa +Ap) = (Mg + M), (2.2)
1 - 1
de(xi,y)dc(xr,y1) — (Aa+Ap)?°
By using inequality (2.3) in (2.1), we obtain

1
R(AUB) = |[V(A) |E(B)| —————=+IE(A)IIV(B)I

1
Vaa+ap? Viaarap?

1
Ap+Ap '
By using similar arguments with d s(x) =4, we obtain

(2.3)

Therefore, we get

R(AOB) = [r182 + 817‘2]

R(ALB) < [7‘182 +817‘2]

SA+0B "
By taking,riseo + s1ro = a part (a) is proved.

By definition,

1
SCIADB)= Y
iy anoeEanp V Ac i, ¥7) +deler, yi)

Z 1
x;€Va yjyleEB \/dC(xuy])"‘dC(xz,yl)

1
.\ _ (2.4)
yJ;’/B xikaE’EA \/dC(xlayJ) + dc(xk:yj)

By using Proposition [Ifii), we obtain

de(x;,y;)+do(xr,y1) =dalx;)+dp(y;) +dalxr)+dp(y).
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Since, for any vertex x € V4, da(x) < Aj and da(x) = 4, therefore, by using these facts,
de(xi,yj))+dexp,y)) <Apa+Ap+ A+ A =2(As +Ap), (2.5)
1 - 1
de(xi,y))+dolxr,y1) ~ 2(Aa+Ap)
By using inequality (2.6) in (2.4), we obtain
1
SCI(AUB) = V(A |E(B)|————=+E(A)||V(B)

1
2(A4 +Ap) V2(A4 +7p)

1

V2(Aa+Ap)

By using similar arguments with ds(a) =6 4, we obtain
1

V2064 +05)

By taking, r1sg +sirg = a part (b) is proved.

(2.6)

Therefore, we get

SCI(AOB) =[r1s9+s1ral x

SCI(AUB) <[risa+siral x

(c) By definition,

5 do(xi,yj)+do(xr, y1)
(x5 ),y )EE A OB 2\/dc(xi’yj)dc(xk’yl)
_ v deolx;,y;)+do(xr, y1)
iV yymreEs 27/ dcCe, y A, y1)

AG1(AUB) =

f Y Y dc(xi,yj)+dclxr, 1)
ijVB xixkEEA 2\/dc(xlyy])dc(xk9yl)
By using inequality (2.2) and (2.5) in (2.7) and using the same procedure as above, we
obtain

AG1(AUB)=[risa+s1ral x (

(2.7)

oA +5B)
AA+AB
and

Ax+A
AG1(AOIB) < [r189 +51r9] X (u) .

6A +0p
By taking, r1sg +sirg = a part (b) is proved.

(d) By definition,

2
H(ADIB) = y
(xi?yj)(xkayl)EEADB dC(xl7y_]) + dC(xk’yl)

-y 2

vV ymekp 4C (i, ¥j) +dclxr, yi)

+ ) 2

ijVBxixkEEA dC(xl7y])+dC(xk’yl) ’

(2.8)

By using inequality (2.6) in (2.8) and using the same procedure as above, we obtain

1 1
HAUOB)=[risg+sirglx ————— and HAOB)<[risg+sira] x
Ap+Ap 6a+6B
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by substituting r1sg +s1rg = a part (d) is proved. Hence the theorem. O
Corollary 1. Let A=A1+5B1 and B=Ag+gBo, then
1 a
(a) (AA+A ) <x(ADB) = (5 +35 ) ;

a a
-1 1
\/2(AA+AB)) =Xn(ADB) = (\/2(5A+6B)) ’

© ( 0a+0p )“ < AG11(ATIB) < (M)“
(

0A+0B

L) <HraDB < (54) "

Proof. Consider the graphs A and B with vertex set {x1,x9,... ,xal(b1+br1)} and {y1,y2,... ,yaz(b2+b/2)},
respectively. Then

(a) By definition,

1
x(AOB)= I1 . (2.9)

iy yeEanp V EA0BEi, ¥;)dAC Bk, Y1)

By using inequality (2.3) in (2.9) and using the same procedure as above theorem, we

obtain
ri8g+sirg ri8g+sirg
AOB)z=|—— d AlB) <
1 : (AA+AB) and 1 ) (5A+5B)
by substituting r1se+s1re = a part (a) is proved. Hence part (b), (c) and (d) can be obtained
by using similar procedure as in (a). O

Similar to the above, we can obtain the following results.

Theorem 2. Let A =A1+qB1 and B =Ag+q Bg, be any two F-sum graphs with the order and
sizeof A, B are r1, ro and s1, So, respectively. Then

B B
(a) m SR(ADB) < m,
b) —F— <scradB)<——2-

© (335 = AGHADB = (34152

@ gy <HADB) <515,

where ri =3 151 (a1 +a))], re=3 Lb2(a2 +ab)l], s1= % [2bla1+b1a] (a) +3)],
Sg = % [2b4a2 +aLby (a’2 +3)],6=r1se+s1re, 6A+6p=064,+64,+0B, +0B,
and Ap+Ap = AAl +AA2 +AB1 + ABz~

Corollary 2. Let A=A1+q B1and B=Ags+q By, then

(a) (AAiA ) —X(ADB)—(S o3 )ﬁ’

p
(\/ 2(AA"‘AB)) \V2(64+6B)

©) (§3+‘ZB) <AGMADB) < (gAjgg)ﬁ,

p
(b) <Xn(AOB) < (*) ,
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@ (515 )ﬁan(ADB)s(m)ﬁ.

Theorem 3. Let A=A1+r B1and B=Ag+r Bs, then
(a) AA+A <R(ADB) < 51,
(b) m <SCI(AUB) =< \/2(5:@
©) y(gAj‘ZB) AG1ADIB) <y (54558)

oA+0B )’
Y
() 5l <HADB) < 7 1r,

where r1=bi(a1 +a)), ro=bzlaz +ay), s1=ba1+3a’b1, s =byas +3aybs,
Y =riSg+S1ra, 6A +0p :5A1 +5A2 +631 +532 and Ap+Ap :AAl +AA2 +A31 +A32.

Corollary 3. Let A=A1+r B1and B=Ag+gr By, then
1\
(a) (AA+A ) sX(ADB)s(—6A+6B) ,

Y Y
(b) ( <Xn(AOB) < (é) ,

,/2(AA+AB)) V2(64+6B)
© (32222)" <AGmADB) < (5a:52),

oa+0B

@ (5i5) sHADB = (515"
Theorem 4. Let A =A1+7 B1and B=Ags+7 By, then
(a) AA% <RADB) = 575,
(b) m <SCI(AOB) =< m
(0 n(%) SAGl(ADB)sn(ﬁiiﬁj),
) 55 <HADB) <5735,

where ri =3 Lb1 (a1 +a))], re=3 Lb2(a2 +ab)], s1= % [2bla1+b1a] (a) +5)],
S9 = % [2b'2a2 +a'2b2 (a'Z +5)],1] =ri18g2+S81rog, 5A +5B = 5A1 +5A2 +5B1 +532 and
Ap+A=Ap, +Ap, +Ap, +Ap,.

Corollary 4. Let A=A1+7 B1and B=As+7 B9, then

@ (w ) <1 a0B) = (575"

n
(b) ) <Xn(AOB) < (*) ,

Z(A V2(Ba+AB) V2(64+6B)

© (22802)" < AGim(ADB) < (34182
@ (52

i) <HnAOB) < (54;)"

3. Conclusion

Topological indices have a significance importance in the study of physicochemical properties
of chemical compounds. In this paper lower and upper bounds for some of the degree based
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topological indices of cartesian product of F-sum graphs are computed. However, these results

can

be extended to other topological indices for different product of F-sum graphs.

Competing Interests

The

Aut

authors declare that they have no competing interests.

hors’ Contributions

All the authors contributed significantly in writing this article. The authors read and approved

the

[1]

[2]

[3]

[4]

[5]
[61

[71

[8]

[91

final manuscript.

References

S. Akhter and M. Imran, The sharp bounds on general sum-connectivity index of four operations on
graphs, J. Inequal. Appl. 2016 (2016), 241, DOI:10.1186/s13660-016-1186-x.

H. Deng, D. Sarala, S.K. Ayyaswamy and S. Balachandran, The Zagreb indices of four operations on
graphs, Appl. Math. Comput. 275 (2016), 422-431, DOI:/10.1016/j.amc.2015.11.058

M. Eliasi and B. Taeri, Four new sums of graphs and their Wiener indices, Discrete Appl. Math. 157
(2009), 794-803, DOI:/10.1016/j.dam.2008.07.001.

I. Gutman, Degree-based topological indices, Croat. Chem. Acta 86(4) (2013), 351-361,
DOI:110.5562/cca2294.

F. Harary, Graph Theory, Narosa Publishing House, New Delhi (1969).

G. R. Roshini and Chandrakala S B., Multiplicative Zagreb indices of transformation graphs,
Anusandhana Journal of Science, Engineering and Management 6(1) (May 2018).

G. R. Roshini, Chandrakala S. B. and B. Sooryanarayana, Randic index of transformation graphs,
International Journal of Pure and Applied Mathematics 120 (6) (2018), 6229-6241.

H. P. Schultz, Topological organic chemistry. 1. Graph theory and topological indices of alkanes,
J. Chem. Inf. Comput. Sci. 29 (1989), 227-228, DOI:|10.1021/ci00063a012.

W. Yan, B.-Y. Yang, Y.-N. Yeh, Wiener Indices and Polynomials of Five Graph Operators, Academia
Sinica Taipei, Taiwan (2007).

Journal of Informatics and Mathematical Sciences, Vol. 11, Nos. 3-4, pp. , 2019


http://doi.org/10.1186/s13660-016-1186-x
http://doi.org/10.1016/j.amc.2015.11.058
http://doi.org/10.1016/j.dam.2008.07.001
http://doi.org/10.5562/cca2294
http://doi.org/10.1021/ci00063a012

	Introduction
	Main Results
	Conclusion
	References

