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Abstract. A 2D dynamical system exhibiting a double-zero bifurcation with symmetry of order
two is considered. This bifurcation involves the presence in the parameter space of a curve
corresponding either to double homoclinic or to heteroclinic bifurcations. In this paper we derive
second order approximations for the homoclinic orbits and for the curve of homoclinic bifurcation
values considering the system truncated up to five order terms and parameter-dependent coefficients.
These approximations were obtained using the regular perturbation method. These formulae are
applied to a Liénard system, which develops a double-zero bifurcation with symmetry of order two
for some parameters values. Second order approximations for the heteroclinic orbits of this system
are also given. The analytical results are very accurate and they are in good accordance with the
numerical ones.
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1. Introduction
Consider a two-dimensional system
x=f(x,a), xEIR2, a € R? 1.1)
with a smooth f, which has at a =0 the equilibrium x = 0 with two zero eigenvalues.
System (1.1) exhibits a double-zero with symmetry of order two bifurcation at a =0 if it is
locally topological equivalent around the origin to
x=y, (1.2)

. 2k+1 ok
y=pax+pey+ Y (@op+1x”" T+ bop 12 y),
k=1

where 1, uo, are real parameters and the coefficients ay, b, € R satisfy the condition azbs # 0.
Using transformations of time and variables, system (1.2) can be written as
x=y,
¥y = Brx + Pay + ox® — &%y + O(I(x, »)I®), (1.3)
where o = +1. System is the normal form for this codimension two bifurcation.

In the case 0 = —1 the bifurcation diagram is given in Figure|1{[6]. In this figure, H; and Ho
contain Hopf bifurcation values, R* and R~ contain pitchfork bifurcation values, B contains
saddle-node bifurcation of periodic orbits values and HL contains homoclinic bifurcation values.
The first order asymptotic approximation of the curve HL is [6]:

4
HL={p|p2=5pr+0(p¥, pr > 0}. 1.4

Figure 1. The bifurcation diagram for the double-zero bifurcation, case o = —1.
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For parameters on the curve HL, system has a pair of homoclinic orbits to the origin,
which is a saddle point.

In the case o =1 the bifurcation diagram is given in [6], [15]. It involves the presence of a
curve of heteroclinic bifurcation values, whose first order asymptotic approximation is:

1
HT:{ﬁ‘ﬂzz—gﬂ1+O(ﬁ§/2), ﬂ1<0}- (1.5)

For parameters on the curve HT, system has a pair of heteroclinic orbits connecting two
saddle points.

Generally, it is difficult to find analytic expressions for homoclinic and heteroclinic orbits of
a dynamical system. Asymptotic methods (such as the elliptic averaging method, the hyperbolic
perturbation method, or the regular perturbation method), can be used to detect the presence
of these type of orbits, to determine parameter values for which such orbits exist, and to find
asymptotic approximations for these orbits. Such results, in various settings, can be found in
(21, 131,141, [5]1, (8], [91, [10].

Homoclinic orbits bifurcation are involved in specific local bifurcations, as the Bogdanov-
Takens bifurcation. Approximations of the homoclinic orbits in the case of the nondegenerated
Bogdanov-Takens bifurcation can be found in [[1[], [12], [13], [17].

For a degenerate Bogdanov-Takens bifurcation, asymptotic approximations of homoclinics
are given in our previous paper [[14]], where the computations were done in a particular case,
considering the normal form truncated up to third order terms and with coefficients that do not
depend on the parameters. In Section [2| of the present paper we extend the study of homoclinics,
considering the normal form truncated up to five order terms and parameter-dependent
coefficients. In Section (3| we apply the formulae obtained in Section [2| to a Liénard system.
In addition to approximations of homoclinic orbits and homoclinic bifurcation values curve
for this system, we also give explicit formulae of second order approximations of heteroclinic
orbits and heteroclinic bifurcation values curve using results in our paper [15]. Finally, some
conclusions are given.

2. Approximations of Homoclinic Orbits

Assume that the coefficients in (1.2) are expressed around the bifurcation value (u1, u2) =(0,0)
as functions of the bifurcation parameters up, ug as:

as=oa+aiops +aoipz +O0(ul?),

by =—b—biop1 —boipz +O(ul?),

as =c+0(|ul),

bs=—d +0(|ul), (2.1)

where a, b, c, d, a1, ao1, b10, bo1 are real constants and a >0, b >0, 0 = +1. Thus, system

reads:

x=y,

§ = p1x + pgy +oax® —bx’y + g (U1, 2, %, ) + ..., (2.2)
with g (1, e, %,¥) = (@10p1 +ao1p2)x® — (brops + bo1pie)x?y + cx® —daxty .

Journal of Informatics and Mathematical Sciences, Vol. 10, No. 4, pp.[563 , 2018



566 Homoclinic and Heteroclinic Orbits for a Liénard System: C. Rocsoreanu and M. Sterpu

In our previous paper [[14] we treated the particular case when 0 = -1, a =b =1, and
g(u1, u2,x,y) = 0. Obviously the normal form was truncated up to order three terms with
coefficients a;, b; that do not depend on the bifurcation parameters ui, po. In [15] we treated
the general case when o = 1, with parameter-dependent coefficients.

In the following we complete our study, for ¢ = —1 in the general case, considering the
system truncated up to five order terms and parameter-dependent coefficients.

Using the regular perturbation method, we apply the blow-up transformation:

€ 2
xX=—u, =—uv,
va' T Va
b
p1=—0¢€2, o =—€2 0 (2.3)
a
and consider € =0 and s = ¢t the new time. Thus, system (2.2) becomes:
du
_ = v’
ds
dv b 2 3
—=o(-u+ud)+ ZevO-u?+ —u3(—0a10a +ag1b0 + cu?) + —uzv(abloa —bg1b0 - du?).
ds a a? a?
(2.4)
The branch of heteroclinic/homoclinic orbits of system (2.4) parametrized by ¢ is
u=uo+eur+e2ug+...+efup+...
v=vo+evi+e2va+...+ekup+ ... (2.5)

0 =00+e01+€205+...+ €805 +...
where & stands for the order of approximation.
For the homoclinic orbits we require that SILIgO u(s) = SE{noou(s) =0and }l»nolo v(s) = SEI_noov(s) =0,
and that the initial point is situated on the horizontal axis, that is v(0) = 0.

Replacing (2.5) into (2.4) and collecting the &* terms, with % =0,1,2, we get a Hamiltonian
system and two linear non-homogenous systems, whose solutions are:

uo(s) = vV2sech(s),
vo(s) = —v2sech(s)tanh(s),

u1(s) = ¥ g In(cosh(s))sech(s)tanh(s),
vi(s)=— @ é[1 + cosh(2s)(—1 + Incosh(s)) — 31ncosh(s)] sech3(s)s,
5 a > (2.6)

1
ua(s) = ———— sech(s)3(cosh(2s)(75aa 19 + 60ag1b — 1462 + 200¢ — 2452 1n cosh(s)
150v/2a2

+12b21n2 cosh(s) + 3(25aa 10 + 20a¢1 b + 662 + 8b521n cosh(s)
—12b21n2 cosh(s) + 4b2s sinh(2s))),

va(s) = ugy(s).
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Thus we obtain:

Theorem 1. The second order approximation of a homoclinic orbit in the normal form (2.2) is:
€ 2
x(t) = — |ug(et)+euq (et) + e“ug (et)|,
) 7a [wo (et) 1(g?) 2(et)]
£2
va

where ugy, u1, us and vy, v1, V2 are given above.

y(t) = [vo (8) + evy (et) + e2vy (e1)]

In addition, integrating the system obtained by collecting the €® terms, the terms us,
vs are determined. These terms allow to compute the value 62, and thus the second order
approximation of HL as follows:

Theorem 2. The second order approximation of the curve of homoclinic bifurcation values is

b
HL: pus = a,ul [90+91\/,u_1+921~l1] )

where 6y = %, 61 =0, and

0o [300a(35a10b+28bbo1+40d)+8b (1050a01b + 2352 + 1600¢)+10500ab 1].

~ 1312542b
Remark that in the particular case a1 =a91 =0, b10=b01=0,c=d =0,a=b =1, we find
the result from Theorem 3 in [14].

For the general case o = 1, similar results concerning the heteroclinic orbits are given in
Theorems 2 and 3 from [15].

3. Homoclinic and Heteroclinic Orbits for a Liénard System

Consider the following generalized Liénard system [11]
X1 = %2,

X9 =—c1X1+06moxg — C3xi’ - 5m1x%x2 - 5m2x‘g, (3.1

where the dot over quantities stands for differentiation with respect to the time 7. This system
is invariant with respect to the symmetry (x1,x9) — (—x1,—x2). As ¢1 =0, and dmg =0, the
origin is an equilibrium point with two zero eigenvalues.

In [[15], we obtained the normal form of system (3.1) into the form (2.2), with y; = —c1,
Ue =0myp, and

a=-0c3, aig=0, ag1 =0,

b=0mq1, bio=-30mg, bp1=0,

c=0, d =3c3dms. 3.2)
We used a time transformation and the variable transformation

x=x1,

y :(1—62m0m2x%+6m2x1x2)x2. (3.3)
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Thus, a double-zero bifurcation with Zs-symmetry takes place. Using Theorem [2| above, and
Theorem 3 from [|15], second order approximations of the curves of homoclinic and heteroclinic
bifurcation values involved by this bifurcation are obtained for the Liénard system (3.1), as
follows.

Theorem 3. As 6cgm1 #0, a double-zero bifurcation with symmetry of order two is present at
Ey=(0,0)as c1 =0, 6my=0. In addition,

(i) if 6cgm1 >0, the curve of homoclinic bifurcation values is approximated by

4 1846%2m?2 4500
HL:my=-2"11|2__ 1, 2m2 (3.4)
cg |5 13125\ (2 mi
(i1) if 6cgm1 <0, the curve of heteroclinic bifurcation values is approximated by
1 1662m? 4500
HT :mg=-21 |2, S 1, 227m2 )] (3.5)
cg |5 13125\ (2 mi

Using the local inverse transformation of (3.3)), second order approximations of orbits are
obtained into the form:

x1(t) = £ [wo (1) + euy (et) + e2ug (et)]
a

7a
82 2 62m0m2 2
xg(t):ﬁ vo(et) +evi(et)+¢ vg(et)+Tu0(£t)v0(£t)) . (3.6)

Obviously, when the terms containing €2 into the right hand side brackets in (3.6)) are ignored,
the first order approximations are obtained, while as terms containing ¢ and €2 into the right
hand side brackets in are ignored, then zero order approximations (i.e. Homiltonian) of the
orbits are obtained.

Replacing u;, v;, i = 0,1,2 given by (2.6), into (3.6), and using (3.2), with o = —1, the
following result is obtained.

Theorem 4. As §cgm1 > 0, the second order approximation of a homoclinic orbit for the Liénard
system (3.1)), close to the bifurcation point, is given by:

esech’(s) 2 2_ 2.2 2 2
x1(8) = ——=—1{75¢c35 + cosh(2s)[75c5 — 6“e"m7(7 + 12Incosh(s) — 61n” cosh(s))]
75v/2c)?
+36%m2[3 + 41ncosh(s) — 6In? cosh(s)] + 65em 1 sinh(2s)[5em 15 + 5czIn cosh(s)]}
2 h4
x2(8) = = 0N ) g 5 1 cosh(3s)[=5og + Semas + 5og Incosh(s)]
75v/2c5?

—156em1cosh(s)[—c3+demis + 5cglncosh(s)]

+sinh(s)[75¢3 + 6%e%(23m7 +300czmoms + 96m? In cosh(s)

—66m21n® cosh(s)) + cosh(2s)[75¢2 — 6%e%m2(1 + 241n cosh(s) — 61n® cosh(s))1},
where € =v/—c1 and my is given by .

Replacing u;, v;, i =0,1,2 given by (9), (11), (12) from [15], into (3.6), and using (3.2)), with
o =1, the following result is obtained.
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Theorem 5. As dcgm1 <0, the second order approximation of a heteroclinic orbit for the Liénard
system (3.1)), close to the bifurcation point, is given by:

e26mqsech? <

€ NG s
x1(s) = tanh — — [3\/5(6£m s+10c lncosh—)
! =& V2 150c2y=c5 e NG
S s s
+46em1tanh — (—2 —31lncosh— + 31n? cosh—)] ,
e V2 V2

g2 sech4% 5 9 9 9 9 S 9 s
x9(8) = W {75\/QC3(03 +0“e“mome) + V262 mi (7 + 361ncoshﬁ —241In“cosh E)

+v2cosh(sV2) [7503(03 - 62£2m0m2) - 52£2m% (5 + 241ncoshi —121n2cosh i)]

V2 V2

+ 66em1 sinh(sV2)

s
—5c3+dems+ 10c3Incosh —] }
V2

with € = /c1 and mg given by (3.5).

Figure 2. Homoclinic orbits for Liénard system (3.I). Parameters ¢c1 =—1.5,c3=2,m1 =1, ma =0, and
6 = 1.5: (i) numerical approximation (to the left); (i) Hamiltonian (in black), first (red, dotted) and second
order (blue) approximations (to the right).

As an example, consider ¢; = —-1.5, c3 =2, m1 =1, mg =0, and § = 1.5. Using the first
order approximation of the curve of homoclinic bifurcation values, we obtain my = 0.6, while
using the second order approximation (3.4) we obtain my = 0.6088. This last value is a better
approximation of the numerically value my = 0.60875 (obtained using XPPAUT [7]), than
the first order one. The homoclinic orbits in this case are plotted in Figure [2, using [16].
A neighbourhood of origin in Figure [2[(ii) is represented in Figure [3] Remark that the curve of
first order approximation of the homoclinic orbit makes a parasitic turn before approaching the
saddle equilibrium in origin as the time tends to —oco. This phenomenon does not happen for
the curve of second order approximation of this homoclinic.
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Figure 3. Detail in Figure 2(ii).

4. Conclusions

In our study, we found the second order approximations of homoclinics involved in the normal
form of a degenerated Bogdanov-Takens bifurcation, truncated up to five order terms and with
parameter dependent coefficients. They are given in Theorem |1l In addition, the second order
approximation of the curve of homoclinic bifurcation values was obtained in Theorem [2| These
formulae and some similar ones from a previous paper concerning the heteroclinic orbits, were
applied for a Liénard system in Section |3 Remark that the second order approximation for
the value corresponding to the homoclinic bifurcation given by or corresponding to the
heteroclinic bifurcation given by (3.5), is good also far away from the bifurcation point, even
though the second order approximation of the homoclinic/heteroclinic orbit fails to be in good
agreement with the numerical one.
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