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1. Introduction

The contact problem related to the deformation of a rigid punch attracts the interest of
mathematicians, mechanics and engineers for many years. The problem was considered by many
authors: a historical review one can find in [7], [11], [16], [17] and [22]. Nowadays, the problem
has not lost its relevance (see the series of articles by Aleksandrov and his coauthors [1]-{6],
by Borodich and his coauthors [8]—[12] and by Komvopoulos and his coauthors [16], [18], [19],
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[23]. We would like to point out some works here. The paper [7] is devoted to the analysis of the
infinitesimal deformations of a linear elastic anisotropic layer by using Stroh formalism method.
The work [22] deals with the contact problem of a stiff spherical indenter with a composite plate
by dint of the commercial software and the problem are simulated by a 2-D axisymmetric model.
The results numerically obtained in [22] show independence of the indentation response of an
orthotropic laminate from the material, the authors demonstrate dependence of the thickness
of the multilayered material. In the paper [15] plane and axisymmetric contact problems for a
three-layered elastic half-space are consided. A plane problem reduces to a singular integral
equation with a Cauchy kernel in [15]. An analytical solution of this type of equations one can
find in [20]. In turn, to obtain the solution of the integral equation the method of reduction to
the corresponding conjugation problem can be used [21]. In addition, the solution of the integral
equation can be obtained by numerical methods.

In the present paper, we give an analysis and numerical solution of the boundary value
problem for the Lame system, modeling the contact problem for a multilayered material.
By using the biquadratic basic functions, the transmission conditions are obtained on the
boundaries of interlayer by the Finite Element Method and the interlayer stresses are analyzed.

2. Statement of the Problem

The mathematical model of the contact problem related to the deformation of a rigid punch with
a frictional pressure of a finite dimensional elastic material, which is a quadrilateral region, is

expressed by the boundary value problem for the Lame system as follows [[13]]:

(A+2'u)62u1(x21,x2) + uazul(le’x2) +(A+ M)M +F; =0,
I 0x , 0x 26x16x2 @.1)
0 u2(x21,x2) +(/1+2ﬂ)6 uz(x;,xz) +()1+,u)a u1(x1,x2) YFy=0, (x1.x9)€
Ox] 0x;, 0x10x9
ug(x1,0) < —a+@(x1), og2(ulx1,x2)) <0,
o99(u(x1,x2)) [ua(x1,0)+ @ —p(x1)] =0,  (x1,x2) € Tp;
o11(u(x1,x2)) =0, (x1,x9) €Ty ©.2)
u1(x1,x2) =0, wual(xy,x2)=0, (x1,x2) €Ty;
u1(0,x2) =0, (0,x9) € T'q;
o12(u(x1,%2)) =0, (x1,x9) € 0L).

Here Q := {(x1,x9) e R?: 0 <x1 < lip,—lyy <x2<0,ly, >0,l,, >0} is the region occupied by the
cross-section of the material under the influence of the punch and I'y,I';,I',,I'1 € 0Q are the
relevant parts of the boundary of the region Q (Figure . Namely, I'; = {(l,;,x2) : =1y, <x2 <0},
Iy ={(x1,—1x,): 0<x1 <y}, Top =1{(x1,0) : 0 <1 <y}, I't ={(0,x2) : =1y, < x2 < 0}. Since the
condition on the upper boundary I'y is given by inequality, the contact region of the punch
e ={(x1,x2) €T :ug = —a+@(x1)} is not certain and the problem is nonlinear.

In this work we study the problem of the deformation for the multilayered material.
The layers of the material formed by different materials with Lame constants Ap,u; of
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Figure 1. Geometry of the spherical indentation

the Q;, layers forming the Q region; u = (u1(x1,x2),u2(x1,x2)) is displacement function and
0ii(w) = A +(w)+2u,0ui/dx;, 0;j(w) = pup (0u;/0x; + 0u j/dx;), i, € {1,2}, are components of stress
tensors; ¢(x1) is the surface of the indentor; a is the maximum value of the indentation depth;
F =(F1,F9) is the internal force vector.

Let us find a variation statement of the problem (2.1)-(2.2). Let us multiply the first and the
second equations of by v1 —u1 and vg — ug, respectively. Then, let us sum up the results of

multiplying and integrate on Q2 =J;, (2. We have
_f f{aan(u) do12(u) 0021(u) 00 22(u)
Q 1

(vl—u1)+ (v1—u1)+ (Uz—u2)+

- dxid
3r 3g (va uz)} x1dx2

_ fQ f (F1(v1 - u1) - Fa(vs — us) dx1dxs.

Using well-known variational technique (see [17]]), we can find the solution of unilateral
contact problem (2.1)-(2.2). The solution of the problem (2.1)-(2.2) minimizes by the following
functional

Jw)=(Au,u)-0.5b(), ueV,
on the set
V ={ue H'(Q):u1(0,x2) =0, (0,x2) € T1;u1(x1,—ly,) = uslx1, —L,) =0,
(1,=lx,) €Tys ua(x1,0) < —a + @(x1), (x1,0) € T'o}
in the Sobolov space H1(Q) := W4 (Q) x W(Q).

Here the bilinear and the linear parts of above functional have the following form

ouq Oug | Ovq (Oul Guz)(avl 6v2)
Au,v)= A +2up)— +Ap— | —+up | —+— || —+=—
(Au,v) ;ffgk{[( k “k)axl kax2 0x1 Hr Oxg O0x1)\0xo O0x1
0 0 0
+ 2L 4 (A + 2u) 22 ﬂ}dxldxz, (2.3)
ax1 axz axz
b(v):fo [Fiv1 +F2v2]dx1dx2, (2.4)
k Qp,

respectively.
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3. Finite-Element Formulation

Let us use here the biquadratic basic functions ¢;;(x1,x2) to analyze the problem (2.1)-(2.2).

1 G,)=(p,9),
Here ¢;j(x1,pq,%2,pq) = {0 @) #(p,q)

ﬁij =e;_1-1Ue;_1jUe;j_1Ue;;. A numerical solution (u”,v") has the following form:

u"(x1,%9) = Y wijéi(an,x9), v (x1,%9) = Y v;i€i(x1,x2).
@y @y

The local stiffness matrix (LSM) of the finite element e;; is constructed as follows
[ ~()) @iy
Ly L1

@ @
Lo1 Los
Elements of the LSM are calculated by the formulas

. 0¢;i0 6 ij0
£0] = ff {(A+2 ) Sij Skl Sij ékl}dxldxz],

0x1 6x1 Oxg O0xg

T 6 i 6 a i 6
L(g) _ ff {/1 Sij 5kz+u Sij fkl}dxldxg ’
- L ejj

Oxg 0x1 O0x1 O0xo

o1 0&ii o 0&;: 0
L(Qll_]) _ ff {/1 Sij 5k1+u Sij gkl}dxldxg ,

0x1 O0xo Oxg O0x1

08ij 06 98,0
5(2121) _ ff {()L+2 ) Cij sz $ij ékl}dxldxz], k1=1,09.

6x2 6362 axl 6x1

and the compact support of the basic function is

Lij =

So, using well-known finite-element technology we calculate the LSM £L;; = {(I54)},
p,q =1,18 for the elements e;;. We can define unknown vectors corresponding to e;_1,-1,
ei_1j, e;j—1, e;j neighboring with point (i, ) (Figure |2) as follows:

Wi-1j-1= (ui—lj—ly ui_lj_%;ui—lﬁ ui_%j_la ui_%j_%:ui_%j, Uij-1, uij_%,uij,

Ui—lj—l,Ui_lj_l,Ui—lj,vi_lj_lyvi_%j_%,Ui_%jyvij—l,vij_%,vij),

Wi— lj_(ul 1/,U;_ 1J+ yUi—1j+1,U l__J, J+ L,U; 1 ]+17ulj9 LJ+1 yUij+1,
Vi-15,0;_ 1+ »Vi-1j+1,V 1——]’ i-$j+3 J+17Ul]’ ij+d vl]+1)
U)ij—l:(uij—l,uij_%,uij;um.%j_l:ui_,_%j_%’ui+%j,ui+1j—1;ui+1j_%:ui+1j,

Uij—l’vij—%’vij’vi+%j—1’vi+%j—%’vi+%j’vi+1j—1’vi+1j—%’Ui+1j)’
wij = (uij’uij+%’uij+1’ui+%j’ui+%j+%’uz+ jr Wit Uiy L Witlj+ls
Uij’vij+§’Uij+1’vi+§j’vi+§j+§’vi+§j+1’vi+1j’vi+1j+§’Ui+1j+1)-
The nodal points of all finite elements are numerated from down to up and from left to right.
The finite-element e;; has its index (ij) corresponding to the lower-left vertice.

In this context, to derive the discrete analogue of equilibrium equation, as well as contact

and interlaminar stresses, the following technique is suggested.
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In order to obtain the equation for the central point of the finite element we have to multiply
the displacement vector corresponding to this finite element with ninth (tenth) line of the LSM.
In order to obtain the discrete form for the Lame system (3.1) on the nodal points of mesh
(%1,ij,%2,;;) € Qf we use four finite elements neighbouring with this point (Figure . So, using the
components of the local stiffness matrix and above four vectors we can write their contribution

to the discrete form of first (second) equilibrium equation in the form
(seventeenth (eighteenth) line of £;_1;_1) x w;TF_l i1
+ (thirteenth (fourteenth line of £; 1;) x ] ;;
+(fifth (sixth) line of £;;_1) x !,

+ (first (second) line of £; ;) x w;‘F] (3.1)

After non difficult transformations, we can write the discrete form for the system (1) on k-th
layer Q; by using finite differences notations:

Ak + U
2

h
_hiTj (A +2/~Lk)uﬁx1 + UpUxgxg T 1,ij°

(Wayxy + vx—l@)] =F
(3.2)
—hi‘L’j

Ak + Up
PrUsix, + Mg + 208 550, + T(uxm + uﬁﬁ)] - Fg,ij ’

where F{L ij and Fg ;j are values of components of internal forces F' on the nodal point (x1,;;,%2,;;).

by using the notations of finite differences

(i-1j+1) (i-1/2,j+1) (ijt1) (i+1/2,j+1) (i+1j+1)
k
@)
N o (i-1/2,+1/2) N (i+1/2,j+172) o
G k (i-1,j+1/2) * (ij+1/2) * (it+1,j+1/2)
T S Cii
(i-1) (i-1/2,) (i) (i+1/2,)) (i+1})
] . .
K . .
(i-14) (i-1/2,) (i) (i+1/2,) (i+14)
k+1
@)
N o (i-1/2,j-1/2) (i+1/2,§-172)
k+1 (i-1,j-1/2) * (ij-1/2) * (i+1,-1/2)
T e(i-lﬂj-l) e(i,j-l)
(i-1,4-1) . ° (itlj-1)
(i-1/2,§-1) (ij-1) (i+1/2,-1)

Figure 2. The interlayer finite elements
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Let us denote interlayer stress on the common border by afv ij (a]% ij)’ aﬁfril

to obtain the approximating expression of ofv ij (Ul% ij) we have to multiply £;_1; by w;_1; and

k+1
70T

). In order
L;j by w;;, respectively. Then we have to sum up the results of that multiplying. Now let us
k+1
N-',-i J
multiply line eighteenth (seventeenth) of £; 1;_1 by w;_1j-1 and line sixth (fifth) of £;;_1 by

approximate o (a?f’i?) on the upper boundary of lower layer. In order to do that we have to

w; -1, respectively. Then, we have to sum up the results of that multiplying.

The discrete analogues of normal ((T?\;(k)) and tangential (ag’(k)) components of stresses on

k-th layer QQ;, have the following form:

U+ 1 T
oW = A (g4 245 - =t + U (3.9
U+ 0 T
U}]l:(k) = —pp(uy, + - 2 = )= 5[(/1}6 + 205 Uz, + ARUxix, ] (3.4)
Analogously, we can obtain aﬁ,’(kH) and 0}}’(“1) as follows
h(k Uy, + Uz T
UN’( e Ak+1% +(Aps1 42Uk 1)v%5 — E,Uk+1(uﬁﬁ + U352, )5 (3.5)
h(k Uyy + Uz T
UT’( - pr+1(Uzg + %) - 5[(/1k+1 + 20+ 1)Uz, T AR+1V555] (3.6)
Using (3.3)-(3.6), it is not difficult to show that the following transmission conditions
al%,(k) _ al%,(k+1) —0, azli,,(k) B UJh(;(kﬂ) —0 (3.7)

are satisfied. In order to determinate contact domain a. we have to calculate o on the upper

side of the body. We calculate this value the same way as for the upper boundary of lower layer.

4. Numerical Realization of Method

In order to illustrate the method let us consider the following domain
Q= {(x1,x2) |0<x1<15,-1<x9<0}

and consider the size mesh N,, x N,, =50 x 21 in the rectangular region €. In order to carry
out numerical experiments let us consider two examples for two layers materials: iron-copper
and iron-steel. Let us refresh, that copper and steel more soft than iron. The upper layer in
both examples is iron. The elasticity modules and Poisson’s constants of these materials are
EF. = 30000 [kN/cm?], vg, = 0.27, E¢, = 18100 [kN/cm?], v¢, = 0.36, Es; = 21000 [kN/cm?],
VSt = 0.3.

In order to clarify the contact domain a, we use the multigrid method ([14]). On the p-th

step, a. = dI'; 5 has to be satisfied one of the following conditions:

O<afzp)<ac <a§f’+1) <ly (or0<agp+1) <ac <a(cp) <ly).

Here a(cp ) and a(cp D are corresponding to the p-th and (p + 1)-th iterations, respectively.
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The following inequalities have to be satisfied on the mesh points afjp ) and a(cp b,
onp@?)<0, oynp@®™)>o0. (4.1)
Using
_ on @l 49
v= ®) (p+D (4.2)
aN,h(ac )+UN,h(ac )
we obtain
ac=ya? +(1-1a?*™, ye(0,1). (4.3)

The process of iteration is repeated until satisfaction the next inequality:
lonnlac)l <e. (4.4)
Here ¢ > 0 is a given accuracy. For example, it takes about five-six iterations to clarify a. for
e=1073.
For the thickness of the iron layer 0.1,0.2,0.4,0.5 respectively, we have Figure|3|and Figure

In these figures one can find normal and tangential components of the interlayer stresses and

the stresses on the upper part of the body.

By * By

12+ s esigpg 12} "

Th o A b b b o T oo o R bk
4 =
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Bar - 04t i

G2 - 02t |
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Ph bk oo pih 4o hie b il hid A otk B RN WA AP AR

] 0z 04 0.6 0.8 1 1.2 1.4 1.6 1] 0.5 1 15
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12} oo 13l IR
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Figure 3. Interlayer stress graphics for multilayered material composed of iron and copper
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Figure 4. Interlayer stress graphics for multilayered material composed of iron and steel

For the value of the indentation depth a = 0.035 cm and for the different thickness of layers

we obtain the contact domain a. and the values of force (P) effected the body, calculated by
the formula P = - ch(a) on.h(x1)dx1 (see Table .

Table 1. The obtained values P and a. corresponding to the different thickness A g,

Ep. = 30000 [kN/cm?], vp, = 0.27 Ep. = 30000 [kN/cm?], vp, = 0.27
E ¢, = 18100 [kN/ecm?], vey, = 0.36 Eg; = 21000 [kN/cm?], vg; = 0.3
hrelem] P x 102 ac P x 102 ac

0.1 3.4052 0.2720 3.5009 0.2649

0.2 3.2611 0.2704 3.3830 0.2637

0.3 3.2473 0.2689 3.3301 0.2624

0.4 3.1462 0.2667 3.2901 0.2604

0.5 3.1058 0.2642 3.2587 0.2581
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The relation between the thickness of the upper layer and P and between the thickness of
the upper layer and a. are given in Figure

0.036 0.274

#lron-Cupper - # lron-Cupper
= o=0.035
003551 it Iron-Steel |7 02724 Iran-Steel | |

0035

027
0.0345 -

o ik | = 0268}

o 00338+

0
]
o]
&

0033+

s
]
]
g

L

contact domain

0.0325
0282
0032+

005 BB

D 031 1 1 L 1 1 1 1 i UEEE 1 1 L L L 1 1
0.1 015 0.2 0.25 0.3 0.35 04 045 B 0.1 0.15 0.2 025 0.3 B 0.4 0.45 05

h h

Figure 5. The graphics P(h) and a.(h) for iron-copper and iron-steel body

5. Conclusion

In this paper we study boundary value problem for the Lame system, modeling the contact
problem for a multilayered material. By using the biquadratic basic functions, the transmission
conditions are obtained on the boundaries of interlayer by the Finite Element Method and the
interlayer stresses are analyzed. The results obtained is the mathematical backgrounds for
calculating the mechanical and geometric characteristics of a laminate. So, our research can be

a mathematical background for the study of the inverse problems.
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