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Abstract. A radio Geometric Mean Labeling of a connected graph G is a one to one map f from the
vertex set V(G) to the set of natural numbers N such that for two distinct vertices u and v of G,
d(u,v)+ [\/m-| = 1+diam(G). The radio geometric mean number of f, 7 gp,(f) is the maximum
number assigned to any vertex of G. The radio geometric mean number of G, 7 gpn(G) is the minimum
value of g, (f) taken over all radio geometric mean labeling f of G. In this paper, we find the radio

geometric mean number of some star like graphs.
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1. Introduction

We consider finite, simple, undirected graphs only. Let V(G) and E(G) respectively denote vertex
set and edge set of G. Chartand et al. [1] defined the concept radio labeling of G in 2001. Radio
labeling of graphs is applied in channel assignment problem [1]]. Radio number of several graphs
determined [2,5,7,9]. In this sequence Ponraj et al. [8] introduced the radio mean labeling in
G. Here we introduce a new type of labeling, a radio geometric mean labeling is a one to one
mapping f from V(G) to N satisfying the condition

d(u,v)+ [\/f(u)f(v)] > 1+ diam(G)
for every u,v € V(G).

The span of a labeling f is the maximum integer that f maps to a vertex of graph G. The
radio geometric mean number of G, 7 g,,(G) is the lowest span taken over all radio geometric
mean labeling of the graph G. In this paper we determine the radio geometric mean number of
some star like graphs. Let x be any real number. Then [x] stands for smallest integer greater
than or equal to x. Terms and definitions not defined here are followed from Harary [12] and
Gallian [[13].

Definition 1.1. A Star is the complete bipartite graph K ,,.

Definition 1.2. The graph Bistar B, ,, obtained by joining the center vertices of two copies of
K, , with an edge.

Definition 1.3. The graph T 3 is the complete k-ary tree with 3 levels.

Definition 1.4. The graph lotus inside a circle LC,, is obtained from the cycle C,, : wiws...w,wq
and a star K ,with central vertex u and the end vertices u1,us,...,u, by joining each u; to w;

and w;11(modn)-

2. Main Results
Theorem 2.1. Radio Geometric Mean number of star, rgmn(K1,)=n+1.
Proof. Denote the central vertex u, and pendant vertices by u;, (1<i <n).
The diameter of K1 ,, n >11is 2 and that of K11 is 1.

Case (i):n=1

d(u,v)+ [\/f(u)f(v)—‘ >1+2=3

It is easy to verify that, the given labeling satisfies the radio geometric mean condition and
hence 7 g/, (K1,1) = 2.

Case (ii): n > 1, diam(K ,) = 2.
We describe a radio geometric mean labeling f as follows. Assign the labels from {1,2,3,...,n}
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to the pendant vertices in any order.Assign the label n + 1 to the central vertex u.
Now, we check the radio geometric mean condition of the labeling f.
Subcase (i): Check the pair (u,u;)

d(u,u;)+ {\/mw >1+ [\/(n+ 1).11 >

Subcase (ii): Verify the pair (u;,u;), i # j where f(u;)=1.

dlwi,u))+ [\/Funf@p] =2+ [V@)| =4
(

Subcase (ii): Verify the pair ul,uj) i #J where f(u;)# 1.

d(ui,uj)+[\/f(u )f(uJ)] 2+[ n(n — 1)]>4

Hence rgpmn (K1) =n+1.

Example 2.1. The radio geometric mean labeling of K1 ¢ is given below in Figure

Figure 1

Theorem 2.2. The radio geometric mean number of the graph Bistar B, , is 5 if n =1 and
2(n+1)ifn>1.

Proof. Let us consider the central vertices by u and v and the corresponding pendant vertices
by u;, (1<i<n)andvj, (1=<j<n). The diameter of the graph Bistar B, ,is 3.

Case (i): Ifn=1

The vertex labeling of B ;with radio geometric mean number 5 is given by Figure
Hence rgpmn(B1,1) <5.

Claim. rg,,,(B1,1) > 4.

The labels 1 and 2 should not be assigned to the adjacent vertices. The labels 1 and 2 assign
with the distance atleast 3. Hence without loss of energy we omit the label 1 and assign the
label to the remaining vertices in any order.

This gives rgm,(B1,1) > 4. Hence rg/,n(B1,1) =5
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Case (ii): Assume n > 1.
We define the labeling f as follows.

Assign the labels {1,2,3,...,n} to the vertices u; in any order and then assign the labels n + i
to the vertices v;, (1 <i < n). Assign the label 2n +1 and 2(n + 1) to the vertices u and v,
respectively.

Now, we check the radio geometric mean condition for any two vertices.

Case 1: Consider the pair (u,v)

d(u,v)+ [\/f(u)f(v)-‘ >1+ W(zn T D20+ 1)] >7

Case 2: Consider the pair (u,u;)

du,u;)+ %/f(u)f(ui)-| >1+ [\/(2;1 n 1).1] >4

Case 3: Consider the pair (v,v;)

d(v,v;)+ [\/f(v)f(vi)-‘ >1+ [\/2(;1, T D).+ 1)] > 6

Case 4: Consider the pair (u,v;)

d(u,v;) + {\/f(u)f(vi)] >924 [\/(2n T D.(n 1)] > 6

Case 5: Consider the pair (v,u;)

d(,u;)+ L/f(v)f(ui)] >2+ [\/2(n n 1).1] >5
Case 6: Consider the pair (u;,v;)
Subcase (i): Check the pair (u;,v;)w here f(u;)=1.

It is clear that the pair (u;,v;) satisfies the radio geometric mean condition.
Suppose i # j then
d(wi,v)+ [\/funfwp] 23+ [VI+D] 25
Subcase (ii): Check the pair (u;,v;) where f(u;) # 1.
Clearly, the pair (u;,v;) satisfies the radio geometric mean condition.

Let i # j then we get,

d(ui,v)+ |\ Fudfwp] =3+ [ V2(m+1)| =6

Hence rgmn(Bp ) =2(n+1), n #1. O

Example 2.2. The radio geometric mean labeling of B ; and B4 4 are given below.
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Figure 2

Figure 3

Theorem 2.3. For k > 1, rgmn(Tr3) = k2 +k+1.

Proof. Consider the central vertex by u and let adjacent with the vertex u by u;, (1<i<k) and
also denote the pendant vertices by vj., (1=<i,j<k).

The diameter of T}, 3 is 4 for £ # 1 and the diameter of T 3 is 2.

Case (i): If £ =1, it is easy to verify that the labeling satisfies the radio geometric mean
condition and hence r g, (T1,3) = 3 is given in Figure

Case (ii): k=2

Assign the labels 1 and 2 (or) 3 (or) 4 at a distance atleast 3. Also assign the label 5 with a
distance two. Assign the central vertex by k2 + % + 1. Without loss of generality we assign label 1
adjacent with label 6.

Clearly, the labels are satisfies the radio geometric mean condition.

Case (iii): £ =3
Similarly, the same way of case (ii), we get 7 g/mn(Tk,3) = E2+Ek+1.

Assume %k = 4. We describe a radio geometric mean labeling f as follows.

Assign the labels i + 2(j— 1), (1 <i<k) (1 <j<k) to the pendant vertices v; Assign the labels
k2 +i to the support vertices u;, (1 <i <k) and also assign the label 22+ + 1 to the central
vertex u.

Now, we check the radio geometric mean condition for any two vertices.

Case (iv): Check the pair (u,u;)
d(u,u;) + {\/f(u)f(ui)] >1+ [\/(kz Tkt 1).(R2+ i)] > 20

Case (v): Check the pair (u, v;.)

d(u,vi)+ [, /f(u)f(v;l)] >924 [\/(k2 iy 1).1] >6

Case (vi): Check the pair (ui,vj.)
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Subcase 1: verify the pair (ui,v;.) where f(vj.) =1.
Clearly, the pair (u;, vﬁ)satisﬁes the radio geometric mean condition.
Suppose i # j, then
dw,vh) + [\/[f@f @) =1+ [VE2+i).1| =5
Subcase 2: Verify the pair (u i,Uj-) where f (vj.) #1.
It is easy to verify that the pair (ui, vf)satisﬁes the radio geometric mean condition.
Let i # j, then we get

d(u,vi)+ [, /f(u)f(u;l)] >1+ [\/(kﬂ n i).2] >7

Case (vii): Check the pair (u;,u;)
d (ur,u))+ [\/fwofp] =2+ [VE2+ D02 +2)| 220

Case (viii): Check the pair (v;'.,vf.)

Subcase 1: Suppose i =jand s=r, (i Zs,j #r). We get
dwh,vd)+ [\ [FRDF 0] =4+ '\/1.2] >6

Subcase 2: Suppose i #j and s =r. We get

dw,vd)+ [\/FeDf D] =4+ [VE+D2| =7

Subcase 3: Suppose i =j and s #r. We get

dwho)+ [\/feDf @) =4+ | VIG+D] =6

Subcase 4: Suppose i #s, j=Tr.

d(vt,vd) + [, /f(u;‘.)f(vﬁ)] >4+ [\/1.(1?, n 1)] > 6

Subcase 5: Suppose i =s, j#T.

d(vt,vd)+ [, /f(u;‘.)f(vﬁ)] >94 [\/1.(1?, n 1)] >5

Hence 7gmn(Tr3)=k?+k+1,V k. O

Example 2.3. The radio geometric mean number of 71 3 and T4 3 is given below.
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Figure 4

Figure 5

Theorem 2.4. r;4,, (LCp)=2n+1, n=3.

Proof. Let us denote the central vertex by u and end vertices of star by u;, (1 <i <n) and also
denote the vertices of cycle by w;, (1<i<n).

2, ifn=3,4
The diameter (LC,)=<3, ifn=5,6,7
4, ifn=8.

Casel1l: n=3,4
Assign the consecutive labels for cycle and star. Also, assign label for the central vertex is 7 and
9, respectively. It is enough to prove that

d(w,v)+ | VF@f©)] =3

for every pair of vertices (u,v) where u # v.

Case 2: n=5,6,7
Consider the label 1 and assign the labels 2, 3, 4 at a distance of atleast 2 with label 1. Further,
assign the remaining labels for all other vertices in any order.

Clearly, any two vertices satisfies radio geometric mean condition

d(w,v)+ [ VI@f®)| =4

Case 3: n=8
Consider the vertex labels 2, 3, 4 at a distance of atleast 3 with a vertex label 1 and assign the
labels 5 <i < n for other vertices in any order.

Clearly, L/f(u)f(v)] >9.
Subcase (i): Compare the pair (u,u;)

d(u,u;)+ {\/mw >92+ [\/(2n+1).1-| >7
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Subcase (ii): Compare the pair (u,w;)

d(u,w;) + Wm] >1+ [\/(2;1 n 1).1] > 6

Subcase (iii): Compare the pair (u;,u;)

dlui,up)+ [\/f@wf | =2+ [v23] =5

Subcase (iv): Compare the pair (u;,w;)

d(ui,w;)+ [\ [fufw)] =3+ [\/ﬁ] >5

Subcase (v): Compare the pair (w;,w;)

dws,w)+ [\/Fwf@w)]=2+[v23| =5

Hence the radio geometric mean number for lotus inside a circle graph is 7 gp,,(LC,) =2n +1,
n=3. O

Example 2.4. Figure [6| shows the radio geometric mean number of LCsg.

<0
"0"

Figure 6
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