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1. Introduction

All graphs considered here are simple, finite and connected. Let G = (V,E) be a graph
with V as the vertex set and E as the edge set. Let u,v € V. The distance D(u,v) is
the length of the longest u —v path in G. Let W' = {w1,ws,...,w,} be an ordered subset
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of V. For every v € V, a representation of v with respect to W'is defined as p tuples,
R@|W') = (D(v,w1),D(v,ws),...,D(v,wp)). The set W' is a detour resolving set of G if every
two distinct vertices u,v € V satisfy R(u|W') # R(v|W’). A detour basis of G is a detour resolving
set of G with minimum cardinalityand the detour metric dimension of G refers to its cardinality,
denoted by D B(G).

The metric dimension [1-3]] in general graphs was firstly studied by Harary and Melter [4],
and independently by Slater [11,12]]. However, we have been obtained the relation between
metric dimension and detour metric dimension for certain class of graphs, such as cycles, wheels,
regular k-bipartite graphs, Cartesian product graphs [9] and etc. The purpose of this paper
is to further investigate the detour metric dimension of certain graphs by detour distance
matrix [5-8,/10].

2. Detour Metric Dimension for Some Standard Graphs
Theorem 2.1. For the Jahangir graph Jon, m =3, DB(J2 ;) =2m — 1.
Proof. Let V(Jo ) ={u;/1<i<2m+1} and
E(Jom)={uju;+1/1<i<2m—-1}U{u;ugm+1/i = 1,3,5,...,2m - 1} U{ugnu1}

be the vertex set and edge set of the Jahangir graph J3 ,,,, m = 3.
The Detour Distance Matrix of J5 p, is given in Figure

ui ug us Uy ee. Uom  Um+l

ui 0 2m-1 2m-2 2m-1 ... 2m-1 2m-1
us 2m —1 0 2m —1 2m 2m 2m

us 2m -2 2m-1 0 2m—-1 ... 2m-1 2m-1
Ug 2m -1 2m 2m —1 0 2m 2m
Uom |2m-—1 2m 2m—1 2m 0 2m
Uom+1 | 2m—1 2m 2m—1 2m 2m 0

Figure 1. Detour Distance Matrix (J2 )

From the above matrix we can easily observe the set W' with 2m — 1 vertices is the detour
resolving set with minimum cardinality and D f(J3 ,,,) = 2m — 1.

+n-1,
Theorem 2.2. For the Fan graph Fyn, m,n =2, D(Fp ) = {m " m#n
m+n—-2, m=n
Proof. Let V(Fy, p)={uj/1<i<m+n}and EFp, ;) ={uu;/i=1ton-1,j=i+1}U{u,u;/i=1to
n,j=n+1to n+m} be the vertex set and edge set of the Fan graph F, ,, respectively. For m # n,
D(ui,uj)=m+n—1,i#j. The set W with any m +n —1 vertices is the detour resolving set with
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minimum cardinality and D f(F,, ,) =m+n—1.For m =n, D(u;,uj)=m+n-2,i=j=1,2,...,n,
i # j otherwise D(u;,u;)=m+n—1. Then the set W' with any m + n — 2 vertices is the detour
resolving set with minimum cardinality and D f(F, ,) =m +n —2. O

Theorem 2.3. For the Friendship graph F,, n=2, DB(F,)=n.

Proof. Let V(F,)={u;/1<i<2n+1}and E(F,)={uu;/2<i<2n+1}U{u;u;+1/i =2,4,6,...,2n}
be the vertex set and edge set of the Fan graph F,,, n = 2. Also D(u1,u;)=2,i=2,...,2n+1 and
2, ifu; and u; are, adjacent
D(u;,u;)= . .
4, ifu; and u; are non adjacent.
Then the set w’ = {u;/ either i =2,4,6,...,2n or i =3,5,7,...,2n + 1} is the detour resolving set

with minimum cardinality and D B(F,) = n. O

+n-1, 1
Theorem 2.4. For the wheel graph Wy m, 123, 1sm<n, DBWym) =1 ifm#n
m+n-2, ifm=n.

Proof. Let VW, ) ={ui/l<i<n+m}and EW, ) ={u;u;+1/1<i<n-1}U{u;u;/n+1<i=<
n+m,1 < j<n}, be the vertex set and edge set of the Wheel graph W, ,,, n =3, 1<=m <n.

If m #n, then D(u;,u;j)=m+n-1,1<i<n+m,1<j<n+m,i#jandif m =n, then
m+n—-2, 1<i<sn,1<j<n,i#j
D(uj,uj)= . . ..
m+n-1, n+l<is<n+m,n+l<j<n+m,i#]j.
The set W’ with any m +n — 1 vertices is the detour resolving set with minimum cardinality and
DBW, ) =m+n—1for m #n and the set W' with any n — 1 vertices from u1,ug,...,u, and
m — 1 vertices from u,41,uUpn+2,...,Un+m is the detour resolving set with minimum cardinality

and DB(W, ) =n+m—2 for m =n. O

n

Theorem 2.5. For the Circulant graph C,(S), where S c {1,2,..., LQ

J} DBCH(S)=n~—1.
Proof. Let V(C,(S)) = {u;/1 =i <n} and E(C,(S)) ={u;u;/lu; —u;| = s(mod n),s € S} be the
vertex set and edge set of the Circulant graph C,(S). Let u,v € V. Then D(u;,u;)=n-1,i# .

Therefore, the set W with any n — 1 vertices forms the detour resolving set with minimum
cardinality and D B(C,(S))=n — 1. O

Theorem 2.6. If n =2 is an integer, p1,po,...,p; are prime numbers (< n) and «; is the largest
positive integer such that p‘;i < n, then the detour metric dimension of the Mangoldt graph M,
isn—1.

Proof. Let VIM,)={u;/1<i<n}and E(M,)={u;u;/A(u;-u;)=0} be the vertex set and edge set

of the Mangoldt graph M,,. Let u,v € V. Then D(u,v)=n -1, u # v. Therefore the set with any
n —1 vertices forms the detour resolving set with minimum cardinality and DB(M,)=n-1. O
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3. Detour Metric Dimension for Some Regular Bipartite Graphs and
Corona Product Graph

Theorem 3.1. For n =3, if G(n,n) is an (n —1) regular bipartite graph, then D (G) =2n — 2.

Proof. Let V(G)={u;/1<i<2n} be the vertex set of G(n,n). Suppose that the set W’ contains
at most 2n — 3 vertices. Let u,v,w € VAW'. Then at least any two representation from R(u|W’'),
R(@|W') and R(w|W’) are equal. Therefore W’ contains at least 2n—2 vertices and D (G) = 2n—2.
For example, for the graph G(4,4), W' ={us,us,...,u7} is the detour resolving set with minimum
cardinality. O

Theorem 3.2. For n = 3, if G(V1,V3) where V1 ={ujus,...,unt and Vo = {v1vs,...,v,} is an
(n—1) regular bipartite graph and W' is the set with n — 1 vertices in V1 and n — 1 vertices in Vs,
then W' is the detour basis of G.

Proof. Let W' ={u1,ug,...,un-1,v1,02,...,Up—1}. Since D(u;,u;)=n—-2,1<i, jsn-1,i#],
D;,v))=n-2,1<i, j<n-1,i#jand D(u;,v;)=D(v;,uj)=n-1,1<1i, j<n-1, then
for every two distinct vertices u,v € V, where V = V; U Vy should satisfy R(u|W’) # Rv|W').
Therefore, W' is the detour basis of G. O

Theorem 3.3. For n =6, if G is an n —2 regular graph, then DB(G)=n — 1.

Proof. The proof is obvious, Since G is n — 2 regular graph and D(u,v)=n-1,Vu,veG. 0O

Theorem 3.4. For Corona product graph C, omKi, n=10and m =1,

37 = 10 d = 1
DB(ComKy) = n=nanam
nim-1), n=10and m=2.

Proof. Let V(C,,omK1)={u;/1<i<n(m+1)} and
E(C,omKy,)={uu;s1/1<isn-1DU{uuituluu;/l<isn,n+(@-1Dm+1<j<n+im}

be the vertex set and edge set of the Corona product graph C,, ©mKi, n =10 and m = 1. For
m =1, the set W with any three vertices from w1,us,...,u, with the distance between any
two is atleast 7 is the detour resolving set with minimum cardinality and D(C, © K1) = 3.
For m =2, the set W ={u;j/kn+1<i<kn+(m-1),1 <k <n}is the detour resolving set with
minimum cardinality D f(C,, ©mK;)=n(m —1), n =10 and m = 2.

3 n=10andm =1

Therefore, DB(C,, omK1)=< ~ O
nim-1), n=10andm =2.

Encryption and Decryption Procedures

The detour path resolvability represents the distinct vertex of graph has distinct code with
respect to the detour resolving setW’. This code can be used for divergent approach of secure
secrete sharing. In this section we give the procedure and illustration for encryption and
decryption.
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Procedure.

1.
2.

6.

Find the detour path resolving set with distinct code for each vertex of a graph.

Assign alphabets (a,b,c,...,z), numbers (0,1,2,3,4,5,6,7,8,9), special characters such as
1,@,#,%,%,&,*,—,+,=,/ and space bar to the codes corresponding to vertices of the graph
C,omKi, n=10 and m =1 in ascending order.

. To set Cipher text from Encrypted plaintext using

f(a,b,c,...,2,0,1,...,9,1,...,/,(0)) = (Ng,...,N,,No,...,Ng,Ni,...,N;,N(o))
where (Ng,...,N;,No,...,No,Ny,...,N;,N()) are the codes of the vertices with respect to
the detour path resolving set.

Send the encoded message with graph or graph invariant to the receiver with path
resolving set.

. Using the resolving set as key receiver, one can find the code of vertices with respect to

W'. Assign alphabets, numbers, special characters and space bar to the code of the vertex
of the graph C,, omK;, n =10 and m =1 in ascending order.

The receiver can decrypt the message using function

fYN,,...,N;,Ny,...,No,Ny,...,N,Ng) — (a,b,c,...,2,0,1,...,9,1,..../,(0))

IMlustration. We encrypt the text demonetization

Step 1. Consider the graph C94 ® K1 and find the distinct code of the vertices using detour path

resolvability as shown in Figure

18152 192414

161521 - 130113
171622

172414

151820
141919

Figure 2. C94 © K7 with distinct codes
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Table 1. Alphabets and symbols with corresponding codes

Code |001719|011820(121917|131818|132016|132018|141719|141919|142115|142117
Letter a b c d e f g h i J
Code |151620(151820|152214|152216|161521|161721|162313 |162315|170012 171422
Letter k 1 m n ) ) q r S t
Code |171622(172414|180113|181323|181523 |182313|191200|191424|192214|192414
Letter u v W X y zZ 0 1 2 3
Code {201301(201323|202115|202315|211422 1211424 (212016 |212216|221521 (221523
Letter 4 5 6 7 8 9 ! @ # $
Code 221917 (222117|231620|231622|231818|232018|241721 (241919

Letter| % & * - + = / (0)

*x: D(v,v) =00 and D(u,v) =01

Step 2. Assign the alphabets, numbers, special characters and space bar(0) to the codes in the
ascending order as in Table

Step 3. To get the cipher text by replacing each letter and symbols of plaintext by its
corresponding code using Table

Step 4. Send the cipher text and the graph Cq4 © K1 with vertex labeling of detour resolving set
W' ={v1,v9,v3} to receiver.

Step 5. Receiver finds the distinct code using the key W'.

Step 6. Since the detour metric dimension of the graph is three and detour distance between
any two vertices is mostly a two digit number, split the block size of cipher text is six.
That is

1318181320161522141615211522161320161714221421151823130017191714221421151
61521152216

Step 7. Choose the alphabets and symbols to the codes using Table

The message is demonetization.
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