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Abstract. A b-coloring of a graph G is a proper coloring of the vertices of G such that there exists a
vertex in each color class joined to atleast a vertex in each other color class, such a vertex is called a
dominating vertex. The b-chromatic number of a graph G, denoted by b(G), is the maximal integer £
such that G may have a b-coloring by % colors. In this paper, we investigate the 6-chromatic number of
Central graph, Middle graph, Total graph and Line graph of Triple Star graph, denoted by C(K1 5 5,),
M®&Ki1nnn), TK1nnn) and L(K1 , nn), respectively.
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1. Introduction

Let GG be a finite undirected graph with vertex set V(GG) and edge set E(G) having no loops and

multiple edges. All graphs considered here are undirected. In this paper, the term coloring will
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be used to define vertex coloring of graphs. A proper coloring of a graph G is the coloring of the
vertices of G such that no two neighbors in G are assigned the same color. This paper deals
with the b-chromatic number of graphs derived by several different Constructions from a Triple
star graph.

The b-chromatic number ¢(G) [5, 7] of a graph G is the largest positive integer £ such that G
admits a proper k-coloring in which every color class i contains atleast one vertex in each of the
other color classes. Such a coloring is called a b-coloring. This concept of b-chromatic number
was introduced in 1999 by Irving and Manlove [5]], who proved that determining ¢(G) is NP-hard
in general and polynomial for trees. Effantin and Kheddouci studied [2-4] the b-chromatic
number for the powers of Path, Cycle, Complete Binary Tree, and Complete Caterpillar.

It has been proved in [6] by showing that if G is a d-regular graph with girth 5 and without
cycles of length 6, then ¢(G) =d + 1. Recently, motivated by the works of Sandi Klavzar and
Marko Jakovac [7], who proved that the b-chromatic number of cubic graphs is 4 expect for the

Petersen graph, K3 3, the prism over K3, and one more sporadic example with 10 vertices.

2. Preliminaries

Definition 2.1. The central graph C(G) of a graph is obtained by subdividing each edge of G

exactly once and joining all the non adjacent vertices of G.

Definition 2.2. The middle graph of G, denoted by M(G) is defined as follows: The vertex set
of M(G) is V(G)E(G). Two vertices x, y in the vertex set of M(G) are adjacent in M(G) in case

one of the following holds:
(a) x, y arein E(G) and x, y are adjacent in G.

(b) xisin V(G), y is in E(G), and x, y are incident in G.

Definition 2.3. Let G be a graph with vertex set V(G) and edge set E(G). The total graph of G
is denoted by T'(G) and is defined as follows.

The vertex set of T(G) is V(G) U E(G). Two vertices x, y in the vertex set of T(G) is adjacent in
T(G), if one of the following holds:

(a) x, y arein V(G) and x is adjacent to y in G.
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(b) x, y arein E(G) and x, y are adjacent in G.
(¢) xisin V(G), y isin E(G) and x, y are adjacent in G.

Definition 2.4. Triple star K1 , , , is a tree obtained from the double star K1 , , by adding a

new pendant edge of the existing n pendant vertices. It has 3n + 1 vertices and 3n edges.

3. b-Chromatic Number of Central Graph of Triple Star Graph

Algorithm 3.1.

Input: The number “n” of K1, p.

Output: Assigning b-coloring to the vertices of C (K1 ,,,,5).
begin

fori=1ton

{

Vi={pik
Clp))=i+1;
}

{

Vo ={m;};

Cim;)=n+1+1;
V3 ={yi};
Clyd=1,
Vi={z;}
C(zi)=1;

Vs ={q};
Cg))=i+1;

Ve ={xi};

Clxi)=1i+2;
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}

Vo ={uv};

Clv)=1;
V=ViuVouV3uV4,uVsuVguVsy.

end.

Theorem 3.1. For a triple star graph (K1, ,.,), n =1, the b chromatic number of the Central

Graph C(K1,,,n,n) is given by:

(p(C(Kl,n,n,n)) =2n+1.

Proof. By the definition of Central graph, the Central Graph C(G) of the graph G is obtained
by subdividing each edge of G exactly once and joining all the non-adjacent vertices of G. Let
the edge vp;, piq; and g;m; (1 <1i <n) be subdivided by the vertices x; (1<i<n),y; (1<i<n)

and z; (1<i<n)in C(K1,,,), respectively.
Clearly,
VICK1pnn)={tulp;:1<i=n}ufq;:1<i=sn}lu{m;:1<i=<n}
Ufx;:1<i<sn}uly;:1<i<sn}uiz;:1<i<n}.

The vertices {p; : 1 <i < n} induce a clique of order n (say K, ) and for 1 <i < n the vertices v, g;

and m; induce a clique of order n +1 (say K, 1) in C(K1,,,,,,), respectively.

Now consider the vertex set V(C(K1 , ,,,)) and the color class

C = {C]_,C2,C3,. +5CnsCn+1,Cn+2,-- -aCZn,02n+1}-

Assign a proper coloring to C(K1 , ) by Algorithm

Thus we have, o(C(K1,,n0)) =20+ 1.

Let us assume that ¢(C(K1 ) >2n+1.

Suppose @(C(K1,,,n,n)) =2n+2. Since deg(x;) = deg(y;) = deg(z;) = 2.

The only possibility is to assign the color cg, .2 to the vertex set {p;:1<i<n}and {q;:1<i<n}.
But, if we assign the color co,+2 to any vertex of {p; : 1 <i <n} and {q; : 1 <i <n}, an easy check

shows that, it will not produce a b-coloring.

Which is a contradiction. Therefore, assigning 2n + 2 colors is impossible.
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Thus, we have, 9(C(K1,,,,,)) <2n+1. Hence ¢(C(K1,n,0)) =2n+1. O

4. b-Chromatic Number of Middle Graph of Triple Star Graph

Algorithm 4.1.
Input: The number “n” of K1, .
Output: Assigning b-coloring to the vertices of M (K1, .5).
begin
fori=1lton

{

Vi ={x};
C(x;)=1;

}

Vo ={uvl
Clv)=n+1;
fori=1lton

{

Vs ={pi};
C(p;))=n+1;
Vi=A{qi}
Clqgi))=n+1,
Vs ={m};
Cim;)=n+1;

}
fori=1ton-1
{

Ve =1{yi};
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C(y;))=n;

}

Clyn) =1;

fori=1lton-1

{

Vi ={z;};

C(z))=1,;

}

C(z,) =n;
V=ViuVouV3uVy,uVsuVguVy;

end.

Theorem 4.1. For a triple star graph (K1, ), n =4, the b chromatic number of the Middle
Graph M(K1 ) is given by:

(p(M(Kl,n,n,n)) =n+1.

Proof. By the definition of Middle graph, each edge vp;, p;q; and g;m; (1<i<n)in (K1, )
are subdivided by the vertices x;, y; and z; in M(K1 , , ). The vertex set of Middle graph of
Triple star graph is defined as,

VIMK1pnn)=tu{p;:1<i<n}lulg;:1<i<nlu{m;:1<i=<n}ufx;:1<i<n}
Uly;:1<i<n}uiz;:1<i<n}
The vertices v, x1,x2,...,x, induce a clique of order n +1 (say K, +1) in M(K1 5 5.1)-
Now consider the vertex set V(M(K1,,,,,)) and the color class C ={c1,c2,c3,...,¢n,cns1}.
Assign a proper coloring to M(K1 , , ) by Algorithm
Thus we have, o(M (K1, ,,))=n+1.
Let us assume that ¢(M(K1 . ,.,)) >n+1.

Suppose, 9(M (K1, nn)) = n+2, there must be atleast n+2 vertices of degree n+1in M(K1 , n.n),

all with distinct colors, and each adjacent to vertices of all of the other colors. But, then
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these must be the vertices {v,x1,x92,...,x,}, since these are only the vertices with degree
atleast n + 1. Which is the contradiction. Therefore, n + 2 colors is impossible. Thus, we

have, p(M(K1,,,,)) <n+1. Hence o(M(K1, ) =n+1. O

Remark 4.1. For any positive integer n for 1<n <3, o(M(K1, ) =n+2.

5. b-Chromatic Number of Total Graph of Triple Star Graph

Algorithm 5.1.

Input: The number “n” of K1, p.
Output: Assigning b-coloring to the vertices of T(K1 , nn).
begin

fori=1ton

{

Vi ={x;};

Clxi)=i+1;

}

Vo ={uv}

Clw)=1;

fori=1ton-1

{

Vs =1{pi};

Clp))=i+2;

}

Clpn) =2;

fori=1lton

{

Vi=1{yi};
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Clyi) =1i;

Vs ={m};

C(m;)=1;

Ve =1q};

Cg))=i+1;

}

fori=1lton-1

{

V7 ={zi};

Clz))=1+2;

}

C(zp) = 2;
V=ViuVouVauVy,uVsuVguVy;
end.

Theorem 5.1. For a triple star graph (K1, n,), n =4, the b chromatic number of the Total
Graph T(K1,,n,n) is given by:

P(T(K1nnn))=n+1.

Proof. By the definition of Total graph, each edge vp;, piq; and q;m; (1<i<n)in (K1, nn)
are subdivided by the vertices x;, y; and z; in T(K1 5 5,,). The vertex set of Total graph of Triple
star graph is defined as,

VIT(K1ppn)={lu{p;:1<i<nlufg;:1<i=snluf{m;:1<i<nlufx;:1<i<n}
Uly;:1<i<sn}ufz;:1<i<n}
The vertices v, x1,x2,...,x, induce a clique of order n +1 (say K, +1) in T(K1 0 1)
Now consider the vertex set V(T'(K1 5 ,,,)) and the color class C ={c1,c2,c3,...,¢n,Cn+1}
Assign a proper coloring to T'(K1 , »,n) by Algorithm

Thus we have, (T (K1, n0))=n+1.
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Let us assume that ¢(T(K1 , ,.,)) > n + 1. Suppose, 9(T (K1, 5,,)) = n +2, there must be atleast
n +2 vertices of degree n+1 in T(K1 ), all with distinct colors, and each adjacent to vertices
of all of the other colors. But, then these must be the vertices {v,x1,x9,...,x,}, since these are
only the vertices with degree at least n + 1. Which is the contradiction. Therefore, n + 2 colors is

impossible. Thus, we have, ¢(T (K1 ,,,,,)) <n+1. Hence ¢(T(K1 ,5.,))=n+1. d

6. b-Chromatic Number of Line Graph of Triple Star Graph

Algorithm 6.1.

Input: The number “n” of K1, p.

Output: Assigning b-coloring to the vertices of L(K7 , 5.5).
begin

fori=1ton

{

Vi ={m;};
C(m;)=1i;
}

{

Vo =1qi};
If i = odd;
C(qi) =2;
If i = even;
C(q:)=3;
}

{

Vs ={pi};
Clp)) =1;

}
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V=ViuVyouVs;

end.

Theorem 6.1. For a triple star graph (K1, n ), n =3, the b chromatic number of the Line Graph
L(K1,,n,n) is given by:

(p(L(Kl,n,n,n)) =n.

Proof. By the definition of Line graph, each edge of (K1 , » ) taken to be as vertex in L(K1 , n »).
The vertex set of Line graph of Triple star graph is defined as,

VIL(K1pnn))={x;:1<i=snlu{y;:1<i<n}ufz;:1<i=<n}
The vertices {x1,x2,...,%,} induce a clique of order n in L(K} , , ,) (say K,).
Now consider the vertex set V(L(K1 ) and the color class C ={cy,c2,c3,...,cp}.
Assign a proper coloring to L(k1,,,,,,) by Algorithm
Thus we have, p(L(K1,,,n,0)) =n.

Let us assume that ¢(L(K1 ;5 ) > n. Suppose, ¢(L(K1 ,, » »)) = n+1, there must be atleast n+1
vertices of degree n in L(K1 , 5 ), all with distinct colors, and each adjacent to vertices of all
of the other colors. But, then these must be the vertices {x1,x9,...,%,}, since these are only the
vertices with degree at least n. Which is the contradiction. Therefore, n + 2 colors is impossible.

Thus, we have, ¢(L(K1,,,,)) < n. Hence ¢(L(K1n,0) =n. O

Remark 6.1. For any positive integer n (1<n <2), p(L(K1,,.,))=n+1.
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