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Abstract. A (p,q) graph G is said to have a k-odd edge mean labeling (k& = 1), if there exists an
injection f from the edges of G to {0,1,2,3,...,2% +2p — 3} such that the induced map f* defined on V

by f*() = [ngz)u))—‘ is a bijection from V to {2k —1,2k + 1,2k +3,...,2k +2p —3}. A graph that admits
v

a k-odd edge mean labeling is called a 2-odd edge mean graph. In this paper, we have introduced
k-odd edge mean labeling and we have investigated the same labeling for basic graphs like path and
star. Also we have examined the existence and non existence of cycles.
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1. Introduction

All graphs in this paper are finite, simple and undirected. Terms not defined here are used in
the sense of Harary [5]]. The symbols V(G) and E(G) will denote the vertex set and edge set of a
graph G.
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A graph labeling is an assignment of integers to the vertices or edges or both subject to
certain conditions. If the domain of the mapping is the set of vertices (or edges). Then the
labeling is called a vertex labeling (or an edge labeling). Graph labeling was first introduced
in the late 1960’s. Many studies in graph labeling refer to Rosa’s research in 1967 [[7]. Mean
labeling of graphs was discussed [8]. Manickam and Marudai [6] introduced the concept of odd
mean graphs. Gayathri and Amuthavalli [1] extended this concept to £-odd mean labeling and
(k,d)-odd mean labeling graphs.

In this paper, we have introduced the concept of £-odd edge mean labeling.

For brevity, we use k-OEML for k-odd edge mean labeling and k-OEMG for k-odd edge

mean graph.

2. Definition

Definition 2.1. A (p,q) graph G is said to have a k-odd edge mean labeling (k = 1), if there
exists an injection f from the edges of G to {0,...1,2,3,...,2k +2p — 3} such that the induced map
" defined on 'V by f*(v) = [%gg(gﬂ is a bijection from V to {2k —1,2k + 1,2k +3,...,2k +2p — 3}.
A graph that admits a k-odd edge mean labeling is called a k-odd edge mean graph.

3. Main Results
Theorem 3.1. The path P, is a k-odd edge mean graph for any k and n # 4.
Proof. Let V(P,)={v;, 1<i<n}and E(P,)={e;, 1<i<n-1}.
First, we label the edges as follows:

Define f : E —{0,1,2,3,...,2k +2p — 3} by

fle)=2k-1,

fle;)=2k+2i—-2, forl<i<n-3,
flen—2)=2k+2n-"1,
f(en-1)=2k+2n-3.

Then the induced vertex labels are

ff(wi)=2k+2i-3, forl<i<n,
ffw)=2k-1,2k+1,2k+3,...,2k +2p — 3}.

The above-defined function f provides k-odd edge mean labeling of P,, (n # 4).
So, the path P, is a k-odd edge mean graph for any £ and n # 4. O

Theorem 3.2. The Star Ss,, (n =2 is a k-odd edge mean graph for any k.
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Proof. Let V(S9,)={u,v1,v2,vs,...,v9,} and E(Sg,) = {e; =uv;,1<i<2n}.
First, we label the edges as follows:

Define f: E —{0,1,2,3,...,2k +2p — 3} by

2k+2i-3, forl<i<n,
fle)= . .
2k+2i—1, forn+1<i<2n.

Then the induced vertex labels are

F (w)=2k+2n-1,

2k+2i-3, forl<i<n,
2k+2i—-1, forn+1<i<2n,

f*(Ui):{
f*W)=(2k-1,2k+1,2k+3,....2k +2p —3}.

The above-defined function f provides £-odd edge mean labeling of the graph.
So, the star Sg,, (n =2) is a k-odd edge mean graph for any k. O

Theorem 3.3. C3 is not a k-odd edge mean graph for any k.

Proof. On the contrary, suppose Cg is a k-odd edge mean graph for some k.

Then the labels of the vertices take the values in the set {2k — 1,2k + 1,2k + 3} and the labels of
the edges take the values in the set {0,1,2,3,...,2k + 3}.

vi (2k+3)

Case (1): vg =2k — 1.
By the definition of 2-OEML, the label of v must be 2k +1 and

[@1;-@2'| =02.

Sub-case (i): e1 +eg is even.
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In this sub case the edge eg gets the label 2k — 5.

Therefore,

[”;eﬂ =2k —1.

Thus the vertex labels of ve and vg are identical which contradict the fact that f* is a bijection.
Sub-case (ii): e +e9 is odd.

In this sub case the edge e9 gets the label 2% — 6.

Therefore,

[e2+e3-‘ _oh_9

= f*(v3)is even for any k
which is a contradiction to Cg is a k-odd edge mean graph for some %.

Case (i1): vo =2k + 1.
By the definition of 2-OEML, the label of vg must be 2k + 1 and

[e1+eg"
=09.
9 2

Sub-case (i): e1 +eg is even.
In this sub case the edge e9 gets the label 2% — 1.

Therefore,

+
[62 eﬂ =2k +1
Thus the vertex labels of v9 and vg are identical which contradict the fact that f* is a bijection.
Sub-case (ii): e +e9 is odd.
In this sub case the edge e9 gets the label 2%k — 2.

Therefore,

"ez +e3
2
= f*(v3)is even for any k

| =2¢

which is a contradiction to C3 is a k-odd edge mean graph for some %.

So in all the cases, C3 cannot be £-odd edge mean graph for any k. O

Theorem 3.4. The cycle C,, (n #6,7) is k-odd edge mean graphs for any k.

Proof. Let V(C,)=1{v1,v9,vs,...,v,} and E(C,)= {e; =(v;v;;1) for1<si<n-1and e, =(v,v1)}.

Case (i): n =4.
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Define f: E —{0,1,2,3,...,2k +2p — 3} by

f(e1) =2k,

f(e2)=2k+5,
f(e3) =2k +4,
fleq) =2k —-2.

Then the induced vertex labels are

ffl)=2k-1,
f*(v2) =2k +3,
ffwg)=2k+1,
f*(vg) =2k +5,
) =2k —1,2k+1,2k +3,...,2k +2p — 3}.

Case (i1): n =5.

We label the edges for the cycle C5 as follows:

f(e1) =2k,

f(e2) =2k +6,
fles)=2k+T,
f(ed) =2k +3,
fles) =2k —2.

Then the induced vertex labels are

ffi)=2k=4i-5, 1<i<3,
f*(vy) =2k +5,
f*(vs)=2k+1.

Case (ii1): n =4 is even.

We label the edges for the cycle Cq,, as follows:

f(e1) =2k,

f(ei)=2k+4i-3, 2<i<n,
flen+1) =2k +4n—4,
f(ens2) =2k +4n - 10,
fe)=2k+8n—-4i—-1, n+3<i<2n-1,
f(egn) =2k —2.
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Then the induced vertex labels of Csy,, are

f*(vl):2k_1’
. 2k +41 -1, 2<i<n+1,
f )= . .
2k+8n—-4i+1, n+2<i<2n-1,

[ (ven) =2k +1.

Case (iv): n =4 is odd.

We label the edges for the cycle Cg,,,1 as follows:

f(e1) =2k -2,

fle))=2k+4i—5, 2<i<2n—6,

£ (ean_s) = 2k +8n — 30,
F(ean_4) =2k +8n — 36,
fle))=2k+16n—4i—51, 2n—3<i<2n,
f(egn+1) =2k.

Then the induced vertex labels of Cy,, 1 are

f*(vl):2k_1a

£ ) 2k +41 -1, 2<i<n+1,
v;)=
)2k +12n-4i—-21, n+2<i<2n+1.

Thus in all the cases
f*)={2k-1,2k +1,2k +3,...,2k +2p — 3}.

It follows that the vertex labels are all distinct and odd.
Hence, the cycle C,, (n #6,7) is k-odd edge mean graphs for any k. O
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