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Mixed Type Second-Order Duality for
Variational Problems

I. Husain and Bilal Ahmad

Abstract. A mixed type second-order dual to a variational problem is formulated
as a unification of Wolfe and Mond-Weir type dual problems already treated in
the literature and various duality results are validated under generalized second
order invexity. Problems with natural boundary values are formulated and it also
is pointed out that our duality results can be regarded as dynamic generalizations
of those of (static) nonlinear programming.

1. Introduction

Duality in continuous programming problem has been investigated by many
authors. Hanson [4] pointed out that some of the duality results in nonlinear
programming have the analogues in calculus of variations. Exploring this
relationship of mathematical programming and classical calculus of variation,
Mond and Hanson [8] formulated a constrained variational problem in abstract
space and using Valentine [9] optimality conditions for the same, constructed
its Wolfe type dual variational problem for proving duality results under usual
convexity conditions. Later Bector, Chandra and Husain [1] studied Mond-Weir
type duality for the problem of Mond and Hanson [8] for relaxing its convexity
requirement for duality to hold.

In view of Mond’s [7] remarks that the second-order dual for a nonlinear
programming problem gives a tighter bound and has computational advantage
over a first order dual, it is natural to find its analogue in continuous programming.
Motivated with this observation, Chen [3] formulated Wolfe type second order
dual problem to the classical variational problem and studied usual duality results
under invexity-like conditions on the function that appear in the formulation of
the problem along with some strange and hard relations. Recently Husain et
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al. [5] presented Mond-Weir type second-order dual to the variational problems
considered in [3] and establish various duality theorems under second-order
generalized invexity conditions. In [5], the relationship between second-order
duality results in calculus of variation and their counterparts in nonlinear
programming is also pointed out.

The concept of mixed type duality seems to be interesting and useful both
from theoretical and algorithmic point of view. In this research, in sprit of Xu
[10], a mixed second-order dual to the variational problem [3] to combine Wolfe
type dual and Mond-Weir type dual problems is presented. A pair of mixed type
dual variational problem with natural boundary values is formulated and the
validation of its duality results in indicated. The formulation of natural boundary
value problems is essential for seeing our results as having anologues in nonlinear
programming and hence it is pointed out that our duality results can be viewed
as dynamic generalizations of nonlinear programming already existing in the
literature.

2. Definitions and Related Pre-requistes

LetI = [a,b] be areal interval, f : I xR"xR" - Rand g : I XxR" XR" — R™ be
twice continuously differentiable functions. In order to consider f(t,x(t),x(t))
where x : I — R" is differentiable with derivative x, denoted by f, and f;, the
partial derivative of f with respect to x(t) and x(t), respectively, that is,
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Denote by f,, the Hessian matrix of f with respect to x, that is,
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It is obvious that f,, is a symmetric n X n matrix. Denote by g, the m x n Jacobian
matrix with respect to x, that is,
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Similarly f;, fix»> fxi and g, can be defined.

Denote by X the space of piecewise smooth functions x : I — R", with the norm
[[x]] = l|x]lec + |IDx]|«> Where the differentiation operator D is given by

t
u=Dx << x(t)=a+f u(s)ds,

where a is given boundary value; thus dit = D except at discontinuities.

We incorporate the following definitions which are needed for duality results to
hold.

Definition 2.1 (Second-order Invexity). If there exists a vector function 1(t, x,x) €
R" where 1) : I X R" X R" — R" with ) =0 at t = a and t = b, such that for the
functional fz ¢ (t,x,x)dt where ¢ : I x R" x R" — R satisfies

J d)(t,x,)'c)dt—f {d)(t,ic,fc) - %pT(t)Gp(t)}dt
I I

2f{n%x(m‘c,fc)+(Dn)chx(t,fc,a‘c)+nTGp(t)}dt
I

where G = ¢,, — D¢, + D?¢;; and p € C(I,R"), the space of continuous n-
dimensional continuous vector functions.

Definition 2.2 (Second-order Pseudoinvexity). If the functional f Iqb(t,x,)'c)dt
satisfies

J{nT¢x + (D) ¢ +n"Gp(t)}dt >0

= J(j)(t,x,)'c)dth{qﬁ(t,fc,fc)—%p(t)TGp(t)}dt,
I I

then f k ¢ (t,x,x)dt is said to be second-order pseudoinvex with respect to 7).
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Definition 2.3 (Strictly Second-order Pseudoinvexity). If the functional fI ¢(t,x,x)dt
satisfies

J{”?Tqu+(Dﬂ)T¢x+ﬂTGp(t)}deO
I

= f¢(t,x,5c)dt>f{¢>(t,3‘c,a‘c)—%p(t)TGp(t)}dt,
I I

then f[ ¢(t,x,x)dt is said to be Strictly second-order pseudoinvex with respect
to 1.

Definition 2.4 (Second order Quasi-invex). If the functional f E ¢ (t,x, x)dt satisfies

f(;b(t,x,fc)dtff{d?(t,)?,fc)—%p(t)T(t)Gp(t)}dt
1 1

= f{nT¢x+(D77)T¢,~(+T)TGp(t)}dt§O,
I
then f L ¢(t,x,x)dt is said to be second-order quasi-invex with respect to 7.

If ¢ is independent of t, then the above definitions reduce to those given in [11].

Consider the following constrained variational problem:
(VP) Minimize J ft,x,x)dt
I

subject to x(a) =0 = x(b), D
g(t,x,x)<0, tel @

where f : I XR"XR" - R and g : [ XR" XxR" — R™ are continuously differentiable.

The Fritz-John optimality conditions for the problem (VP) derived in [2] are
given in the proposition below.

Proposition 2.1 (Fritz-John Conditions). If (VP) attains a local (or) global
minimum at x = X € X, then there exist Lagrange multipliers T € R and piecewise
smooth y : I — R™ such that

Tf(t,%,5) + y(£) g (¢, %,%) — D[fe(t,%, %)+ y(t) ge(t,%,X)] =0, tel,
y(©)Tg(t,x,x)=0, tel
(t,y(t))>0, tel

(t,y(®))#0, tel

The Fritz John necessary conditions for (VP), become the Karush-Kuhn-Tucker
conditions if T = 1. If T = 1, the solution x is said to be normal.
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Chen [3] presented the following Wolfe type dual to (VP) in the spirit of
Mangasarian [6] and proved various duality results under somewhat strange
invexity-like condition.

(WVD) Maximize J

{f(t, u, i)+ a(t) g(t,u,u)— %p(t)TH(t, u,u, a(t))p(t)}dt
I

subject to
u(a) =0=u(b),
fult,u, @) + ()" g,(t,u, 1) — DI (t,u, 1) + ()" g4 (¢, u,1)]
+H(t)p(t)=0, tel,
a(t) €RY, p(t) eR"
where
H = f,(¢,u(6),u(0)) + (v ()" g, (¢, u(t), u())),
= 2D(f(t,u(6), () + (y ()" gu (£, u(t), w(£)))y)
+ D2 (f (£, u(t), u(6)) + (¥ ()" g (£, u(t), t(6)))y)-

It is remarked here that f and g are independent of ¢t then (WVD) becomes second-
order dual problem studied by Mond [7]. Recently Husain et al. [5] presented
the following Mond-Weir dual with the view to weaken the second order invexity
requirements and proved duality theorems connecting the problems (CP) and (CD)
under generalized second order invexity hypothesis.

(CD) Maximizef {f(t,u, u)— %p(t)TF(t)p(t)} dt

I

subject to
u(a) =0=u(b),

futy(®) g, —D(fu +y() g) + (F()+ G(t)p(t) =0, tel,
1
f {y(t)Tg(t,u,ll) - Ep(t)TG(t)p(t)} dt >0,
I

y(t)>0.
Where F(t) = fuu - Dfuu + szuu and G(t) = (.y(t)Tgu)u + D(}’(t)Tgu)u +
D%(y(t)"g,), where D is defined as earlier.

3. Mixed Type Second Order Duality

In this section we construct a mixed type second-order dual model for the
variational problem (VP):
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) . 1
(MixVD) Maximizef {f(t, u, u)+Z yi(t)g'(t,u,u)— Ep(t)THO(t, u,u, y)p(t)} dt
I

iel
subject to u(a) =0 = u(b), 3
fu(tiu: ll) +y(t)Tgu(t7u: ll) - D[fu(t7 u, u) +.y(t)Tgu(t: u, u)]
+ H(t)p(t)=0, tel, @

. . 1
J {Zyl(t)gl(t,u, ) — Ep(t)TG(a, t)p(t)} dt>0,
I

iel,

a=1,2,...,r (5

y(t)=0, tel, p(t)eR” 6)
where

@ H(t) = fuu+ Y (¥ (0)gh(t,u,1)), — D (fuu + > (' (Dglt, u))u)

i€l i€ly

S (TR Y ACHITENN
icl,
(i) Gla, ) =) (¥ (Dgh(t,u,1)),~DD (¥ (gl (t,u, i) AD?D (v (gl (t,u, ),
i€l, i€l, i€l,
and

(i) I, cM ={1,2,...,m}, a=0,1,2,...,rwith M = |J I, and I, NIz = ¢ if
a=0
a#p.

We present the following duality theorems for the pair of dual problems (VP) and
(MixVD).
Theorem 3.1 (Weak Duality). Let x(t) € X be a feasible solution of (VP)
and (u(t),y(t),p(t)) be a feasible solution of (MixVD). If for all feasible
(x(6),u(e), y(£), p(£)),
f {f(t,-,-)+Z(yi(r)gf(t,-,-))}dr
I iel,
be second-order pseudo-invex and . f 1( yi(t)gi(t,, ")) be second-order quasi-invex
iel,
with respect to the same 1 : I X R" X R" — R" satisfyingm =0att =aand t = b,
then

ff(t,x,ic)dt
I

. . 1
> f {f(t,u, )+ (' (0)g' (e, u,1)) - Ep(t)THO(t,u,u,y)p(t)} dt.
I

iel,
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Proof. The relation g(t,x,x) <0, t I and y(t) > 0 yield
f {Zyi(t)gi(t,u,u)}dt <0, a=1,2,...,r.
1 \ier,
This together with (5) implies

f {Zyi(t)gi(t,x,x)} dt
1

i€l,
) . ) 1 r
< | 1 Y 0 (twi) = Sp(0) Gla, Op(t) pdt, a=1,2,....7
I ‘iel,
This, because of second-order quasi-invexity of
f {Zyi(t)gi(t,-, -)}dt, a=1,2,...,r
I \iel,

gives

0> J {nT (Zyi(t)gi) + (D))" (Zyi(t)gi) +1"G(a, t)p(t)}dt
1

i€l i€l
= f nT{ D ¥i(0gl—D Y yi(t)gh+Gla, t)p(t)} dt
I i€l i€l
t=b
+1n Z yi(t)glz(t, u,u) (by integration by part)
i€l t=a

Using n(t,u, u){is =0, we have
J nT{ Dy (Ogit i) =D Yy ()gh(t, u,1) + Gla, t)p(t)} dt <o,
I iel, iel,
a=1,2,...,r
Hence

JnT{ D yigitu,) =D ] yf(t)g;(t,u,uwrG(a,t)p(t)}dts 0
I

M-I, M-I,

By (4), this yield

f nT{ (fu(t,u,u) + yi0gic, u,u))
1

i€l

-D (f,-l(t,u, )+ Zyi(t)gi(t,u, u)) + Ho(t)p(t)}dt >0.

iel,
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Integrating by parts, this gives,
0< J {nT (fu(t,u, )+ ¥ (0glt,u, u))
I iel,
+(Dn)’ (fa(t, wi)+ Yy (e)gh(t,u, u)) + nTHO(t)p(t)} dt

iel,

-n' (fu(f,U,u) + Yy (g, u))

i€l

t=b

t=a
Using n =0 at t = a and t = b in the above inequality, we obtain

f {nT (fu(t,u,u) + yiogle, u,u))
I

iel,

# ) (fitow )+ Yy gl ) + " HOP(O) fde = 0

icl,

This, in view of second-order invexity of fz {f(t, L)+ X yigie, -)} dt with
icl,
respect to 7 gives

f {f(t,x, )+ Yy (08t x, x)} dt
1

icl,
. . 1
> J {rttmi+ 3y e - om0 | d
I icl,

Since y(t) > 0, t € I and g(t,x,x) <0, t € I yielding >_ y'(t)g'(t,x,x) <0,

i€l,
tel, (7) gives
ff(t,x,)'c)dt
1
. . 1
2 J {f(t, w, i)+ Yy (6)g' (6, u, 1) — Ep(t)THOp(t)}dt. O
I i€,

Theorem 3.2 (Strong duality). If x¥(t) € X is an optimal solution of (VP) and meets
the normality condition, then there exists a piecewise smooth functions y : I — R™
such that (x(t),y(t),p(t) = 0), t € I is a feasible for (Mix VD) and the two
objective values are equal. Furthermore, if the hypothesis of Theorem 1 holds, then
(x(t), y(t), p(t)) is optimal for (Mix VD).

Proof. From Proposition 1 of [2], there exist piecewise smooth functions y : I —
R™ satisfying the following conditions:

(fe(t,%,%) + 7(t) g, (t, %, %)) — D(f(t, %, %) + ()" g, (t,%,%)) + H(t)p(t) =0,
tel with p(t)=0
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- T - = _ -

The last relation implies

D7 0g( % 7)) =0= Y 7(g'(t,%,%), a=12,...,r
iel, iel,
-1 i - - 1 T
J {Zyl(t)gl(t,x,x) 0 G(a,t)p(t)} =0, a=1,2,...,r
1 \ier, with p(t)=0
From the above relation it implies that (x(t),y(t),p(t) = 0) is feasible for

(Mix VD).

In view of Y. y'(t)g'(t,x,¥) =0, t €Il and p(t) =0, t € I, we have

iel,
. . o o1
Jf(t,fc,ic)dbf {f(t,fc,fc) +D (08! (e, %, %) — Ep(t)THo(t)p(t)} dt
I I i€l,

Furthermore, for every feasible solution (u(t), y(t),p(t)), from the condition we
have,

- T |
f; {f(t,x,x) + Yy (08 (6, %,%) - Ep(t)THO(t)p(t)}dt

i€l
= ff(t,)?,f()dt
I
. . 1
> J {reaeicn + y s uo,uen - gpo mwpo |
I iel,
So, (x(t), y(t), p(t)) is also an optimal solution of (MixVD). O

The theorem given below is the Mangasarian type converse duality theorem:

Theorem 3.3 (Strict Converse duality). Let X be an optimal solution of
(VP) and normal. If (u,y,p) is an optimal solution to (Mix VD) and if
fl {f(t,-,-) + Zyi(t)gi(t,',-)}dt is second order strict pseudoinvex and

i€l

> f} yi(t)gi(t,-,)dt, (a = 1,2,...,r) is a second-order quasi-invex with respect
iel,
to n = n(t,x,u), then X =14, i.e. U is an optimal solution of (VP).

Proof. We assume that x(t) # u(t), t € I and show that the contradiction occurs.
Since X is an optimal solution of (VP) and normal, it follows from Theorem 2 that
there exists piecewise smooth y : R — R™ with y(t) = (¥'(t), 72(t), ..., y™(t))"
such that (x(t), y(t), p(t)) is optimal for (MixVD) and

f {f(t,fc,fc)}dt=f {res+ X 505,00 - a0 b
1 1

icl,
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~ A ~i P, o~ O~ 1_ -
= fl {f(t, i)+ Y5 (0g'(t,8,) - Ep(t)THO(t)p(t)} dt @)

i€l
Since x(t) is feasible for (VD) and u(t), y(t), p(t) is feasible for (MixVD), we have
nyi(t)gi(t,)'c,fc)dt <0, a=1,2,...,r
iel, J1
This, together with the feasibility i(t), ¥(t), p(t) for the dual problem (MixVD)

ZJ Fi(t)g'(t, %, %)dt
I

iel,

. . . 1
< f {Z?(t)gl(t,ﬁﬁ) - Eﬁ(t)THO(t)p(t)}dt, (@a=1,2,...,1)
I

i€l,

This, in view of second-order quasi-invexity of

ij/\i(t)gi(t,-,-) (@=1,2,...,r)
1

iel,

gives

f {nTZ?i(t)gé(t,ﬁ, W+ (D)’ (Zy%t)ggu,a, ﬁ)) +n'G(a, t)ﬁ(t)} dt<0.
1 i€l, i€l,

This, by integration by parts, gives

0> f {nTZ,Vi(t)gLL(t,ﬂ, )+ (D) (Z?i(t)g;é(t,ﬁ, ﬁ)) +n'G(a, t)ﬁ(t)} dt
1

i€l, i€l,
t=b
T =i i(p 5
+07 Y F(6)gh(t, 1,1)
i€l, t=a

Using n‘zs = 0, this gives
f 7| 25 0siea )+ 70eiea )+ 6la,0p) | de <o.
I i€l, i€l,
From (4) we have,
f n' {fa+2 (g (t,@,W)+D (fa+2 (et , ﬁ)) +H°(r)f><t)} dt 0.
T iel, iel,
This inequality, by integration by parts, gives,

f {5+ T e n)
1

iel,

+ (D)’ (fa DA GO ﬁ)) + nTHO(t)ﬁ(t)} de > 0.

iel,
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which in view of second-order strict pseudoinvexity of

J{f(t, )+ YTl }

i€l

f{f(t X x)+2 gi(t,)'c,fc)}dt

i€l

gives

J{f(t i)+ Y5 (60,8 - 5B OB

i€l

Using > ¥'g'(t,x,%) <0, t €1 this yields

iel,

f{f(t,)_c,fc)}dt

f{f(t ,0)+ ) '8! (,6,1) - —p(t)THO(r>p(r>} t

i€l
This contradicts the relation (7). Hence x(t) = u(t), t € I i.e. u(t) is optimal
solution of (VP).

4. Special Cases

If I, is empty for each ¢ € 1,2, ..., r, then H(t) = H(t) (MixVD) reduces to the
following Wolfe type second-order dual variational problem treated by Chen [3].

If I, is empty, then (MixVD) reduces to the following Mond-weir type second-
order dual variational problem recently treated by Husain et al. [5].
5. Natural Boundary Values

In this section, we present dual variational problem with natural boundary
values rather than fixed end points.

(VPy) Minimizejf(t,x(t),fc(t))dt
I

subject to g(t,x,x) <0, tel

(MixVD,) Maximizef {f(t u, 1) +Zy (g (t,u, 1) — —p(t)THO(t)p(t)}

i€l

subject to

fult,u, @) + y(0) g, (t,u, 1) — D(f + y()" g,) + Hp(t)=0, t€l

J{Zy (0)g'(t,u,1) — —p(t)T (a, r)p(r)}dt> 0
I

i€l,
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t=b
(fa(t,u,u)+Zyl(t)g;ct,u,u)) =0
i€l t=a
t=b
Z}’i(t)gi(t,u,u) =0, a=12,...
i€l, t=a

6. Mixed Type Nonlinear Programming Problems

If all the functions are independent of t, then we have following pair of
problems treated in Zhang and Mond [11] except that square root of a quadratic
form is to be omitted from the expression of the problems.

(VPy) Minimize f (x)
subject to g(x) <0,

o 1 oo
(MixCD,) Maximize f (u)+ Zylgl(u) - Ep(t)T [sz(u) + Zylg‘(u)} p

iel, i€l

subject to V(f(u) +Zyigi(u)) + V2 (f(u) +Zyigi(u))p =0

i€l i€l
. 1 . .
PREIOR I PWIOHOI R
i€l, i€ly
y=0.

References

[1] C.R.Bector, S. Chandra and I. Husain, Generalized concavity and duality in continuous
programming, Utilitas Mathematica 25 (1984), 171-190.

[2] S. Chandra, B.D. Craven and I. Husain, A class of nondifferentiable continuous
programming problems, J. Math. Anal. Appl. 107 (1985), 122-131.

[3] X. Chen, Second order duality for the variational problems, J. Math. Anal. Appl. 286
(2003), 261-270.

[4] M.A. Hanson, Bounds for functionally convex optimal control problems, J. Math. Anal.
Appl. 8 (1964), 84-89.

[5] I. Husain, A. Ahmed and Mashoob Masoodi, Second order duality for variational
problems, European Journal of Pure and Applied Mathematics 2(2) (2009), 278-295.

[6] O.L. Mangasarian, Second and higher order duality in non linear programming, J.
Math. Anal. Appl. 51 (1979), 605-620.

[7] B. Mond, Second order duality in non-linear programming, Opsearch 11 (1974), 90—
99.

[8] B. Mond and M.A. Hanson, Duality for variational problems, J. Math. Anal. Appl. 18
(1965), 355-364.

[9] EA. Valentine, The problem of Lagrange with differential inequalities as added side
conditions, “Contributions to Calculus of Variations”, 1933-37, University of Chicago
Press, (1937), 407-448.



Mixed Type Second-Order Duality for Variational Problems 13

[10] Xu, Mixed type duality in multiobjective programming, J. Math. Anal. Appl. 198
(1996), 135-144.

[11] J. Zhang and B. Mond, Duality for a nondifferentiable programming problem, Bulletin
Australian Mathematical Society 55 (1997), 20-44.

I. Husain, Department of Mathematics, Jaypee University of Engineering and
Technology, Guna (M.P), India.
E-mail: ihusain11@yahoo.com

Bilal Ahmad, Department of Statistics, University of Kashmir, Srinagar (Kashmir),
India.

Received April 16, 2011
Accepted May 23, 2012



