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Asymptotic Solutions of Fourth Order Near Critically
Damped Nonlinear Systems

Md. Habibur Rahman, B. M. Ikramul Haque, and M. Ali Akbar

Abstract. A perturbation technique is developed in this article to solve
asymptotic solutions of fourth order near critically damped nonlinear systems
based on the Krylov-Bogoliubov-Mitroplskii method. The method is illustrated
by an example. The results obtained by the presented technique show excellent
coincidence with those obtained by numerical method

1. Introduction

The Krylov-Bogoliulov-Mitropolskii (KBM) [9, 10] method is particularly
convenient and extensively used technique for obtaining approximate solutions
of weakly nonlinear differential systems. The method was primarily developed
for periodic solutions of second order nonlinear systems. Later, the method was
extended by Popov [13] to damped oscillatory systems. Murty and Deekshatulu
[11] and Alam [5] extended the method to nonlinear over-damped systems.
Sattar [14] investigated an asymptotic solution of a second order critically damped
nonlinear system. Alam and Sattar [4] extended the KBM method for third order
critically damped nonlinear systems. Alam [7] also examined the solution of
third order nonlinear systems when two of the eigenvalues are almost equal
(near critically damped) and the other is small. Later Alam [8] extended the
technique presented in [7] for integral multiple roots. Akbar et al. [1] presented
an asymptotic method for fourth order over-damped nonlinear systems, which is
easier than the method presented by Murty et al. [12]. Later, Akbar et al. [2]
extended the method presented in [1] for fourth order damped oscillatory systems.
Akbar et al. [3] also extended the KBM method for solving fourth order more
critically damped nonlinear systems.

In this article, we have investigated asymptotic solutions of fourth order near
critically damped nonlinear systems with small nonlinearities based on the KBM
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method. The results obtained by the presented method show good agreement with
the numerical results.

2. The Method

Let us consider the fourth order weakly nonlinear ordinary differential systems

d*x N d3x N d?x
IO Tl
det " hded T2 de?

where ¢ is a positive small parameter, f (x) is the given nonlinear function and ¢,

d
+cgd—);+c4x=—sf(x), 2.1)

¢y, C3, C4 are constants, defined in terms of the eigen-values —4;, i = 1,2,3,4 of
the unperturbed equation of (2.1) as

4 4 4
a=D A, =D AA, =Y Ak and o =] [A.
i=1 i=1

i i,j=1 i,j,k=1
i#] i#j#k

When ¢ = 0, the equation (2.1) becomes linear and suppose the eigenvalues —A,
and —A, are almost equal (1; ~ A,) and other two eigenvalues —A5 and —A, are
distinct. Therefore, the unperturbed solution is

1 s s e Mt _ g At
x(t,0) = 501,0(6 Yte ) +ayy (ﬁ)
+azge Mt +age M, (2.2)
where a; o (i = 1,2,3,4) are arbitrary constants.

When ¢ # 0, following Alam’s [7, 8] technique we choose the solution of (2.1)
in the form

1 At _ Ayt

x(t,e) = —a;(t)(eMi+e ) +ay(t) | ————— | +az(t)e ™"
2 A=Ay
+ay(t)e ™™ +euy(ay,ar as,aqt)+e2..., 2.3)

where q; (i =1, 2,3, 4) satisfy the first order differential equation
da;(t)
de

Confining only to a first few terms 1,2,3,...,n in the series expansions (2.3) and

(2.4), we calculate the functions u; and A;, i = 1,2, 3,4 such that a;(t),i=1,2,3,4

appearing in (2.3) and (2.4) satisfy the given differential equation (2.1) with an

accuracy of order £"*!. To determine the unknown functions u;, Ay, Ay, A, A, it is

assumed (as customary in the KBM method) that the correction term, u; does not
contain secular-type terms te~*1, which make them large.

Differentiating equation (2.3) four times with respect t, substituting the

d*x d®x d*x  dx

derivatives T T I T LTS and x in the original equation (2.1), utilizing

=¢eA(ay,a5,a3,a,,t)+*--, (i=1,2,3,4). 2.4)
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the relations presented in (2.4) and finally equating the coefficients of ¢, we obtain

1 (M D=2+ 2,)(D = Ay + A3)(D — A1 + A4) A
2 \+e 2 (D= Ay +2)(D = Ay +A3)(D = Ay +1,) )1

At 3 —Ayt 3
+(D+A4) e 1(11_13_ED)+6 Z(AZ_AB_ED) A2

+e™(D = Ay + A1)(D — A3+ A,)(D — A3 + A4)A,
+e (D — Ay + A)(D — Ay + 2,)(D — Ay + A3)A,

e—llt _e—AZt A’l +Az
| | @D (DA - —— | Ay

A=Ay
Ale_klt - Aze_kzt A'l + A’Z
- D|D+ A, — A
( =7 ( T ) 2
+(D+21)(D+2A2)D+A)(D + A uy; = —f 9, (2.5)

where
fO=f(x,) and
1 —A t _e—kzt
Xo = Eal(t)(e_’llt + e_lzt) + (12([') (W)
+as(t)e ™t +ay(t)e ™t

It is assumed, in this article that the functional f(® can be expanded in power
series (Taylor’s series) in the form (see also [7, 8] for details)

n
FO = Flaze ™", aze ™)
r=0

1 N N e—)tlt_e—lzt r
— —At —Apt -
X {2a1(e +e )+a, ( =7, )} s (2.6)

where n is the order of polynomial of the nonlinear function f. This assumption
is certainly valid when f is a polynomial function of x. Such polynomial
functions cover some special and important systems in mechanics. Following
Alam’s [6, 7, 8], in this article we assume that u; does not contain the terms F,, and
F; of £ since the system is considered to near critically damped. Substituting
the value of f ) from (2.6) into (2.5) and equating the coefficients of like powers

A1t _,—Agt .
of (%), we obtain
1~ /2

e (D=2A3+ 1) (D=2A3+2,) (D—As+244)A;
+e Mt (D=As+ A1) (D=2A4+1y) (D—Ay+23)A,
1 {e—%f(D—AﬁAZ) (D=214+243) (D—21+A,) }
1

3 +e (D=2 + A1) (D=2, +23) (D—2y+2y)

3 3
+(D+Ay) {e—%f (/11 — Ay — ED) +e M2t (12 — Ay — ED) }A2
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Aje Mt — et A+ A
_( 1€ 2¢ )XD(D—I-)Lg— = 2)A2

A=A
1
= _FO_ Eal(e_llt'i_e_AZt)Fl) (27)
A+ A,y
(D + 14) XD | D + 7\.3 - Az = a2F1 (2.8)

and

(D+2A)D+2A)(D+A3)(D + A uy

n
= - ZF,(a3e_’13 aze )
r=2

1 N N e—)\lt _ e—)tzt r
X Eal(e_ 1t+€_ Zt)—I—az ﬁ . (2.9

KBM [9, 10], Sattar [14], Alam [5, 6, 7, 8] imposed the condition that u; does
not contain the fundamental terms (the solution presented in equation (2.2) is
called generating solution and its terms are called fundamental terms) of f(®. The
solution of (2.8) gives value of the unknown function A,. It is not easy to solve the
equation (2.7) for the unknown functions A, A; and A, if the nonlinear function
f and the eigenvalues —A;, —A,, —A3, —A4 of the corresponding linear equation
of (2.1) are not specified. When these are specified the values of A;, A; and A4 can
be found subject to the condition that the coefficients in the solutions of A;, A; and
A, do not become large (see Akbar et al. [3], Alam [7, 8] for details), as well as
A;, A3 and A, do not contain terms involving te~". In the article, we have imposed
the condition that the relation A; ~ 34, exists between the eigenvalues A; and
A4 (and A; — A, since the system is near critically damped). These relations are
important, because under these relations the coefficients in the solution of A;, A5
and A4 do not become large. Under these imposed conditions we obtain the values
of A;, A; and A, from equation (2.7). Substituting the values of A;, A,, A; and
A, in the equation (2.4), we obtain the results of % (i =1,2,3,4), which are
proportional to the small parameter so they are slowly varying functions of time
t, that is, they are almost constants and by integrating, we obtain the values of g;
(i=1,2,3,4). It is laborious to solve (2.9) for u;. However, as A; — A, it takes
simple form

(D4 21)*(D + A3)(D + Ay

n
= — ZFr(aBe_’IB‘, aze M) {e M (a; — ayt)} . (2.10)
r=2

Solving equation (2.10), we obtain the value of u;. Finally, substituting the values
of q; (i =1,2,3,4) and u; in the equation (2.3), we obtain the complete solution
of (2.1).
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3. Example

As an example of the above method, we consider the fourth order nonlinear
differential equation

d*x d3x 4 d?x + dx + 3 3.1)
—+C—5 F+c——=+c3— +tcx = —ex°. .
det " tdes  Pde? T de 0t
Here
f(x) = x* and
1 At Aot ehl—eht At Ayt
Xg = —a(e™""+e ™ )tay| ——— | +aze B +ae .
0 5 1( )t+ay A -2, 3 4
Therefore,

1 e Mt _ gt 3
fO={_geMt+e™)ta,| ————— | +aze @ +ae ™} . (3.2)
2 A‘l - lz
Therefore, for example (3.1), the equations (2.7)-(2.9) respectively become
e (D = A3+ 21)(D = A3 + 4,)(D — A3 + A4)A4
+e M (D = A+ A)(D — Ay +2)(D — Ay + A3)A,

1{ e (D — A+ A5)(D — A +A3)(D — Ay + Ay) }A
) 1

o Ve ™D = 2y + Ay)(D — Ay + Aog)(D — Ay + s

At 3 —Ayt 3

Aehit = Jyeat AL+ A
_(( 1€ 2¢ ))xp(pmg— = 2)A2

(A1 = 22)

=— [(aSe_’w + age )% 4 3(aze ™t 4+ ae )2

: %al(e’“ + e*zf)} : (3.3)
(D+2A,)xD (D + A5 — Mt ) Ay = —3ay(aze™ ™ +ase)? (3.4)
and
(D4 2A1)(D + A3)(D + A3)(D + Ay)uy
RN E. At o At et —eht
= —[3(a3e 3t ase™™ ){Eal(e e )+a2(ﬁ)}
_ _ 3
+{%a1(e—xlr+e—lzr)+a2 (%)} ] (3.5)
Solving equation (3.4), we obtain
Ay = ay[nyale ! + nyazae” At 4 ngaze 7], (3.6)
where n, = 13(/11+)\2+23/13)(2/13—A4)’ ny= 7L3(Aa+)\4)(1;1+/12+2l4)’ n3 = m'

Now substituting the value of A, from (3.6) into (3.3) and in order to separate
the equation (3.3) for determining the unknown functions A;,A; and A,, we use
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the conditions as discussed in the method (see also Akbar et al. [3], Alam [6, 7, 8].
It is interesting to note that our solution approaches toward critically damped
solution (see Alam [8]) if A; — A,). However, equation (3.3) has not an exact
solution unless A; — A,. Under these imposed conditions and by equating like
terms on both sides of the equation (3.3), we obtain

e MD = Ay 4+ 24,)(D = Ag + A3)(D = Ay + ApA,
= —aya2ny ApAs(Ay + Ay + 2A5)te” i)

1
—Eazagamzxz(zxﬁ 42234+ A Az 4 Agds 4 A Ay + Ay Ay )t PitAsthalt

_azain:gkzlz‘(ll + Az - 213 + 414)te_(xl+214)t (3.7)
e D = Ay + A1)(D — A3+ A,)(D — A3 + A4)A,

3
|:a2n1{(11 + 2)&3)(%1 + 2A3 - 14) + A.?,(Al + Az + 2%3)} - §a1i|
1
X agei(ll+27t3)t + [Eaznz{(kl + Ag)(le + 2,3 + 32,4)

+ (25 + 24344 4+ A1 A3 + AgAs + A Ay + ApA )} — 3a1} az e Prthataa

3
+ a2n3{(kl + 14)(11 - A’g + 3},4) + 14(2,1 + A’Z - 2}.3 + 414)} - Eal]

3
X aie—(lﬁ-ym)t + [ath(kz + 213)(%2 + 2%3 _ )"4) _ Eal] age—(lz+213)t

1
+ Eaznz(kz +A3)(2A5 + A3 +3A,) — 3a1] as a4e*(kz+ls+l4)t

+ [ agns(Ag + A4)(Ay — A3+ 344) — ;al} aZe hat2Aat
— [_age_e’%t + 3a§a4e_(2’13+l4)f + 3a3aie_(l3+2’l“)t + aie‘e’k“f] (3.8)
and
e M (D — Ay +2)(D = Ay + A)(D — A4+ A3)A, = 0. 3.9
The particular solutions of equations (3.7)-(3.9) yield respectively
A= 1 azagte_(’ll_lﬁz’mt + Izazagte_(kl_lfrz%)f
Iyayasa,te~ et ha At Ayt Ag At
+Isayaite” PRt 4 [ q) a2 tem (Mt 2Rt (3.10)
Ay = (Mya, + Mzal)aﬁe‘“l“:‘)‘ + (Msa, + Mya,)azaze” M4t
+(Msa, + Mgay JaZe MH22=2)t 4 (M a, + Mga, JaZe 22t
+(Myay + Myga;)azage” 420" + (M a5 + Mypa; Jaje Vet )t
+ M13a§’e*2’13t + M14a§a4e*(7‘3+l4)t + M15a3aﬁe*2’1‘*t

+ Mygaie Gl (3.11)

+ I,a5aza,te
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where
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A, =0 (3.12)

- n1127t.3(l1 + )LZ + 2)\.3),
1
- Enzkz(zki + 2)\«314 + Allg + 2«213 + ).1%4 + 7\.2}14),

— N3 Ay Ay (Aq + Ay — 245+ 4A,),
r

225(A + A)(A + 225 — A

" 1 1 1 )
= —+ + ,
2A3(A1 + A3) (A + 225 — Ay) (213 (A +23) (A +243—24y)
Ty

C (A A (As + Ag)

ry 1 1 1
Ot + A3)Ch + Aa)Cg + Ag) ((Al T8 A O m) ’
rs

C2A4(A +A)(A + 22, — Ag)

ry 1 1 1 )
- — + .
204(A1 + A4)(Aq + 2244 — A3) (27% (M +2) (A 424, —245)
3

nl {(A‘l + 2}.3)(}.1 + 22.3 - )\,4) + 2,3(},1 + kz + 22,3)} > m2 = _5,
1 {(xl +23)(24; + A5 +34y) L— 3
272 | +@A2 + 22504 + A Ag + Agds + Ay +A4,) T ’

3
n3 {()Ll FA)(A = A3 +3A) +A4(A + Ay — 225 + 414)} , Da= 3

nl(kz + 22.3)(},2 + 22.3 —_ A4), qz =,

1
Enz(A,Z + Ag)(zkz + Ag + 32.4), hz = _3,

3
ny(Ay + A4)(Ay — A3+ 324y), =3,
my
223(A1 4223 — A2) (A1 + 243 — Ay)’
my

225 + 225 — A9) (A, + 225 — A,)’

[
e+ A)A + Ay l+ Ay = A)(Ay +2A3)’
e+ A)A + Ay +2 Ay = 22)(Ay +2A3)’
T 22,(A + 14)&11 +224—Ay)’




68 Md. Habibur Rahman, B. M. Ikramul Haque, and M. Ali Akbar

M, = — P2
224(A + Ag)(Aq + 224 — A5)°
M, = — q1
7 223(Ag + 225 — A1) (A + 223 — A,)°
My = — q2
225(Ag + 223 — 1) Ay + 225 — Ag)’
M. hu
T At AN FA) A+ A3+ 24— Ay)
h,
Mo = Ay +23) Az + 2Ny + A+ Ay — A7)
S1
M = T D On + 200 + 225 — 1)’
S2
M = = D On 700 + 225 — 1)’
1
M = B, S 2B — 25)B% — A0’
3
My = 225823 + Ay — A1) (2A5 + Ay — Ay)’
3
Ms = 22+ 70 =22t 7= 2y)’
1
Mg =

T 224(324 — 2)(BA — A2)
The solution of the equation (3.5) is

u1 = - 3(136_(2114_}‘3)[’ [doa% + 2d1a1a2 + d3a§ + (dzag - 2d0a1a2) t + doag t2:|
—3qe” @t [d4a? + 2dsa,ay + dyas + (dgas — 2d4a,a,) t + dyast?]
— e Mt [dsaf + 3a,a,(dga; + digas) + dlzag + a2(d11a§ -3 dsaf

_6d9a1a2)t+3a§(d8a1 +d9a2) tz _ds agtg] (3.13)

where

1
C 20 (M 243220 + A3 - A)

1 1 2 1
d = - — + ,
! 22 (A + 23)2(241 + A3 — Ay) (27‘1 (A +23) (A +2A3— 14))

1 1 4 2
d = N + + ,
27 220 (M + 25)2(20 + A3 — Ay) (Al (A +2A3) (@A +A;— m)
1 1 2 6
- 2 X152+t + 2
241 (A +2A3)%(2A1 + A5 — Ay) 211 AMA+2A3) (A +2A5)

2 1 1 4
+ + —r—,
QA +2A3 =24, (A +23—-21y) (Al (A + 13)):|
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1
d, = ,
T2+ 24220 — A+ Ay)
1 1 2 1
d5 = - 2 (_ + + ))
20 (A 44222 — A3+ A4) \ 224 (A +A4) (241 — A3+ Ay)
1 1 4 2
d6 = 2 (_ + + ) 5
2 (A 24224 = A3+ 2) \ Ay (A + Ay (24— A3+ 4,)
P 1 1 N 2 N 6
= X —
T2 (0 AD2CA —As+Aa) T[22 M (A +Ay) (A + Ay
N 2 N 1 ( 1 N 4 )}
(24 =23+ 24> (24— A3+ 2D\ A (M +2A)) )7
1
d8 =

423(3% — 23)(32 — Aq)’

1 1 1 1
dy = — + + ,
? 423(32; — A3)(3A; — Ay) (xl 31, — s 31, — 14)

1 2 2
ho = B h = 20) — ) [(311 R B =230 — 20
2 2 2 3
T oh A T Bh ) Gl z_x%} ’
dyy = - 1 |: 6 + 6
422341 — A3)(BA; — A4) L(BA; —A3)* (321 —A3)(3A; — Ay)
9 6 6 6
T T B A T MG A | MG - m] ’
dy, = — |: 6 N 6 N 6
(BA; —23)°  (BA; —A3)%(31, — Ay)  (BA;—2A3)(BA; — 7L4)2
6 1 6 6
TR { Bh =7l | (37— 25)(3h — Ag)

N 6 }+3( 3 N 3 )+3
(BA1 =A%) 2A2\3A,— 243  3A;— 2, A3

Putting the values of A;,A,,A; and A, from equations (3.10), (3.6), (3.11),
(3.12) into equation (2.4) and integrating, we obtain

12(1 _ e(*},1+12*2},3)t)

- (~Atap=225)t 4 el o)
Il(te T o

2
a,(t) = ‘11,0"‘5[&2,003,0

(A — A3 +2A3)
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L,(1 — e tRam2s= Aty

—I (t e(—l1+12_13—14)t + e(_ll'ﬂ“z_h_l“)r—l)
3 A —AoFAz+Ay

+da5 gdsga
%073,074,0 (A — Ay + A+ Ay)

{ 16(1 _ e(7A1+A2fzk4)t)

_ (—Ay+2,—224)t e“*l“f“ﬂ‘—l)

IS(te TRy M—Ay+2A,
(A — 25 +24,)

1— 67213t
2
az(t) = a2,0 + Eaz’o |:n1a3,0 (—21 )
3

. (1 _ e(?tg+7t4)t) . , (1 — 2t )}
Nyodsodao | — 5 5 nsa e e— 5
Ag + A4 4.0 2244

1_ e(xlugr)

2
+a2’0a4,0

as(t) = as o +¢ | a? {Mia, 9+ M,ya
3(t) 3,0 {3,0{ 1d2,0 2 1,0}( A+ A

1— e*(llJrM)f
+asz oas0{Msas 0+ Mya; o} T
1T A4
1 — e~h—2aH22,)t
+a} o{Msay o+ Mg a; o}
40542 O\ T2 = A+ 2A,
1-— e*(lerls)t
+a3,{Myay0+Mgay o} | —————
30 ’ ’ Ao+ Ag

1— e*(?xz+7t4)t
+asoas0iMoay o+ Mygay o} | ————
PR

1— e(lzlg+214)t)

s 1— 6—213t ) 1— e—(13+l4)t
+a; M — | +a; a4 oM _
3,0°13 213 3,0 ©4,0°"714 AB +l4

1— e—2k4t 1— e—(?:)u—lg)t
2 3
+as, a4,OM15 (—) + a4,0M16 (—)i| (3.149)

+ai0{M11a2,0 + Mjza; o} (

22, 34— Ag
and
as(t) =asp.

Therefore, we obtain the first approximate solution of the equation (3.1) is
1 e—llt _ e—)LZt

—Mt 4 —Agt

x(t,e) = —aqy(e M +e ™) 4+ay | ————

(t,6) = Fai( ) 2( " )

taze M +ae M feuy, (3.15)

where a,, a,, a;, a, are given by the equation (3.14) and u; is given by the equation
(3.13).
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4. Results and Discussion

In this article, an analytical approximate solution of fourth order non-oscillatory
nonlinear systems has been found based on the KBM method. In order to
test the accuracy of an approximate analytical solution obtained by a certain
perturbation technique, we compared the approximate solution to the numerical
solution (considered to be exact). With regard to such a comparison concerning
the presented KBM method of this article, we refer the work of Murty et al. [12].
First, x(t, €) is calculated by (3.15) by using the imposed conditions that A; — A,
and A; ~ 32, in which a;,a,,a3,a4 are calculated by the equation (3.14) and
u; is calculated by the equation (3.13) for different sets of initial conditions and
for various values of t. The corresponding numerical solution of (3.1) is also
computed by fourth order Runge-Kutta method. The approximate analytic solution
and numerical solutions are plotted in the figure Figure 1 and Figure 2. From the
figures we observe that the analytical solution and the numerical solution show
excellent agreement.

0.8 a,, =025
a,, =025
a,, =025
=025
A, =05
A, =0.333333
Ay =325

0.4 1 A
£=0.1

=
0 : : )
5 10 15
0.4 -
t

Figure 1. Comparison between analytical solution and numerical
solution for chosen values of eigenvalues and small parameter. The
analytical solution is denoted by doted line --- and the numerical
solution is denoted by solid line —-

5. Conclusion

An asymptotic method, based on the theory of Krylov-Bogoliubov-Mitropolskii,
is developed for solving the fourth order near critically damped nonlinear systems
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a,,=0.5
a,, =0.5
a,,=0.5
1.2 a,,=0.5
A =05
A, =025
A, =25
A, =0.75
€=0.1

0.8

0.4

-0.4 -

Figure 2. Comparison between analytical solution and numerical
solution for chosen values of eigenvalues and small parameter. The
analytical solution is denoted by doted line --- and the numerical
solution is denoted by solid line —-

under some conditions with small nonlinearities, when the four eigenvalues of
the corresponding linear equation are real and negative numbers. The relations
A1 — A, and A3 ~ 31, among the eigenvalues are imposed to solve the systems.
The results obtained by this method agree with those obtained by the numerical
method.
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