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Abstract. The excitation of the (1s2s) 1S state of a helium atom has been calculated using scattering
functions obtained by the method of polarized orbitals. In this method, the distortion of each orbital
is considered due to the presence of the incident particle. The distortion takes place only when the
incident particle is outside the target orbital. This method has been widely used in the scattering of
electrons and positrons from various targets. Plane-wave normalization of the continuum function is
considered, while it has been neglected in calculations carried out by Mandal et al. [18], and Willis
and McDowell [21]. Consequently, the present results are higher than those obtained by them.
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1. Introduction and Calculations
Excitation cross sections have a wide range of applications. They are needed to analyze solar
and astrophysical observations to infer the plasma parameters in various regions of the Sun
and other stellar objects. Using the Maxwell distribution and excitation cross sections, rate
coefficients are calculated at a particular temperature. They are then used in statistical
equilibrium equations to calculate the level population of an ion under consideration and
intensity ratios of various emission lines are calculated for comparison with observations. The
excitation of the (1s2s) 1S state of a helium atom was calculated by Mandal et al. [18], using
the method of polarized orbitals (MOP) [20] and by Willis and McDowell [21] using the close-
coupling method. To compare the present results with those obtained in [18], we use the same
approximation for calculating the scattering functions as in [18]. In the MOP, the distortion of
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the orbital electrons takes place only when the incident electron is outside the orbits of target
electrons. However, this condition can be modified by letting the distortion take place throughout
the range [6,8], whether the incident electron or positron is inside or outside the orbits of the
target electrons. This is called a hybrid theory. This has been applied in some of our previous
calculations, obtaining results which agreed with the results obtained using the well-established
close-coupling and R-matrix methods. We used the hybrid theory in various calculations, e.g.,
to calculate the excitation of 2P state of atomic hydrogen by electron impact [3]. Excitations
to a number of ions by electron impact is discussed in a review article [9], P-wave positron-
hydrogen scattering, annihilation, and positronium formation [1], the excitation of the 3D and
4D states of atomic hydrogen by electron impact [10], theory of P-wave electron-Li scattering
(with one electron) elastic scattering and photo-absorption in two-electron systems [5], a recent
review article on photoionization discusses photo-absorption in other systems [7]. In the present
calculation, scattering functions of very high angular momenta are required. In references [18]
and [21], the plane wave normalization [15] of the continuum function has not been considered,
which is given by,

a(L)=
√

4π(2L+1) . (1.1)

This normalization has been considered in all our previous publications, starting in 1977 [2],
whether the continuum function refers to that of an electron scattering or of a positron scattering,
as indicated in references [3,8]. Including this normalization, cross sections for excitation are
obtained and compared with those given in [18] and [21]. The continuum functions at infinity
go like

sin
(
kr− Lπ

2

)
k×amplitude

, (1.2)

where amplitude represents the amplitude of the calculated continuum function.
We write the T matrix for excitation in the form,

T =−
(

1
4π

)
〈φ f |HI |φi〉. (1.3)

The interaction Hamiltonian HI is given by H0-H1, where H0 is the Hamiltonian when
the positron is far away from the helium atom, and H1 is the Hamiltonian when the positron is
close to the helium atom [2,16],

H0 =−∇2
1 −∇2

2 −∇2
3 −

2Z
r2

− 2Z
r3

+ 2
r23

, (1.4)

H1 =−∇2
1 −∇2

2 −∇2
3 −

2Z
r2

− 2Z
r3

+ 2
r23

+ 2ZN
r1

− 2
r12

− 2
r13

, (1.5)

HI = 2ZN
r1

− 2
r12

− 2
r13

. (1.6)

In eq. (1.3), φi and φ f are the initial and final state wavefunctions, φi represents scattering of
the positron from a helium atom with the nuclear ZN = 2, while φ f represents the wavefunction
of the excited helium atom and the outgoing wave of the positron given by

φ f (r1; r2, r3)= exp( i⃗k f · r⃗1)φ(r2, r3). (1.7)

In the above equations, r1 represents the positron while r2, and r3 represent target electrons,
r12 = |⃗r1 − r⃗2| and r13 = |⃗r1 − r⃗3|, and k f represents the momentum of the outgoing positron.
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We use Ry units: energies are in Rydberg units and lengths are in Bohr radius a0. Therefore,
cross sections are in a2

0 units.

Cross section is given by:

σ(a2
0)= k f

ki

∫
|T|2PL(Ω)dΩ. (1.8)

The excited (1s2s) 1S state wavefunction is taken from Morse et al. [19], where the excited state
wavefunction is given by:

φ(r1, r2)= (u1(r1)u(r2)+1↔ 2). (1.9)

In the above equation,

u1(r)= (µ3a2/π)0.5e−µar, (1.10)

u2(r)= (µ5/3πN)0.5
[
re−µr −

(
3A
µ

)
e−µbr

]
. (1.11)

The various quantities in equations (1.10) and (1.11) are given [19]. They are

a = 3.28, aµ= 2.00, b = 2.57, bµ= 1.57, 2µ= 1.22, (1.12)

N = 1−48Aa/(1+b)4 + 3A2

b2 and A = (a+b)3/(1+a)4. (1.13)

Morse et al. [19] obtained −4.295 Ry as the energy of the (1s2s) 1S state. Since the ground state
of helium is much lower than the excited state, the incident electron loses 1.515 Ry for exciting
the (1s2s) 1S state.

The distorted orbitals are given by:

φ(r1; r2, r3)= (ϕ0(r2)+ϵ(r1, r2)u1s→p(r2)cosθ12/((πz)0.5)+ [(2→ 3)]). (1.14)

The target function is ϕ0(r2) ϕ0(r3), where ϕ0(r2)= (z3/π)0.5e−zr2 .
In eq. (1.14), r1 represents coordinate of the incident positron, and r2, and r3 represent

coordinates of the target electrons. We are using a closed-shell target wave function which
implies z = 2− 5

16 = 1.6875, where 2 is the nuclear charge. In reference [20], u1s→p(r) and ϵ(r1, r2)
are given as

u1s→p(r)= e−zr(0.5zr2 + r), (1.15)

ϵ(r1, r2)= 1, r1 > r2. (1.16)

The step function is zero for r1 < r2. The scattering function u(r1) is obtained by:

〈ϕ0(r2)ϕ0(r3)|H−E|φ(r1; r2, r3)u(⃗r1)〉 = 0. (1.17)

The integration is over dΩ1dr⃗2dr⃗3, E = E0 +k2, where E0 =−2z2 is the target energy and k is
the incident momentum, H = H1, given in eq. (1.5). The equation for the continuum function by
solving the equation given below:

d2u
d2r

=
(

L(L+1)
r2 +Vd −2A12 −k2

)
u = 0, (1.18)

where L is the angular momentum of the incident positron and

Vd = 4e−2zr
(
z+ 1

r

)
, (1.19)
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A12 = 4.5
[
1− e−2zr

(
4(zr)5 4

27
+2

(zr)4

3
+4

(zr)3

3
+2(zr)2 +2(zr)+1

)]/
(zr)4. (1.20)

Solving the equation for u(r) for k = 0.1, we find the phase shift η = 1.75373(−2) radians.
This does not agree with η= 3.7(−2) obtained in [13], using the above wave function given in
eq. (1.14). In the scattering equation for the continuum function, there is a term proportional to
(9/(1.6875)4)/r4

1 = 1.1098 a3
0/r4

1, where 1.1098 represents the polarizability of the helium atom. To
use the correct polarizability of the helium atom close to the accurately calculated polarizability
in eq. (1.18), which is 1.383241 a3

0 [11], we multiply the 1/r4 term 1.1098 by cons= 1.2463 to
obtain the exact polarizability of the helium atom equal to the calculated value [11]. Now, we
get phase shift η= 3.419157(−2), which is close to the value obtained in [13].

We briefly describe the calculations carried out. We write eq. (1.3), using eq. (1.6), as

T =− 1
4π

〈
φ f

∣∣∣∣2ZN
r1

− 2
r12

− 2
r13

∣∣∣∣φ(r1; r2, r3)u(r1)
〉

, (1.21)

where

φ f = e i⃗k f ·⃗r1(u1(r2)u2(r3)+exchange). (1.22)

The excited state functions u1 and u2 are given in [19]. Since the nuclear charge ZN = 2,
we have z = 2−0.3125= 1.6875, the closed-shell approximation for the helium atom. We write
some of the various term in eq. (1.21) in the form given below:

T1 = 1
π

〈
φ f

∣∣∣∣ 1
r1

∣∣∣∣φ(r1; r2, r3)
〉

, (1.23)

T1 = T11 +T12 +T13 +T14 , (1.24)

T11 =− 4p
2

(I1I2 + I2I1)J1. (1.25)

In the above equation,

I1 = 4(µaz)1.5/(µaz)3, (1.26)

I2 = 24(µ5z3/3N)0.5
(
1/(µ+ z)4 − A

µ

1
(µb+ z)3

)
(1.27)

and

J1 =
∫

jL(k f r)u(r)dr , (1.28)

where jL is the spherical Bessel function of an angular momentum L, and

T12 = 0= T13 = T14 , (1.29)

T21 = 1
2π

1p
2

∫
e−ik f ·r(u1(r2)u2(r3)+2↔ 3)

∣∣∣∣ 1
r12

+ 1
r13

∣∣∣∣v0(r2)v0(r3)u(r1)dr⃗1dr⃗2dd⃗3, (1.30)

T21 = 16π
2p2

(I2J2 + I1J3), (1.31)

where

J2 =
∫

jL(k f r)X1((r)u(⃗r)dr⃗, (1.32)

J3 =
∫

jL(k f r)X2(r)u(⃗r)dr⃗, (1.33)
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where

X1(r1)=
∫ u1(r2)

r12
v0(r2)dr⃗2 , (1.34)

X2(r1)=
∫ u2(r2)

r12
v0(r2)dr⃗2 , (1.35)

T22 = T21 , (1.36)

T23 = 2
3(2zπ)0.5

∫
e−ik f ·r(u1(r2)I2 +u2(r2)I1)| r<

r2>

∣∣∣∣ϵ(r1, r2)
r12

∣∣∣∣u1s→p(r2)u(r1)dr⃗1r2
2dr2, (1.37)

where

u1s→p(r)(r)= e−zr(0.5zr2 + r) . (1.38)

In the above equations X1(r) and X2(r) are complicated functions of the coordinate r, therefore,
only the integral form is given. Moreover, we have not given all the various components of T
matrix.

T24 = T23 , (1.39)

cross section (a2
0)= (4×3.14159)(2L+1)

k f

k

∫
|T|2PL(Ω). (1.40)

2. Results
In Table 1, we give the cross sections for excitation of the helium atom at various energies.

In Table 2, we give convergence of cross sections σ(a2
0) with the angular momentum L at

E = 60.0 eV.

Table 1. Cross sections σ(a2
0) of the excitation

of the (1s2s) 1S state of helium

E (eV) With the normal-
ization given in
eq. (1.1)

Without the
normalization
as given in [18]

40.0 1.239 0.1200
50.0 1.620 0.1060
60.0 1.927 0.0946
80.0 2.707 0.0757

100.0 2.914 0.0631
150.0 3.407 0.0437
200.0 3.248 0.0336

Table 2. Convergence of the cross section
σ(a2

0) at 60.0 eV with increasing Lm,
the maximum L

Lm σ(a2) Lm σ(a2)

0 0.1402 10 1.8872
1 0.3771 11 1.9032
2 0.6889 12 1.9139
3 1.0174 13 1.920
4 1.2988 14 1.9196
5 1.5081 15 1.9250
6 1.6560 16 1.9261
7 1.7536 17 1.9266
8 1.8191 18 1.9268
9 1.8602 19 1.9268

In Table 3, we give phase shifts for a few angular momenta L of the incident positron with
energy 40 eV.

We give convergence of the cross sections and phase shifts with increasing L so that
the future workers might be able to compare their results with those obtained in the present
calculations. Coleman et al. [14] have measured the excitation of the excited (1s2s) 1S state
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Table 3. Phase shifts (radians) for the incident energy 40 eV for various values of L

L Phase shift L Phase shift

0 −0.37238 5 0.00957

1 −0.01426 6 0.00589

2 0.03672 7 0.00384

3 0.02758 8 0.00263

4 0.01631 9 0.00188

of helium by positron impact. Mandal et al. [18] find a reasonable agreement with their
results when the plane wave normalization was neglected. In the present work, inclusion
of the normalization gives higher cross sections, and therefore, no agreement between the
experimental [14] and theoretical results [18,21] is obtained. It is not clear how the measured
cross sections were normalized.

3. Conclusions
In [18], calculations have been carried out for the excitation of a helium atom by positron impact
by using the Method of Polarized Orbitals (MOP) [20]. The present calculations have also been
carried out in the same approximation (MOP) to compare the present results with those of [18].
The results obtained do not agree with those given in [18] nor with the experimental results [14]
when normalization of the continuum function is included. Mandal et al. [18] and Willis and
McDowell [21] obtained agreement with the experimental results [14] because of the neglect of
the plane normalization [15] of the continuum function. It is not clear why the normalization
was neglected by authors of references [18] and [21], and how the experimental results were
normalized. The main object of this study is to point out the neglect of the normalization of the
continuum functions a(L)=p

4π(2L+1).
In the excitation of 2S state of hydrogen by electron impact [4], we included the

normalization of the continuum functions a(L) =p
4π(2L+1. Our results for exciting the 2S

state [4] agree with those obtained by Burke et al. [12] using the close-coupling formalism.
Furthermore, our results agree with the experimental results of Kauppilla et al. [17]. If we
had not included the normalization, there would have been no agreement with the results of
references [12] and [17]. In reference [4], the excitation is from the 1S state to the 2S state. Now,
we have are dealing with the excitation of the (1s1s) state to the (1s2s) state. The formalism is
the same in both cases and physics cannot be different in these two processes.

It is not possible for us to know the experimental details to infer as to why there is an
agreement of results obtained in references [18] and [21], without considering the normalization
of the continuum functions, with observations.
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